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BCTVYII

Haguanpuuii nociOHuk «/{udepeniianbHi piBHIHHSD) CTBO-
PEHO TS TIPOBEACHHS MPAKTUYHUX 3aHATh CTYJACHTaM, SIKiI Ha-
BYAIOTHCS 32 CKOPOUCHUM TEPMIHOM, 3 OIVISIIY Ha Cy4acHi BUMO-
T'H IIOJI0 ICTOTHOTO T1IBUIIICHHS PiBHS (PyH/JIaMEHTAIbHOI MaTe-
MaTHUYHOI MMATOTOBKH 1 MOCHJICHHS MPUKIIATHOT CIIPSIMOBAHOCTI
Kypcy.

Po3pobnennii mociOHMK Mae 3a METy JOMOMOTTH CTYIEH-
TaM y CaMOCTIHHOMY OBOJIOAIHHI TEOPETUYHUMHU 3HAHHIMU Ta
HEOOXiTHUMU MPAKTUIHUMHI HABHUKAMHU.

HapuaneHuii Marepiasn mociOHUKA TOAAHO Y BUIIISI 11 SATH
MPaKTUYHUX 3aHITh, KOKHE 3 SIKUX MICTHTh OCHOBHI TEOPETUYHI
BiJIOMOCTI, 3aBAaHHS JJIsl AyAUTOPHOT, CAMOCTIHHOT pOOOTH CTY-
JICHTIB, a TAKOX BIJIMOBI/II Ta BKAa31BKH JI0 iX pO3B’s3aHHS.

[TociOHUK MOke OyTH KOPUCHHUM SIK IS CTY/ACHTIB, SKUM
3pyYHO BHBYATH BHIIy MAaT€MAaTUKy aHTIIMCHKOIO MOBOIO, TaK
1 JI71s1 BUKJIQ1a91B TIPY TATOTOBIII JI0 MPAKTUIHHUX 3aHSATh.



INTRODUCTION

Tutorial «Differential equations» is designed for practical
lessons for students in the context of contemporary requirements
for considerable increase of fundamental mathematical training
and encouragement of practical implementation of the course.

The provided tutorial aims to help students in self-mastery
of theoretical knowledge and necessary practical skills.

The learning material of the tutorial is presented in the
form of five practical lessons, each including general theoretical
information, exercises for practical lessons, and exercises for
student’s individual work as well as solutions and keys to the
exercises.

This tutorial will be useful both for students who are
comfortable studying higher mathematics in English, and for
teachers to prepare for practical lessons.



Practical lesson 1.

Ordinary differential equations of first order:
separable equations, homogeneous equations

1. General theoretical information

Definition 1. Differential equation of first order is an
equation of the form F(x,y,»")=0, that connects independent
variable x, unknown function y = y(x) and its derivative y'.

In case when equation F(x,y,y')=0 can be solved with
respect to y', namely y'= f(x,y), then this equation is called
the ordinary differential equation of first order solved with
respect to derivative, or the equation in the usual form.

The equation y'= f(x,y) can be written as follows:

Z—yzf(x,y) or —f(x,y)dx+dy=0.
X

When we multiply the latter equation by function
O(x,y)#0, then we get equation P(x,y)dx+Q(x,y)dy=0,
where P(x,y) and Q(x,y) are the known functions, and this
equation is the ordinary differential equation of first order
in a differential form.

Definition 2. 4 solution of a differential equation of first
order on a certain interval (a;b) is function y=¢(x), differen-
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tiated on this interval, and being substituted into the given equa-
tion, the function turns it into congruence of x on (a;b) , that is:

Vxe(asb) : (I)'(x)sf(x,d)(x)),

Definition 3. Graphical solution to differential equation is
called an integral curve of this equation.

Theorem 1 (Cauchy’s Theorem) (existence and uniqueness
theorem). If function f(x,y) and its partial derivative f;(x,y)
are determined and continuous in an open domain G of area Oxy
and point (x,;,) € G, then there is a singular solution y= o(x)

of equation y'= f(x,y), that satisfies
—_GC the condition y=3 when x=x,

g that is ¢(x, )=,

Geometric meaning of Cauchy

o ’
d theorem: through every point

Y

(x):%,)€G goes one integral curve;
if x, is fixed and we change y, and
¥ we do not leave area G, then we get
other integral curves (Drawing 1.1).
Definition 4. The condition,
under which a solution y = ¢(x) gets a predetermined value y, in
a given point x,, is called an initial condition of a solution and is
written as follows: y|x:x0 =y, or y(x,)=y,. The task of finding
a solution of a differential equation )'= f(x,y), that satisfies
the initial condition is called the Cauchy task.

Definition 5. If the right side of differential equation
y'= f(x,y) inarea G satisfies the conditions of Cauchy theorem,
then function y=¢(x,C) is called general solution of a given
differential equation under the following conditions:

1) function ¢(x,C) is a solution of an equation under any
value of constant C;

0 X,
Drawing 1.1
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2) for arbitrary point (x,;y,)eG we can find such value
C =C,, that function y=¢(x,C,) satisfies the initial condition:
¢(x05co):y0'

Definition 6. Particular solution of equation y' = f(x,y) is
function y =¢(x,C, ), made up out of general solution y = ¢(x,C)
with certain value of constant C =C, .

Definition 7. If a general solution of a differential equation
calculated in the form ®(x,y,C)=0, d)(x, ¥V, C) =0, then such
solution is called a general integral of a differential equation.

In this case equality ®(x,y,C,)=0 is called a particular
integral of the equation.

If it is possible to reduce a task of calculation of all the
solutions of a differential equation to calculation of a limited
number of integrals and derivatives of the known functions, then
we say that a differential equation is integrated in quadratures or
reduced to quadratures.

Let us consider separate types of differential equations that
are integrated in quadratures.

Separable, equations

are equations of the form y'=f(x)-¢(y) (1), where f(x)
and ¢(y) are determined and continuous on a certain interval

functions. If in equation (1) we substitute y’ :§ , divide both
X

sides of the equation by ¢(y), assuming that ¢(y)=0, and

multiply it by dx, then we have differential equation
dy
——=f(x)dx
¢(») )

which is a separable equation that is solved in quadratures:

j%zjf(x)dx+C.
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Homogeneous differential equations of first order
— are equations of the form y'= f(x,y), if function f(x,y) is
a homogeneous function of zero-degree.
Function f(x,y) is a homogeneous function of n-degree
BiIHOCHO variables x and y, if the following congruency is valid

f(tx,ty)zt"-f(x,y), t#0.

Homogeneous equations can be reduced to separable
equations by means of substitution y =u-x, where u = u(x)
is an unknown function.

1I. Exercises for practical lesson

Exercise 1. Calculate whether a given function is a solution
of a given differential equation:

a) y=C-e™, y'+2y=0;

b) y=Cx+C,x*, x*y"-2xy'+2y=0.

Solution: a) We calculate a derivative of a given function:
y'=-2C-e*. We replace the resulting derivative into
the equation and prove that it becomes a congruence:
2C-e*+2C-¢* =0, 0=0. So, function y=C-e™ is a
solution of the given equation.

b) We differentiate function y(x) twice and calculate:
y'=C +2C,x, y"=2C,. Then we have:

x*2C, = 2x(C, +2C,x) +2(Cx + Cx* ) =0,
2C,x* —=2C,x —4C,x*> +2Cx +2C,x* =0,

0=0 is a congruence, thus the given function is a solution of the
differential equation.

Exercise 2. Given general solution 4x*+y*=C? of first-
order differential equation, calculate and build the sketch of

8
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its integral curves that run trough points B (-1,0), B,(0;-3),

B,(2:;0).
Solution:
We replace into the general "
solution of differential equation
coordinates of points B,, B,, B,, and 3
get the value of parameter C, with 2
respect to which out of the general
solution we get the equation of an I
integral curve running through points x

B, B,, B, correspondingly: o 1 % 2
p. B(-1;0): C*=4 = 4x*+)*=4;

p. B,(0;-3) : C*=9 = 4x’+)’=9;
p. B;(2:0) : C* =16 = 4x’+y’=16.

The resulting equations define the
integral curves that run through points
B, B,, B,, and make up concentric
ellipses (Drawing 1.2).

Exercise 3. Calculate general solutions of the following
differential equations:

a) (y+xy)dx+(x—xy)dy=0;
b) 1+(1+)")-¢" =0;

c) 2%V 437 .y =0;

d) y—x-y'=x+y-y"

e) ydy+(x—2y)dx=0;
f)ydx+(2 xy—x)dyzO.

Solution:
Equations a)-c) are separable equations, and equations d)-f)
are homogeneous equations.

a) (y+xy)dx+(x—xy)dy=0;

Drawing 1.2
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y(1+x)dx—x(y—1)dy:0; y—_ldy:1+x

j(l—%)@:jeﬂjdx;

y—ln|y|=x+ln|x|+C; y—x—ln|xy|=C.

b) 1+(1+)')-¢’ =0;

dx ;
x

1 dy 1
1+y' =——; —=——-1;
d e’ dx e
1+e” . e’ .
dy=~—"dx; jHeydy_—jdx,

ln(1+ey)=—x+C1; l+e=e™; 1+’ =e™-C,
ne C=e“; (1+ey)-e"*:C.

C) 2" 437y =0

3 , 1 dy 2
. !:_2)(‘2); —:——;
N 92" dx 3
(ij
IlS”’dy:—I 2 dx; —£=—3—+C1;
3 In18 1 2
ni
g X
18 \3)
mig | 2 ’
ni
3
where C=-C,.

10
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d) y-x'=x+y-y;

’ . ’ - X
(yx)y=y-x; y=2—2.
y+x

We label y=ux, then y'=ux+u hence:

, Ux — x ,  u-1 . u—l-u'—u
ux+u= ;o ux= -—u; Ux=———;
ux+x u+l u+l
2
du _ 1+u : J‘u+12du_jﬂ
dx u+l 1+u X
Calculate
u+l1 du 1
I = = =—In(1+u’)+arctgu+InC.
IFowetl I1+u H =) rarce

1 2
Therefore: —ln[l + yz ]+ arctgZ +1InC =
2 X X

2+ 2
xxzy -C|x|+arctg%=0; lnC-\/x2+y2+arctg%:O.

e) ydy+(x—2y)dx=0;

In

, 2y—Xx
ydy=(2y—x)dx; y et

y

We apply substitution y=ux, y'=u'x+u,

2 —
then u'x +u =222 ;
ux
., 2u-1  du 2u—1-u’ . udu dx .
u'x = —u; X = ; —J. 5 =I ;
u dx u u —2u+1

X

I:_J- 2u—l _J~( du IJ(2u l)du 1

u—1)2 T 2w Cu u—l

11
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-InC;

—lnC=—ln(u—1)+

u-—1 u—

= —%ln(u - 1)2 +

—1n(u—1)+

! -InC=
1

u—

SEeme 2a)i emc(y-x);
y 1 X y—=Xx

X

x=(y—x)-1nC(y—x).
) ydx+(2\/5—x)dy=
oy W y
-2 dy=ydx; Z=—1 - .
(x \/E)y yax; pry

The substitution is: y=ux, y'=u'x+u, hence
u

, " ux . ,
ux+uy=————, ux=———
x—2xJu 1-2Ju

du u—u+2u\/; 1—2\/; dx
o ; IZu\/; du:j?

X =
dx 1—2\/;

u

B | —

L —Infu|=In|x|-C;
2

N | —

=]

/x
—|—=InCy; JyInCy++x=0.
Nu y

Exercise 4. Calculate particular solutions of differential
equations, which satisfy initial conditions:

X

) T
a) y'sinx=ylny, y(?j:e;
b) 2(1+e*)-y-y'=e", y(0)=0;

12
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¢) =2, y(1)=1.
xX+yy

Solution:

a) y'sinx=ylny;

jor g

—; 1n|1ny| =In
ylny “sinx

X X
tg—|+InC; Iny=Ctg—;
gz y g2

we apply initial conditions: Ine=C tg% ,hence C=1; Iny= tg%

e
or y= e?,

b) 2(1+ex)-yy'=ex;
Iydy fedx' (1+e)+C;

if y(O):O,then 0=In2+C = C=-In2;

1+¢ 1+¢ >
=ln(1+e”)—1n2; y' =In re ; re =e’ ; l+e =2e
2
C)y xy' y
x+ 5
' y YT eaX
—xy'=2x+2y'; (2y+x)y'=y-2x; =
y-xy'=2x+2yy's (2y+x)y'=y Y= e
’ 2 +u u/x+u ux_2x. u'x+u_u_2.
=Uux, =ux u, = D) - D)
4 4 2ux +x 2u+1
L ou—=2-2u'—u . du 242u° 2u+1 dx
Ux=—=-—= " =— ; J. - du=-|=;
2u+1 dx 2u+1 2u°+2 X
2u+1
_Iu +1 iy Iu +1 J.u 1 Ty

1 1
Eln(u2 +l)+§arctgu = —ln|x| +C;

13



H. 0. POMAHYYK, M. B. VIIIKAII, I. B. IETKOB, O. B. MAIBOPOJTA

2
lln y_2+1 +larctgl+ln|x|=q;
2 \x 2 X
s y
ln(—2+1j+arctg—+2ln|x|=C,
x X
where C=2C;;

2
X

2
ln(y +1J-x2+arcth=C; 1n(x2+y2)+arcth=C.
x x

Under the given initial conditions y(1)=1 we have:

In2 +arctgl=C = C=mn2+=.
Therefore, ln(x2 +y° ) tarctgX =In2+2 .
X 4

III. Exercises for individual work
Exercise 1. Calculate whether a given function is a solution
of a given differential equation:
a) y=+x, 2y =1;

2
b) S=—t—lsin2t, d—§+tgt-d—S=sin2t.
2 dt dt

Exercise 2. Calculate general solutions of the following

differential equations:
a) ()c+1)3 a’y—(y—Z)2 dx=0;
b) yw'+x=1;
c) x*(2p'-1)=1;

d) y=x(y’—V67);

14



Hugeperyianvri pisHAHHS

e) y’ +x’ ) ="
f)xy'zy-lnl.
x

Exercise 3. Calculate particular solutions of differential
equations that satisfy the initial conditions:

a) ' +x-y'=0, y(-1)=1;

b) (H)cz)y3olx—(y2 —1)x3dy=0, y(1)=-1.



Practical lesson 2.

Linear differential equations. The Bernoulli equation.
Total differential equations

1. General theoretical information

Equation of the form
y'+p(x)y=q(x), (1)

where p(x), g(x) are determined and continuous on a certain
interval functions, are called linear differential equations of
first order.

The Bernoulli method of integration of equations (1) means

finding a solution in the form y=u-v, where u= u(x) and
V= v(x) are the unknown functions.

Considering that y'=u'v+w', equation (1) will have the
form:

u'v+uy' + p(x)-uv=q(x). (2)
We choose function v(x) so that
v'+p(x)-v=0; 3)

hence v = e_I plx) o

is one of solutions of equation (3).
Then u,.e,j,)(x)m =q(x), u= IQ(X)'eIp(X)dxder C.

16
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So, y=u-v= L -Iq(x) I s a general solution
of equation (1).

The Bernoulli equation
is equation of the form '+ p(x)-y=g¢(x)-y*, where aeR,

az0, a=l.

o

Substitution z=y'"
differential equation.

makes the Bernoulli equation a linear

Total differential equations
Equation of the form

P(x,y)dx+Q(x,y)dy=0 4)
is called total differential equation if its left side is a total
differential of some function u(x,y), which is
P(x,y)dx+Q(x,y)dy=du(x,y)=Z—udx+%dy, %)
X

For equation (4) to be a total differential equation, a necessary

P
and sufficient condition is: oP(x.y) = anx’y) )
y X

We find general integral of equation (4) in the form
u(x,y) =C, where u(x,y) = IP(x,y)dx = F(x,y)+ (I)(y) (6),
F(x,y) is antiderivative of function P(x,y) onx, ¢(y) is an
arbitrary differentiated function.

Differentiating equality (6) on y and considering that

g—uzQ(x, y), we get an equation to find an unknown
Y

function ¢(y):

17
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au(x,y)_aF(x,y) @_
o oy a2

1I. Exercises for practical lesson

Exercise 1. Find general solutions of differential equations:
a) y'—yctgx=sinx;

b) (x +1)-y’+4xy=3;

¢) ydx—(3x+1+Iny)dy=0;

d) x*y* -y +xp’ =1;

e) y+y=xyy;

f) (ey + ye" +3)dx=(2—xey —e”)dy ;

g) (x+ln|y|)dx+(1+§+sinyjdy:0.

Solution:

a) y'—yctgx=sinx 1s a linear equation, then y=u-v,
y=uv+uw';
u'v+uy' —uv-ctgx=sinx; u'v+u(v'—vetgx)=sinx;

dv

Vi—vetgx=0; V' =vctgx; I—zjctgxdx;
v

ln|v|=ln|sinx| = v=sinx;
u'sinx=sinx; u'=1 = u=x+C.
So, y=uv=(x+C)-sinx.
4xy 3

b) (x2+1)-y’+4xy=3; y'+xz+1=)C2+1 i1s a linear

equation, then y=uv, y'=u'v+u/',

18
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’ ’ 4xuv 3 ’ , 4xv 3
uv+uv + 3 =2—; uv+u|l v+ > =— R
x +1 x"+1 x+1) x"+1
4
v+ éixv =0; ﬂ=—j 2x dx;
x“+1 % x +1

1n|v| :—21n(x2 +1) = vy=

' 1 3

! .(x2+1)2 =x2+1;

3

[du=3[(x* +1)ax = u=3[%+x]+C=x3+3x+C.

Therefore, y=uv =(x3 +3x+ C);2 or

(x2+1)
y(x2+1)2=x3+3x+C.
c) ydx—(3x+1+lny)dy=0; ﬁ:w or
dy y

x,_3_x:1+1ny is a linear equation, x=x(y), then x=uv,

y y
xX'=uv+u';
urv_l_uvr_?’u_v:l'f'lny; u'v+u V’—3—v =1+11’1y;
y 3 y 3
v-Tog, Dog @,
Y v y

Inp|=3mnly] = v=y’;

1+1 1+1In
oyt = Y _[duzj y4ydy;
Y

19
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1
l+lny=¢, dt=—dy,
y

uzjlﬂ?ydy: . :_1+1r31y+lji4dy=
4 9
y -3
ey e L by 1o 4 Iy
3y’ 9y° 3y 3y 9y’ 9y° 3y’

d) x*y* -y +xy’ =1,

y

yzyr_'__:i or y'—i—Z:x*z -2
X X

> y— is the Bernoulli equation
X

(oo =-2), substitution is z=y"* =°, then z'=3)*y = »*)' -5
' 3 3 . . .

i+£=i2 or Z'+—Z=—2 is a linear equation, z=z(x), then

3 x x X X

' ' .
Z=Uv, z =uv+uv ,

, , 3uv 3 , (, 3vj 3
uv-+uy +—=—2; uv+ulv +— =—2,
X x X X

v'+3—v=0; ﬂ:—3j‘ﬂ;

X v x

1

1n|v|=—3ln|x| = v=—;

X
3 2

u’cL:i; u'=3x; Jdu=3jdx; =224 C.

X 2

20
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3 3
x> 2x x

Since z= )", then y=3/2=3/i+£3.
2x x

e) y'+ y:x\/; or 2= +-2 =x is the Bernoulli equation

NS
1

1 e !
(a.=—), then substitution is z=y"* =2 = \/;, Z'=—
2 g

2
S()’ Z:uv:[%+€j.i:i+£_

y’:}

!

z X . . . .
%zh’; 2z'+z=x or z’+=== 1is a linear equation, that is
y

why z=uv, z'=u'v+w';

, , uv X , , V) X
uv+uw'+—==; uv+u| v +—-|==;
2 2 [ 2) 2
V42 =0; ﬂ:—K; ﬂ:—ljdx;
2 de 2 v 2
1n|v|=——x = v=e5;
wee?=2; ﬂ:ei z; J‘duzlj‘x-egdx;
2 dx 2 2
1 x X =1, dx=dt, 1 x x
uz—Jx-ezdxz x x =—[2xe2—2je2dx}=
2 erdx=ds, s=2e? 2

X X

=%(2xez —462]+C=xe~2 —2e2+C.

21



H. 0. POMAHYYK, M. B. VIIIKAII, I. B. IETKOB, O. B. MAIBOPOJTA

X

X X X
xe? —2e? +CJ-e 2=x-2+C-e ?%;

Therefore, z=uv= (

2
—[x—2+C-ezj .

considering that z=./y , we get y=2’

f) (ey +ye"+3)dx:(2—xey —ex)dy;

(ey +ye' + 3)dx +(xey +e' — Z)dy =0;
or =e’ +e", 20 =e’ +e", op = Q2 = total differential
oy Ox oy Ox
equation.

We find
u(x,y)zj(ey + ye* +3)dx+¢(y)=eyx+yex +3x+¢(y);

a—u=xey+e"+d)'(y).
Since a—u=Q(x,y) we get: xe’ +e' +¢'(y)=xe’ +e" -2}
<|>'(y)=—2 = ¢(y)=—2y+Cl,then u=xe’ +ye" +3x-2y+C,.

Since u(x,y)zCz, then xe’+ye' +3x-2y+C,=C, or

xe’ +ye" +3x-2y=C.
g) (x+1n|y|)dx+[1+£+siny]dy=O is a total differential
Y

. . P 0 1
equation, since — = Q =1+—.
d Ox y

, )=I(x+ln|y|)dx+¢(y):x—22+xln|y|+¢(y);

We find u(x,y
@zfﬂbf(y); a_uzQ(x,y) = £+¢'(y)=1+£+siny;
y oy Y y
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o'(y)=1+siny; (I)(y):I(1+siny)dy=y—cosy+C1, then
2

u(x,y)=%+xln|y|+y—cosy+C1.
2
Since u(x,y)=C,, then %+xln|y|+y—cosy=C.

Exercise 2. Find partial solutions of differential equations

under initial conditions:
a) x'+y—e'=0, y(a)=b;

b) ' -2 =x, p(1)=0;
)0 -——=x, (1)

¢) ydx+2xdy=2yJxsec’ ydy, y(0)=m;
d) (2x+y-exy)dx+(1+x-exy)dy=0, y(0)=1.

Solution:
X
(4 . . .
a) x'+y—e" =0 or y'+Z:— is a linear equation, then
X X
y=uv, y'=uv+uv';
, , uv ex . [} P,V ex .
uv+uw'+—=—,; uvtu|v+—|=—;
x X X X
, dv % dv dx
Vid—=0; —=——i | —=-]=;
X dx X v X
1n|v|——1n|x| = v=—;
1 X
u-—=—; Iduz‘[e"dx, u=e +C.
X X

Therefore, y:uv=(ex+C)-l is a general solution of
X

equation.
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We apply initial condition y(a)=b:

b:(e“+C)-l = ab=¢'+C = C=ab—e";
a

yzl-(ex +ab—e“).

x
b) xy'—ﬁ:x or y'—x(xy+l)=l i1s a linear equation,
then y=uv, y'=u'v+wu';
Wy —— =1 u’v+u[v'— Y J:l;
x(x+1) x(x+1)
, v dv v
v_x(x+1):O; dx x(x ' Idv_I x+1'
1 A4 B

=24 :A(x+1)+Bx51,weassumethatx:O,
x(x+l) x x+1

then 4=1;if x=-1,then B=-1, so

—I(———jdx 1n|v|=ln|x|—ln|x+l| = v=i;
x x+1 x+1

M’.Lzl; du _x+1. Id j(1+ jdx u= x+ln|x|+C
x+1 dx x

Therefore, y =uv =(x+In|x|+C): Y is a general solution

. x+1
of equation.

Out of initial condition y(1)=0 we find C:
0=(1+c)% — C=-l,

then y=(x+ln|x|—1)- )-Ci-l
x

is a partial solution.
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c) ydx+2xdy= 2yJxsec’ ydy or, divided by ydy,

dx+2 =2xsec’ y is a Bernoulli equation, x = x(y), oc:l

dy y 2’

1- > X
z=x “=x2; ' =—=x' => ==27.

x' 2\/;

Then ——=+>""=2sec’y  after substitution is:

ooy

2z z . . .
2z'+==2sec’y or z'+==sec’y is a linear equation, then
Y

z=uv, Z =u'v+w';

[ ' uy 2 [ [! VJ 2
uv+u'+—=sec’y; uv+u|v+—|=sec’y;
Yy Yy

1
v,+1:0; dv _1; ﬂ:—jd_y v:—;
y dy y y
1
u'-—=sec’ y; J.duzj.yseczydy;
Yy

y=t, dyzdt,}_

-sec’ ydy =
Iy re sec’ ydy=dv, v=tgy

:ytgy—.[tgydy:ytgy+ln|cosy|+C; u=ytgy+ln|cosy|+C.

Hence z=uv=(ytgy+ln|cosy|+C)-l. Since x=z%,
Yy

I . .
then x=(ytgy+1n|cosy|+C)2 — is a general solution of the
Yy

equation.
Under the initial condition y(0)=n we calculate the value
of C:
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O=(ntgn+ln|cosn|+C)2 iz = C=0.
T

2

So, x:(ytgy+ln|cosy|)2 Lz or xy° =(ytgy+ln|cosy|)
y

d) (2x+y-exy)dx+(1+x-exy)dy=0 is a total differential

equation, since o _ Z—Q =e” +xye” .
X

We find function
u(xy)= [(26+ e e +0(3) =+ +0(y):

Z_sz.exy +¢'(y). Since %:Q(x,y):

xexy+(|)'(y)=1+xexy :>(|)'(y)=1 = ¢(y)=y+C1.

Therefore, u(x,y)=x*+e” +y+C;; but u(x,y)=C,, hence
x’+e”+y+C, =C, or x’+e” +y=C is a general solution of

the equation.
Let us now calculate a particular solution under the initial

condition y(0)=1:
e +1=C = C=2,s0 x’+e” +y=2.

111. Exercises for individual work

Exercise 1. Calculate general solutions of differential

equation:
a) y'-y=e';
, 1-2x
b) Y=y =1

26



Hugeperyianvri pisHAHHS

0) V' +—2—+y?=0;
x+1

2
d) xdxz(x——f]dy;

y
e) (3x2y2+7)dx+2x3ydy=0;
f) (2y—3)dx+(2x+3y2)dy=0.

Exercise 2. Calculate particular solutions of differential

equations under the initial conditions:
a) (1—x)(y'+y)=e"x, y(2)=0;
b) ¥ =3x"y+x +x*, y(0)=1;

c) t(1+¢7)dx=(x+xt* - )dt x(l)z—g.



Practical lesson 3.

Differential equations of higher order.
Equations of higher order that allow the decrease of order

1. Basic theoretical information

Definition 1. Differential equations which contain
derivatives of higher order are called differential equations of
higher order.

The order of the highest derivative of an unknown function
which is included in a differential equation, is called the order
of this equation.

F(x,y,y', ...,y("))zo (1)

is a differential equation of n-order, written in the form
CD(x,y, C) =0, where x is an independent variable, y=y(x) is
an unknown function, F' is a known function.
y(n):f(xayay"""y(n_l)) (2)
is a normal differential equation of n-order, calculated with

respect to derivative Yy
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Definition 2. 4 solution of equation (2) on a certain
interval (a;b) is called n times differentiated on this interval

function ¢(x), which under substitution into the given

equation turns it into a congruence on x, that is Vxe(a;b):

0 ()= £ (%.0(x).0/(x), 0" (x).
The Cauchy task means finding among all the solutions
of equation (2) such a solution y=y(x), xe(a;b), which if

x =x, €(a;b) satisfies the following initial conditions:
y(x)=ve, V(%)= s P (x)=0" )
Theorem 1 (about existence and uniqueness of solution
of the Cauchy task).
If function f (x, Yy, y(”‘l)) and its partial derivatives
upon arguments y, »', ..., y(H) are continuous in a certain open
area G of function, then for any point (xo, Vos Vs e » y(()”"))e G

there exists one unique solution y=y(x) equation (2), which
satisfies initial conditions (3).
A general solution of a differential equation of n-order (2)

contains » arbitrary constants and has the following form:

y=¢(x,C1,C2,...,Cn). 4)
If a general solution of equation is written in the form

®(x,C,,C,,...,C,)=0 (5), then it is called a general integral of
equation (2).
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A particular solution or a particular integral is calculated
on the basis of a general one, if in (4) or (5) every arbitrary

constant C, C,, ..., C is given a certain number value.

Equations of higher order that allow
the decrease of order

1) Equation of the form y" =f(x), where f(x) is a
continuous function, solved by means of integrating it n times.

2) Second-order equation F(x,y',y")=0, which does not
contain unknown function, turns into the first-order equation by
means of substitution y' =z, where z= z(x) , hence y"=2".

3) Second-order equation F(y,y,»")=0, which does
not contain independent variable x, allows the decrease of
order by means of substitution y'=z, where z=z(y), then

. d ,_dz_dz dy __ dz

:ZI'Z /!:_ r___ — hunlh
y'=g2 dx(y) dx dy dx Zdy

11. Exercises for practical lesson

Exercise 1. Calculate general solutions of differential
equations:
a) ym:er;

m 1
b)y =
X

c) y'=arctgx;

d) 2 .ym _ (yu)2 :

e) x-y(s) _ y(4) )
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Solution:
a) ym :eZ)c .
We integrate three times and calculate a general solution of

equation:
” 2x 1 2x . ! 1 2x ’ .
y —Ie dx-—ze +C], y——e +C]X+C2,

’

yzée“ +Cx*+Cx+C, (C, =71)

m 1
b)y ="
X

y”:1n|x|+C1; y’=j1n|x|dx+C1’x;

1
Inx = —dx=d
Ilnxdx: =t X = :xlnx—jdxlenx—x+C;

dx =dv, v=x

2
y':xlnx—x+C]'-x?+C2;

Inx =u, lan =du, , | 5 )
lenxdx: * :x_lnx__dex:x_lnx_x_+C;
x’ 2 2 2 4
xdx =dv, v=7

2 2 2 2 2
X X X

y=71nx—7—7+c;-%+czx+c3 =%lnx+C1x2 +Cpx+C,

3¢
C =—=+—1).
(€ =-3+)
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C) y"=arctgx;
d.
, arctgx =u, du= xz’ xdx
y =Iarctgxdx= I+x =x-arctgx—j =
I+x
dx =dv, v=x
1 2 .
=x-arctgx—51n(1+x )+C1,
dx
arctgx=u, du= = 5
1+x X dx
Ilzjxarctgxdx: ) “arctgx —— | —— =
x 27 14+x
xdx=dv, v:?

x* 1 ( 1 j x* 1
=—arctgx——|| 1- dx =—arctgx ——(x—arctgx)+C;
2 8 2-[ 1+ x? 2 g 2( g )

2x
Iz=jln(1+x2)dx= 1n(1+x2):u, 1+x2dx=du, _

dx =dv, V=X

x2dx

=x- 1n 1+x 2I —=x- ln 1+x° ) 2(x—arctgx)+C;

2

y :%arctgx —%(x - arctgx) —gln(l + x2)+ (x - arctgx) +Cx+C, =

2

x 1 X
=" arctgx+———arctgx ——In(1+x*)+Cx+C, .
p eteTTL L Ae 2( ) ‘ g

m YR
d) 2" =(");
We label y"=u, then y"=u' = x*-u'=u’
with separable variables;

is an equation
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- > 2 | 2>
dx u X

1

—=—+C, = u=
u x 1+Cx

xzhd”:uz. J‘ﬂ_]‘dx.

" X . . .
“Trcs We integrate the equation twice and calculate
X
1

y

a general solution:

yrzj X dxzij 1- ! dxzi x—iln|l+Clx| +C,;
1+Cx C 1+Cx C C

1

1 1
y :af(x—aln|1+ C1x|}dx+ C,x;

¢

In[t+Cpd =u, du=—"1—

nfl+ Gl = =7 = e[t G~ [~
b x 1+Cx

jln|1+C1x|dx:

dx =dv,

:xln|l+C1x|—j(1— 1+1C de:x1n|1+clx|—x+ci1n|1+c1x
X

1 2
yzi—i xln|1+Cx|—x+iln|l+Cx| +Cx+C, =
2C1 C 1 C 1 2 3

1 1

2
=X 5 L+C2 LS Infl+Cx|+C;.
¢ C ¢ C

1 1

e) x,y(S) - y(4) .

We label y(4):u, y(s):u,; then x-u'=u; d_”z @;

u x
Infu|=In|x|-C] = u=C]-x;
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2 3

' " ' X ’ ” ’ ’ 4
yW=Clx; =G Gs y=Cl~%+Cz'X+C35

4 2

V= C’ +C' al +C’ x+C,;

5 3 2

X X
=C/-—+C,-—+C;-—+C,x+C;;
y=aG- 120 6 2 ! ’
C! C! C;
=CxX’+CxX +Cx* +Cx+Cy(C =—=; C,=—2; C=—2).
Yy X 2X 3 4X 5 ( Y10’ T e T2

Exercise 2. Calculate general solutions of equations:

a) x-y"=y";

b) y'=y'+x;

¢) »'=)"In>;
X

d) 1+(y') =2y »";

e) (') +2y-y"=0;

)y =) =y

Solution:

Equations a)-c) do not contain obvious variable y, substitu-
tion y'=z, y"=z"; equations d)-f) do not contain obvious vari-

able x, substitution y'=z, y"'=z"-z.

a) x-y'=y"; Y=z, y'=zZ = x-z’=z — separable
equations; J‘%: @; In|z|=In|x|-C] = z=Cx;
z x
y'=Cix;
x° C/

y=C ?+C =Cx’+C, (C, = 1)
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b) y'=y'+x; y=z, y'=z = zZ'=z+x or Z’-z=x isa

linear equation, then z=uv, z'=u'v+w'; u'v+w' —uv=x;

1n|v|=x = v=e';, u-e"=x; .[duzj‘e’x-xdx;

_ { x=t, dx=dt,}
‘[e"~xdx= =

eldx=dv, v=—e"

’ .
V=V,

—x-e" +J‘e'xdx:—x-e'x —-e " +C;

u=—e"(x+1)+C; z=uv=(—e'x(x+1)+C1)-e"=—x—1+C1ex;

!

Y=—x-1+Ce'; y=[(-x-1+Ce)dr=

2
X
—?—x+Cle” +C2 .

!
z z z .
C) xy":y'-ln%; y'=z,y"'=z"; xz'=zIn= or z'==In— 1s

X X X
a homogeneous equation, then z=ux, z'=u'x +u;

ux . ux , '
ux+u=—In—; ux+u=u-lnu;, ux=ulnu-u,
x x
%-xzu(lnu—l); J‘Lz ﬂ;
dx u(lnu—l) X

ln|lnu—1|=lnx-C1 = lhu-1=Cx;

Inu=Cx+1 = u=e"";

Cix+l .,

1. . Cix+1 .
= z=xe; = xeS Idyzjxe x
x
X=u, dx=du,
Cix+1
xe"dx =\ .4 |
j e dx=dv, v=—-e""
Cl
:ieqxn _LJ‘eCIerldx:ieCle _ 12 Gl
Cl Cl Cl Cl

X 1 Cix+l1 ’ 2 ol ’ 1
=| ——— | e +(C'=(Cx-C")-e¢ +C" (C=—).
g (Cl Clzj ( ) ( C)

1
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d) 1+(y’)2=2y-y"; y':Z, y”:Z"Z; 1+22:2y-z'.z is

a separable equation;

2yz-é=1+zz; IZZdi :J'd_y;
dy 1+z

ln(1+22)=ln|y|-C1 = 1+22=C1y;
=+/Cy—-1, hence y'=+[Cy-1; I I_Idx;
1y

2 4
tCy-l=x+C, = F(cly—l):(x+cz)2.

1 1

e) (y')2+2y-y”=0; y oz, y'=z-z; 22 +2yz-z=0;
dz dy
2zy=—z; 2|—=—|=;
zy Z Iz J'
1

2Injz|=-In|y|-C = z= ;
= B

G 1 1 G /
=— (C/=—=); =—=; |Jydy=C/|dx;
z \/; (G \/E) y \/; J. yay 1_[ X

3 3

%yz =Cix+C); y? :%C{x+§C§;

2 3 . 3 .
y:(C1x+C2)3 (C1=5Cl, C2=EC2).

" "2 oo " "o
Dy y" =) =yy's y=z, y'=2"z2;
2-Z= y 1s a linear equation, then

y-z-z—z"=y’z or
y

z=uv, zZ'=uv+w';
, vV dv J-dy
b

! ! v
uv+uy'——=y; v=—; =
y y v y
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1n|v|:ln|y| = v=y;

u-y=y; u'=1 = u=y+C1; z:y(y+C); thus

yV=y(y+C); j y+C = [ax:

] A B
==+
y(y+C) y y+C

we calculate coefficients 4 and B: if y=0, then

= A(y+C)+By=1;

AC =1 = A:CL;if y=-C,,then -C,-B=1 = B:—CL,

J i = ( L 1.1 ]dyziln
J’(y+c1) Cy C y+C o

Exercise 3. Calculate partial solutions of differential
equations:

a) y”(x2+1)=2xy', y(0)=1, »'(0)=3;

o
~—~
<

+

=
—_
<
~—

|

Il

o
<

[\
~—~—

Il

[\
\<\
—~
[\S]
~—

Il
—_

)y =)y~
d) y'y"=-1, y(1)=1, y'(1)=0.
Solutions:

a) y”(x2 +1) =2xy'; substitution y'=z, y"=z", then

/ . d 2 d .
z (x2+1)=2xz, J-?Z:J.%,
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ln|z|=ln(x2+1)-C1 = zzCl(x2+1);
z=y = y'=C1(x2+1).

We apply condition y'(0)=3 = C, =3, then y'=3(x2+1);
3
y=3j(x2+1)dx; y:3(%+xJ+C2; y=x"+3x+C,.

Under the condition y(0)=1 we calculate C,=1, so
y=x+3x+1.

b) xy"+x-(y')2—y'=0; substitution y'=z, y"=z", then

!

z z . .
xz'+xz'—z=0; z'-==-z" or —=+—=1 is a Bernoulli
X z zX

1 I-a -1 ' 1 '
equation (a=2), p=z""=z", p'=—=-2".

y4

Then, p'+£=1 is a linear equation, p=uv, p'=u'v+uw

x
: 1 1 X’
uy+uw + 2 =1; v=-2 = v=—; u'-—=1 = u=—+C;
x x x x 2
1 % x* +2C, 1 2x ,
p=uv=—|—+C, |= ; z=—=— =y =
x\ 2 2x p x +2C
, o 2x
4 x2+2C1'

' 4 , 2x 2
If y'(2)=1, then 1:4+2C = (C,=0,and y :7:;;

1

y:jgdx; y:21n|x|+C2; y=Inx*+C,.
x

Under the condition that y(2)=2: C,=2-1n4.

2
So, y=Inx*+2-In4 or y=1n%+2.
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c) yy'= (y')2 —(y')3 ; substitution y' =z, y'=zz;

' _ 2 _ 3.
y-z-z=Z z,

2z L. = _ (b
zz(l—z) y’ Jlz(z—l) J-y ’

=—+ ; A(z—l)—i—BZEl;

z=1 = B=1, z=0 = A=-1;
I dz =— é+J‘ dz =—1n|z|+1n|z—1|=1nz_1;
Z(z—l) z z—
lnl—l‘=—1n|y|-C1 = 1—1=L; l=1—L,
z z Cy z Cy
l:C1y_1 — = Cy L oz=y = = Cy .
z Cy Cy-1 Cy-1
o C, 1
Under the condition y'(1)=-1: —lzﬁ = C=—.
1 v
2”7 y . y-2 2
So, y'= ; Y =——; ——dy=dx; J. 1-= dyz.fdx;
LI y=2 y
2y

y—21n|y|=x+C2.
Since y(1)=1, then 1=1+C, = C, =0.
So, y—2Iny=x or y—x=2In|y|.
d) y*-y"=—1; substitution y'=z, y"=z"-z;

1 z 1 1
30 1. =gy Z__ . — .
yzz=-1; J.ZdZ— J.yde, 2—2y2+C1, Z2__2+2C1,
z=y' = (V) =—+2C.
y
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We apply condition y'(1)=0 = C, =—%. So, (y’)2 =—-1;

o [ e i v

According to y(1)=1 we calculate C, =~1, then

w/l—y2 =1-x; l—y2 =(1—x)2 thus y:\/2x—x2 .

111. Exercises for individual work

Exercise 1. Calculate general solutions of differential

equations:
a) y"=60x";
b) y"=cos2x;
) w'=y";
d) (") =y
e) y=Lx;
X
f) 23y y"=() +1;
9y =();

h) y(l—lny)-y"+(1+lny)-(y')2 =0.

Exercise 2. Calculate particular solutions of differential
equations under the initial conditions:

a) y"=3x", »(0)=2, »'(0)=1;

[ 2
b) y'=2 4+ 2)=0, '(2)=4:
)y x+y,,y() . V'(2)=4;

0) 2(y) =y"(y=1). »()=2. y(1)=-1.
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Practical lesson 4.

Linear differential equations of higher order.
Constant-coefficient equations. Nonhomogeneous
equations with a special right-hand side

1. General theoretical information

Definition 1. Equation
bo(x) 5 b (x) A b (¥) v =0(x), (1)

where b, (x), b(x), ... , b,(x), ¢(x) are the given functions,
and the unknown function y= y(x) and all its derivatives are
only in first degree, is called a linear differential equation of
n-order.

Functions b,(x), i=0,1,...,n are called the coefficients of
the equation. If ¢(x) then equation (1) is called homogeneous;
if ¢(x)=0, then it is nonhomogeneous.

Definition 2. Equations
y'+a,(x)-y +a,(x) y=0, (2)
where g,(x), a,(x) are the given functions, are called /inear

homogeneous differential equations of second order.
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Theorem 1. If functions y,(x) and y,(x) are the solutions
of equation (2), then function y=C, -y (x)+C,-y,(x) (C,, C,
are arbitrary constants), is equally a solution of this equation.

Definition 3. Functions y, (x) and y,(x) are called /inearly

independent on interval (a;b), if

o, -y, (x)+o, -, (x)=0, 3)
where a,, a, are the real numbers, is valid only when o, =a, =0.
If at least one of the numbers o, or o, is not equal to zero and the
congruence (3) takes place, then functions y,(x) and y,(x) are
called linearly independent on interval (a;b).

Functions y,(x) and y,(x) are only linearly dependent on

interval (a;b) , when there is such a constant number 1 that for
all x e(a;b) the valid equality is %x)) =h or y (x)=A-y,(x).
Yo\ X

Definition 4. If y =y (x) and y,=y,(x) the functions
N N

' '
1 2

of x, then a determinant W (x)= =y, -Vy—yl -y, is called

the Wronskian determinant or the Wronskian.

Theorem 2. If functions y,(x) and y,(x) are differentiated
and linearly dependent on interval (a;b), then the Wronskian
W(x)EO on (a;b).

Theorem 3. If functions y (x) and y,(x) are linearly
independent solutions of equation (2) on interval (a;b), then

the Wronskian of these functions is not equal to zero in any of
the points on this interval.
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Now it is possible to formulate conditions, according to
which function y=C, -y, (x)+C, 'y, (x) is a general solution of
equation (2).

Theorem 4 (about the structure of a general solution of
a homogeneous equation). If functions y,(x) and y,(x)
are two linearly independent on interval (a;b) solutions of
equation (2), then function

y=C -y (x)+Cy (%), “4)
where C, C, are the arbitrary constants, is its general solution.

Definition 5. Equation
Y'+a(x) ' +a,(x) y=r(x), (5)

where a,(x), a,(x), f(x) are given and continuous on (a;b)

functions, is called linear nonhomogeneous differential equation
of second order. The left-hand side of equation (5) is called
a corresponding homogeneous equation.

Theorem 5 (about the structure of a solution of a
nonhomogeneous equation). A general solution of equation (5)
is a sum of its arbitrary particular solution y" and general
solution y of a corresponding homogeneous equation, that is

y=y (x)+¥(x).
Method of variation of arbitrary constants
We assume that y(x)=C, -y, (x)+C, -y, (x) (6) is a general

solution of a corresponding to (5) homogeneous equation.
If in formula (6) we substitute arbitrary constants C, C,
to unknown functions C,(x) and C,(x), then the function

y=C(x) y(x)+C,(x)-y,(x) (7) is a particular solution of
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equation (5), when functions Cl(x), C, (x) satisfy a system of

conditions:

Cl(x) y(x)+C(x)-yi(x)= f(x). (8)

Constant-coefficient linear differential equations
Definition 6. Equation of the form
Vi+p-y'+q-y=0, )
where p, g are real numbers, is called a constant-coefficient
linear homogeneous equation of second order.
With the help of the Euler method, particular solutions of
equation (9) are calculated in the form of functions y=e",

where £ is a constant number, which is a root of a corresponding
characteristic equation:

k2+pk+q=0- (10)
We label &, k, as roots of a characteristic equation (10).
Three cases are possible:
L. If k, k, are real different roots of equation (10), then
a general solution of equation (9) is calculated by the formula:
y=C, " +C, . (11)
IL. If &, =a+Bi are complex roots of equation (10), then

a general solution of equation (9) is written as follows:
y=e"(C, cosPx+C,sinpx). (12)

II. If k, =k, =k are real and equal roots of characteristic
equation (10), then a general solution of equation (9) has
the following form:

y=€"(C +Cyx). (13)
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Nonhomogeneous differential equations with
a special right-hand side
Definition 7. Equation of the form
V'Hpy+qy=f(x), (14)
where p, g are real numbers and f(x)#0 is given continuous on
a certain interval (a;b) function, is called a constant-coefficient
linear honhomogeneous equation of second order.

A general solution of equation (14) is a sum of a general
solution y of a corresponding homogeneous equation, which
is calculated by the formulas 3-5, and an arbitrary particular
solution y“, which is found with the method of variation of
arbitrary constants.

However, there exists an easier way to calculate a particular
solution of equations with a special right-hand side.

Let us consider the following cases:

L If f(x) is of a form: f(x)=e*-P,(x) (7), where a is
a real number, P,(x) is a polynomial of degree n of x, then a

particular solution of equation (14) is advisable to be calculated
in the form

y =x"-e"-0,(x). (16)
In formula (16): Q,(x) is a polynomial with undetermined

coefficients of the same degree as P,(x), and r is a quantity
of roots of a characteristic equation which are equal to a
(r=0,1,2).
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11. Exercises for practical lesson

Exercise 1. Calculate general solutions of linear homo-
geneous equations:

a) 3y"-2y'-8y=0;

b) y'+4y' +4y=0;

C) 4y"-8y'+5y=0;

d) y-16y=0;

e) yW+2y"+y"=0.

Solution:

a) 3y"-2y'-8y=0; 3k’-2k-8=0 1is a characteristic

. 4 . .
equation, &, =3 k,=2 are its real different roots, then

4
y=C,-e? +C,-¢” is a general solution of a differential

equation.
b) y'+4y +4y=0; k*+4k+4=0 or (k+2)'=0 =
k, =k, =-2 are real equal roots of a characteristic equation, so
y=e*(Cx+C,) is a general solution of equation.
1
c) 4y"—8y'+5y=0; 4k’ -8k+5=0, D=-16, k, =1i5i

are complex roots of a characteristic equation, that is why

y=e' [C, cos% +C, sin%) is a general solution.

d) Y9 -16y=0; k* ~16=0, (k' —4)(K’ +4)=0 =k =42,
ky,=%2i; y=Ce™ +C,e* +Cycos2x+C,sin2x.

e) Y4274y =0 k' +2K° +k7 =0, & (K +2k+1)
or k2(k+1)" =0 = k =k, =0, k, =k, =-1;
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y=Cx+C,+e(Cx+C,).

Exercise 2. Calculate particular solutions of homogeneous
equations under the following initial conditions:

a) y'—4y'+3y=0, y(0)=6, »'(0)=10;

b) 4y"+4y'+y=0, y(0)=2, y'(0)=0;

c) y'+4y'+5y=0, y(0)=—3, y’(0)=0.

Solution:

a) y'—-4y'+3y=0; k' -4k+3=0 = k=1, k =3;
y=Ce" +C,e™ is a general solution; y'=Ce" +3C,e’™*. Under
initial conditions y(0)=6 and »'(0)=10 we get a system to
calculate C, and C.:

C1+C2:6, C1:45
C +3C,=10 = |C, =2

So, y=4e" +2¢™ is a particular solution of the equation.
b) 4)"+4y'+y=0; 4k’ +4k+1=0 or (2k+1)' =0 =
1

k1=k2=—5 = y=e7§(C1x+C2), V'

is a general solution.

X X

—%ez (Clx +C, ) + Clei

According to condition y(0)=2 we calculate C,=2; then

out of condition »'(0)=0 and C, =2 we calculate C, =1.

So, a particular solution of equation is y=e 2 (x+2).
C) y'+4y' +5y=0; k¥ +4k+5=0,
k,=-2%i = y=e"(C cosx+C,sinx),

y'==2¢7"(C cosx+C,sinx)+e”" (=C sinx+C,cosx).
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Since y(0)=-3, then C,=-3; then according to
condition y'(0)=0 and C, =-3 we calculate C,=-6. So,
y=e*(-3cosx—6sinx) is a particular solution.

Exercise 3. Calculate general solutions of nonhomogeneous
equations:

a) y"+)' =2y =6x";

b) y"+4y=5¢";

c) y"+6)y'+9y=10sinx;

d) y'-2y=xe";

e) 2y"+5y =0,1e>* —25sin2,5x .

Solution:

a) y'+y'-2y=6x"; y"+3'—2y=0 is a corresponding ho-
mogeneous equation, k° +k—2=0 is its characteristic equation,
the roots of which are k,=-2, k, =1, then y=Ce™ +C,e" is
a general solution of a corresponding homogeneous equation.

We calculate a particular solution of a given equation in

a form of function y*=Ax>+Bx+C (r=0); (y*) =24x+B,

(y*) =24, then 24+2A4x+B—-2A4x" —2Bx-2C =6x;
—24x* +(24-2B)x+24+B-2C=6x".

Comparing coefficients under the corresponding degrees
of x, we make up a system to calculate 4, B, C:

A=-3,
—2A:6, B=—3,
2A-2B=0, 9

24+B-20=0 |¢=77
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In this case a particular solution is y*=-3x’ —3x—% , and

.. _ 9
a general solution is: y =y + y*=Ce™ +C,e’ —3x" —3x——.

b) y"'+4y=5e"; k»+4=0, k> =—4, k, ==%2i are the roots
of a characteristic equation of a corresponding homogeneous
equation; y =C, cos2x+ C,sin2x is its general solution.

We calculate a particular solution: y*=A4e* (r=0);

! ”

(y*) =(y*) =de', de" +44e" =5¢" = A=1,then y*=¢".

So, y=y+y*=C cos2x+C,sin2x+e" is a general solution.

c) Y +6y' +9y=10sinx; k’+6k+9=0, k =k =-3 =
y=e>(Cx+C,) is a general solution; y*=Acosx+ Bsinx

(r=0); (y*) =—Asinx+Bcosx, (y*) =—Acosx—Bsinx;

—Acosx—Bsinx—6Asinx+6Bcosx+9A4Acosx +9Bsinx =10sinx >

(84+6B)cosx +(—6A4+8B)sinx =10sinx ;
8A4+6B=0, 44+3B=0,
—6A4+8B=10 —34+4B=5 T 5’

3 4 . . . .
SO y*:—gcosx+—smx is a particular solution, then

y=y+y*=e>(Cx+C,) —%cosx + %sinx is a general solution.

d) y'-2y=xe™; k¥ -2=0, k1’2=i\/§ =
i:Cle_ﬁx+Czeﬁx; y¥=(A4x+B)-¢* (r=0),
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!

(y*) =—e‘x(Ax+B)+Ae'x=e‘x(—Ax+A—B),
(y*)” =—¢"(—Ax+A—-B)-Ae™ =™ (Ax+B-24);
e’x(Ax+B—2A)—2e”‘(Ax+B)Ex~e”‘;
—-Ax—B-2A4A=x, thus —-4=1, -B-24=0; A=-1, B=2;
yr=(—x+2)-e".

Thus, y:§+y*:Cle‘ﬁ"+C2eﬁ*+(2—x)-e‘x is a general

solution.

e) 2y"+5y'=0,1e™™ —25sin2,5x; 2k*+5k=0 = k =0,
k,=-2,5; y=C, +C,e> . To calculate a particular solution y*
we apply a theorem of overlapping solutions, that is

Y=y *+p, %, where yl*zAxefz’Sx (k2=—2’5, a=-2,5 =
r=1), y,*=Acos2,5x+ Bsin2,5x ; (y1 *) = Ae > =2,54xe ",

”

(y1 *) = _2’514872’5.’( - 2’5Ae*2,5x + 6; 25Axe72’5x =
=547 +6,25Axe > .
104> +12,54xe™*" + 54 ™ —12,54xe > =0,1e";
54= 051 = A= 0,02 ) then yl* = O’Ozx ‘e—2,5x .

We calculate (y2 *) =-2,54sin2,5x +2,5B¢c0s2,5x ,

14

(»,*) =-6,254c082,5x —6,25Bsin2,5x ;

—12,5A4Aco0s2,5x —12,5Bsin2,5x —
—12,5A4sin2,5x +12,5Bcos2,5x =-25sin2,5x,

(-12,54+12,5B)c0s2,5x +(-12,54-12,5B)sin2,5x =—25sin2,5x ,

~12,54+12,5B=0,
~12,54—-12,5B =-25,

thus 4=B=1, then y,*=co0s2,5x +sin2,5x .
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So,

Y=Y+, *+y,*=C +C, e +0,02x e’ +c0s2,5x +sin2,5x .

Exercise 4. Calculate particular solutions of nonhomo-
geneous equations, which satisfy the initial conditions:

a) y"+9y=15sin2x, »(0)=-7, »'(0)=0;

b) ' -3y =3x+x", y(0)=0, y’(O)z—;

c) y'+y'=2x"e", y(0)=5, y'(0)=0,5.

Solutions:

a) y”+9y =15sin2x; K +9=0 , kl,2 =13 =
¥ =C, cos3x+C,sin3x; y*= Acos2x+ Bsin2x (r=0),

! 14

(y*) =—24sin2x+2Bcos2x, (y*) =—4A4cos2x—4Bsin2x ;
—4A4cos2x—4Bsin2x +9A4cos2x +9Bsin2x =15sin2x,
5Acos2x+5Bsin2x=15sin2x = 54=0, A=0; 5B=15, B=3;
y*=3sin2x. So, y=y+y*=C cos3x+C,sin3x+3sin2x 1is

a general solution of the equation.

Let wus calculate a particular solution  which
satisfies the initial conditions: y(0)=-7 = C =-7;
y'(x)=-3C sin3x +3C, cos3x +6¢cos2x, y'(0)=0 = 3C, +6=0,

C,=-2.
Then y=-7cos3x—2sin3x+3sin2x is a particular solution

of the equation.

b) y'-3y'=3x+x’; k’-3k=0, k=0, k=3 =
y=C +Ce™; y*=(Ax2+Bx+C)x=Ax3+Bx2+Cx (k =0,
OL=O:>r=1),(y*)'=3Ax2+2Bx+C,(y*)”=6Ax+2B;
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6Ax +2B —-9A4x*> —6Bx —3C =3x + x°;
—94x* +(64-6B)x+2B-3C=3x+x";

1

A=—=,
9
94 =1, g1
64-6B=3, 18
28-3c=0 |Cc=-il. ol o 11
27 9" 18" 27
1, 11, 11
So, y=y+y*=C +C,e” ——x’——x’——x is a general
FZYTIER TSRO T TRT Ty &

solution of the equation.
We calculate a particular solution under the condition

that »(0)=0, then C,+C,=0 and y’(O):;—S, then

o1 11 11 .
y'(x)=3C, & ——x*——x—-—, that is 7—0=3C2 1L =
3 9 27 27 27
C2:1; C1:_C2:_1.
W 1, 11, 11 . . .
Thus y=-1+e* ——x’ ——x* ——x is a particular solution
. 9" 180 27

of the equation.

c) y'+y=2x*e; k +k=, k=0, k=-1 =

y=C+C,-e";
y*=(Ax2+Bx+C)-ex (r=0);
(y*) =(24x+B)-&* +(Ax* + Bx+C)-e" =(Ax* +(24+ B)x+ B+C)-¢";
(5*) =(24x+24+B)-e* +(Ax* +(24+B)-x+ B+C)-¢" =
=(Ax* +(44+B)-x +24+2B+C)-¢";
(Ax* +(44+B)x+24+2B+C)-¢" +(Ax* +(24+B)x+ B+C)=2x" ¢
24x* +(64+2B)x+24+3B+2C =2x%;
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24=2, A=1,
64+2B=0, B=-3,
24+3B+2C=0 |C=35 y*=(x"-3x+3,5)-¢".

So, y=y+y*=C +Ce™" + (x2 -3x+ 3,5) -e* 1s a particular
solution.
Under initial conditions »(0)=5 and '(0)=0,5 we

calculate C, i C,:
5=C,+C,+3,5 = (C+(C,=15;
y’(x)z—Cz-e”‘+(2x—3)-e"+(x2—3x+3,5)-e“',
0,5=—-C,-3+3,5 = C,=0,then C, =1,5;
y=15+ (x2 -3x+ 3,5) -e" is a particular solution.

Exercise 5. Write a general solution of nonhomogeneous
equations, having calculated their particular solutions by the
method of variation of arbitrary constants:

1) y"+y+ctg’x=0;
2) y'=y'=f(x),if

X

2) f(x)zlje" ’
b) f(x)=e" V1-¢e";

¢) f(x)=e-cose".
Solution:
1) y'+y+ctg’x=0 or y"+y=—ctg’x;
k*+1=0, k,==+i, y=C,cosx+C,sinx is a general solution of

a corresponding homogeneous equation.
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We calculate a particular solution in the form of function
y*=C/(x)-3,+C,(x)-y,, that is y*=C (x)-cosx+C,(x)-sinx,
where unknown functions C,(x) and C,(x) are calculated out
of the system

C/(x)-cosx+C;(x)-sinx =0,
C/(x)-(-sinx)+C; (x)-cosx =—ctg’ x;

{ H(x)=-C(x)-tex,

x)-tgx-sinx +C, cosx = —ctg’ x;
)-tg x): g’ x;

-2
C;(x).(sm x+cost=—ctg2x; C, (x) =—ctg’x;
cos X cos X
3
G, (x)=—ctg’x-cosx ; C;(x):—c?szx;
sin” x
cosx(l—sin2 x) 1 _ ) 1
C, (x)——Ide—j(l— Sinzxjd(smx)—smer o
3 : 2 : .2
C{(X)=—C£(x)-tgx=cf)s X siny =cc?s x=1—§1n X _ .1 _sinx;
sin“x cosx sinx sinx  sinx
C, (x)zj‘(ﬁ—smxjdx—ln tg2 +cos X ;

y*=C,(x)-cosx+C,(x)-sinx =

. 1 .
:(ln tgi +cosx]-cosx+[smx+ - )-smxz
2 sin x
X 2 .2 X .
=cosx-lntg§ +cos“x+sin“x+1=cosx-In th +2;
_ . X
y=y+y*=C cosx+C,sinx+cosx-In tg5+2,
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2) ¥ =y =f(x); K =k=0; k=0, k,=1; 7=C, +C,e" isa
general solution of a corresponding homogeneous equation. We

calculate a particular solution in the form y*=C, (x)+C,(x)-¢"

Cl(x)+C(x)-e" =0,

-1

a)y . e’
CZ(x)‘e =1+ex’
C(x)=—
N et
1+ex:t,x:1n|t—1|,
dx dt dt dt
Cz<x>fl+eﬂ o %mH =

=—1n(1+e")+lne" =x—1n<1+ex);
1 A B A(t-1)+Bt
( =—+—=
t(t=1) ¢ -1 t(r-1)
A(t-1)+Bt=1,1t=0 = 4=-1,t=1 = B=1;

9

x d(l+e

SRR et NI}
y*=—ln(1+e")+(x—1n(1+ex))-e"
:—ln(1+e")+x-e“ —e -ln(1+ex)=

=xex—(ex +1)-ln(1+ex);

y=y+y*=C +C,e" +xe" —(e" +1)1n(1+e"):
=C +(C, +x)-¢" —(ex +1)ln(1+ex).
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{Cl'(x) +C,(x)-e" =0,
b)

G (x)-e" =& N1-e™.

G (x)=e"Vl-¢e";

e' =t, x=Int,
Cz(x)zje‘x'\ll—ezx dx = p dt =

I
t
t dt =coszdz
=I\/1—sinzz-coszdz=Jcoszde=
1 1 1 . 1 ) )
=—I(1+cos2z)dz=— z+—sin2z =—(z+smz~\/l—s1n z)z
2 2 2 2
=%(arcsint+t~\/1—t2)=—(arcsine"+e"- l—ez");

1
2
Cl(x)=—-C;(x)-e" == N1-€" ;

Ci(x) =3 NI=e a(1-¢") =1 (1-¢")- 1=
y*=l(1—ez")-\/l—e“ +%e" (arcsine" +e'\1-e™ );

3

=jt-ﬁ£=[ﬁd¢={ t=sinz, }:

y=y+y*=
1 .
=C, +C2x+§(1—e2’()\/1—e2" +%ex (arcsme" +e'\1-e™ )

c) {C‘,(X)Jrcé(x)'ex =0,

C,(x)-e" =e* -cose”
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C, (x)zex -cose’; C, (x)zjex -cose” dxzj.cosexd(e")zsinex ;
Cl/(x)+e™ -cose’ =0; C/(x)=—e"-cose";
Cl(x)z—jezx -cose’ dx =
e’ =t, t=u, dt =du,
= :—jt-costdt: ) =
edx=dt cost dt=dv, v=sint
= —(tsint—J.sint dt) =—tsint —cost =—e"sine” —cose”;

y¥=—¢" -sine’ —cose’ +¢e sine’ =—cose”;

y=y+y*=C +C,e" —cose" .

Exercise 6. A ball rolls along a smooth gutter, curved by
a cycloid (Drawing 4.1). Neglecting friction and air resistance,
determine the dependence of the way, traced by a centre mass of
a ball, upon time.

Solution:

If a solid with a mass m moves in 4
an area or space, then the net force F
and acceleration ® of its mass centre
are connected, according to Newton’s
second law, by equation F =m® .

Projecting vectors 7 and @ on —; ——
an arbitrary axis, for instance, ®,, we
can get a proportion which includes
scalar values, that is F, =mo, .

When we project the acceleration of a centre mass of a ball
and the force acting upon it on the direction of a tangent to a
cycloid, we get a differential equation of a movement of a centre

Drawing 4.1

d*S ) v
mass of a ball: m- % =mgsino, where S =AM is a way, traced
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by a centre mass of a ball during time ¢, m is a mass of a ball,
g is an acceleration of a gravity force.

Considering parametrical equations of a cycloid
x=a(¢—sing), y=a(l+cos¢), we express sino through S:

¢

0
y':d_y: _asind dé :_2s1n§cos2:_ctg9
dx a(l—cos¢) do 2sin? d 2"
2

Then a differential of an arc of cycloid is equal to

ds =\/1+(y’)2 dx = ‘/1+ctgzg-2asinzgd¢ = 2asingd¢.

The length of its arc AM:

0

9
S = IZasingd¢: 4acos9
2 2

0

= 4a[1 —cosgj , thus cosg =1 —i.
b 2 2 4a

According to figure y'=tg(n—a)=-tga, consequently

too ' ctg9 o
sina=tga-cosa = £ === 4 == 2 =CoS—,
Jleg'a i+ (y) \/1+ctg2¢
2
that is sinazl—i.
a

2 2
So, %:g(l—%j or 4a iltf+gS:4ag is a constant-
a

coefficient linear nonhomogeneous equation. Its characteristic
equation 4ak’+g=0 has roots k ,=xi /f:iri, then a
a

general integral of a corresponding homogeneous equation
u=C,cosrt+C,sinrt .
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We write a particular integral S, of a nonhomogeneous
equation in the form of a right-hand side: S, =4, then
gA=4ag = A=4a; S,=4a.

A general solution: S=u+S, =4a+C, cosrt+C,sinrt; we
calculate the value of constants C, and C, according to the

initial conditions =0, S=0, f[_S:O; 0=4a+C, = C =-4a;
t

ﬁ:—Clrsinm‘+Cz’”COSVfa 0=Cr = C,=0.

dt
Thus, the dependence of way, traced by a centre mass of
a ball, upon time is equal to § = 4a[1 —cost- 4&] .
a

1II. Exercises for individual work

Exercise 1. Calculate general solutions of differential
equations:

a) y'-5)"+6y=0;

b) y"—-4y"+3y'=0;
¢) y"=3y"+3y'—y=0;
d) y"+6y"+25y'=0;
e) y'-2y'+2y=2x;
f) y"+y=-8cos3x;

g) y' -2y +y=xe".

Exercise 2. Calculate particular solutions of differential
equations under the given initial conditions:

a) y'=y=0, y(0)=0, »(0)=1;
b) y"+2y'+2y=0, y(0)=1, »'(0)=1;
c) y'+y+sin2x=0, y(n)=1, y'(n)=1;
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d) y"-2y"+10y=10x> +18x+6, »(0)=1, »'(0)=3,2;
N
e) 4y"+16y' +15y=4e >, y(0)=3, »'(0)=-5,5;

f)y"—2y'=e"(x2+x—3), v(0)=2, y'(0)=2.



Practical lesson 5.

Systems of differential equations

1. General theoretical information

Definition 1. 4 normal system of differential equations is
called a system of the form:

d

S St e x,),

d

S ot ),

dx,

dt _f;l(t, xl’ X2, cee g xn)’ (1)

or x; =fk(t, Xis Xy eoe s X,,), k=1,2,..,n.

Definition 2. A solution of system (1) is a complex of
functions x,(7), x,(¢), ..., x,(¢), which under the substitution
into each equation of the given system turns it into a congru-
ence by x.

If a given equation of n-order y" = f (t, VoV, y(”’l)) , 1s
solved by the highest derivative, then by the introduction of new

variables y=x,, y'=x,, ... , " =x,, the given differential
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equation can be reduced to an equivalent normal system n of
first-order equations:

i=1,2,..,n-1; x;zf(t,xl,xz,... X )

'_
X, =X ) X,

i+1°

The reverse transition is also possible, that is if we
differentiate by # any equation of a normal system (1) and replace
into the resulting equality the value of derivatives x/, x;, ...,
x! , taken from system (1), then we get the following system of
equations:

x| :f]'(t, Xis Xy oo s xn),
xl":Fz(t, Xy Xyyeee s xn),

X" =F,(t, x, X, ..., X,). (2)

If from the first »—1 equations of system (2) we calculate,
if possible, variables
x, =0, (t, Xy Xy s xl("fl)),

n-1
x, =0, (t, Xy Xy X )),

x,=0, (t, X5 Xy eee s xl("fl)) (3)

and substitute their values into the last equation, then we get an
equation of n-order by variable x :

X\ = d)(t, Xy Xy ooy xl("fl)) . (4)

We assume that function x,=v,(1,C,C,,..,C,) (5),
where C, C,, ... , C, are arbitrary constants, is a solution of

equation (4). Having differentiated it n-1 times and substituted

62



Hugeperyianvri pisHAHHS

the values of variables x/, x/, ..., xl(”’l) into equation (3), we
get a complexity of functions

X =y, (1, G,C,, ..., C,),

X, =\|/3(t, .G, ..., Cn),

x,=v,(t,C,Cy, .., C,),

which along with function (5) is a general solution of system (2).
For a normal system (2) the Cauchy theorem about
existence and unity of solution is valid: if in a certain domain

G functions f, (¢, x,, x,, ..., x,) (k=12,..., n) of system (2) are

continuous along with all their derivatives Y (i=1,2,..,n),
X,

1

then for any point (to,xlo, xzﬂ,...,xno)eG exists one solution
x(t), x(¢), ..., x,(¢), which satisfies initial conditions:

xl(to)leo , xz(to)zxzo, ey xn(to)zxno.
To integrate system of the form (2) we apply the method

of variable exception by which this system is reduced to
equation (4).

Systems of linear constant-coefficient
differential equations
Consider a system of three linear constant-coefficient
differential equations:

x
—=ax+a,y+a,z,
dt

%=b1x+b2y+b3z,

dz et
—=cx+Cy+ez
dt ’

(6)
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where a, b, c, are the constants. By the method of variable
exception, this system can always be reduced to one homo-
geneous third-order linear constant-coefficient equation.
Consider another way of solving the system (6).
We calculate separate solutions of the system in the form:

x=a-é',  y=p-e', z=y-e", (7)

where a, B, v, k are unknown constants which we need to
calculate.
If we replace functions (7) into system (6) and divide it by

e’ #0, then we get:

k-o=a0+af+ay, (@, —k)o+aB+ay =0,
k-B=bo+bB+by, bo+(b, —k)B+by =0,
k-y=co+cB+ey, or  |qa+eB+(c;—k)y=0. (8)

In order for the resulting algebraic homogeneous system of
linear equations (8) to have non-zero solutions, it is necessary
and sufficient for one determinant to be equal to zero:

b bk b |=0. (9)

Having expressed determinant (9), we get an algebraic
equation of the third degree by a variable k, which is called
a characteristic equation of system (6).

If equation (9) has three real different roots &, k,, k,, then
for each of these roots we rewrite system (8) and calculate
unknown a., B, v, &, B, v,, o, B;, v;- Then a general solution
of system (6) has the form:
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Kyt kot kst
x=Co,e" +C,a,e™ +C,a,e™,
kyt kot kst
y=CBe" +Cp,e” +C,fe™,
k
z=Cy,e" +C,y,e™ + Cyye. (10)

If equation (9) has complex roots, then the calculation of
solutions of system is more complicated, thus we do not consider
such cases.

A characteristic equation (9) of system (6) matches
characteristic equation of third-order differential equation, to
which this system can be reduced. Thus, if we know the roots of
equation (9), then it is possible to calculate a general solution of
a third-order equation, which system (6) is reduced to, and then
the general solution of a system on the whole.

So, notwithstanding the structure of roots of a characteristic
equation, system (6) can be solved only on the basis of these
roots.

1I. Exercises for practical lesson

Exercise 1. Calculate systems of equations:

dx
—=2x+y,
dt 7
dy

a) | == =3x+4y;
dt Y
dx
—=x-3y,
dt Y
dy

b) | =—=3x+y;

) ” y
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dx
—=x-2y-z,
dt Y

dy
—=-x+y+z,
dt Y

C) |—=x—-1z
) dt

d) D xie e ;

dx
—=2y-5x+¢,
a7

dy 21
€) |—=x—-6y+e .
) ” y

Solution:

a) We differentiate the first equation of system x"=2x"+y",
replace into the resulting equality the value of derivative
y'=3x+4y from the second equation of the system and then
y=x"-2x from the first equation, and we get:

x"=2x"+3x+4y; x”=2x’+3x+4(x’—2x); x"—6x"+5x=0 —

is a linear second-order constant-coefficient equation,
k*—6k+5=0; k =1, k,=5 — are the roots of characteristic

' is a general solution.

equation, so x=C,-¢' +C, €’
Then x'=C,-¢' +5C, -, hence

y=x"-2x=Ce +5C,e”" —=2Cie' —2C,e”, y=—Ce' +3C,e”.
As aresult we have: x=Ce' +C,e”, y=-Ce' +3C,e” .

b) By analogy x"=x'-3y"; x"=x"-3-(3x+y);

66



Hugeperyianvri pisHAHHS

X"=x"-9x-3y; x"=x"-9x+x"—x; x"-2x"+10x=0,
k*=2k+10=0, k,, =%3i; x=¢'(C, cos3t+C,sin3r);
x'=¢€'(C, cos3t +C,sin3t)+e' (-3C, sin3 +3C, cos3t) ;
y= %(x -x')= %et (3C,sin3t—3C, cos3t) =e' (C, sin3t — C, cos3t).
So, x=¢'(C, cos3t+C,sin3t), y=e'(C, sin3t—C,cos3r).
c) We write a characteristic equation for the given system of
linear constant-coefficient differential equations:

1-k 2 -1

hence k* —k*> -2k=0, k, =0, k, =—1, k, =2.
We calculate particular solutions of system in the form:
kst

Kyt eyt

X =o,-e", X,=0,-e’, X3=0y-e",
ylzﬁl'eklt’ yzzﬁz'ekzta y3=l33-ek3’;
leyl'eklt° 22=y2-ek2t, 23:Y3'ek3['
If k, =0, then
o, —2B, -7, =0,
—a, +B, +v, =0,
o, -7, =0,
Let us assume that o, =y, =1, B, =0, then x, =¢’ =1, y, =0,
z,=e"=1.
If k, =-1, then
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20, =2, =y, =0,
—a, +2B, +v, =0,
a, =0,
hence a, =0.
Let us assume B,=1, y,=-2, then x,=0, y, =e¢’,
z,==2¢".1f ky =2, then

-0, — 2B, -y, =0,
—o; =B+ 7, =0,
o, —3y,=0.

We assume that o, =3, B,=-2, v,=1, then x,=3¢",
y,=2e", z,=¢".

As a result we get:

x(t)=C +3Ce", y(t)=Ce' —2Cs ™,
z(t)=C —2C,e” + Cye™.

d) We differentiate the first equation of the system, we
have: x"=y)"; since y' =x+e' +e’, then x"=x+¢e +e' or
x"-x=e"+e' is a linear nonhomogeneous second-order
equation, k> —1=0 is a characteristic equation of a corresponding
homogeneous equation; &, =+1 = x*=Ce' + C,e”’ is a general
solution.

We calculate a particular solution in the form
X = Ate' + Bte™"; ()7)' = (Ae’ —Be™ )t + Aé' + Be™;

()?)" = (Ae’ + Be™ )t + 2(Ae’ - Be"’) ; tAe’ +tBe” +
+24e' —2Be™ —Ate' + Bte' =é' +e = A:%’ B:%.
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!

e +e’

So, x=x*+x=Ce' +C,e”" +t- =Ce' +Cye” +1t-sht;

y:%:Clet—Czet+sht+t‘cht.

e) By analogy x"=2y)'-5x"+¢'; consider that

t

y'=x—6y+e” and y=%(x’+5x—et),

then x"=2x—6x"—30x+6¢' +2¢ > —5x"+¢';
x"+11x"+28x =2¢7 +7¢'; x"+11x+28x =0 is a corresponding
homogeneous equation, k*+11k+28=0, k,=-4, k,=-7 =

y*=Ce™ +C,e”" is a general solution; a particular solution is
’
found in the form X=X, +X,; ¥, = de™, (X,) =—24e™,

(x,) =44e™  then 44e™ —224e™ +284e™ =2¢™ = 4 :% ,

! ”

SO X, =%e"2'; X, =B, (x,) =(%,) =Be';

Be' +11Be' +28Be' =7¢' = B=l, SO X, =le’;
40 40

- — _ A 7
x=x*+X, +X,=Ce ™ +C,e 7t+ge 2t+4—oet; x'=—4Ce™ +

+7C,e" —%e’z’ +le’ % :lCIe"‘" ~-C,e” +ie_2t +Let .
5 40 2 10 40

Exercise 2. Calculate particular solutions of a system of
differential equations under the following initial conditions:

ﬁ+2x+y=sint,
dt
a) d_y_4x—2y:cost, x(n)=1, y(n)=2;

dt
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L& iy

dt e

%:Z”—y,

dz
b) |—-=x+y+z x(0)=1, »(0)=2(0)=0.
Solution:

a) Let us calculate general solution of the system. We
differentiate the first equation of the system and replace

into the resulting equality expressions for y'(¢) and x'(¢):
x"+2x'+y'=cost; y'(t)=4x+2y+cost, y(t)=—x"-2x+sint,
therefore x"+2x"+4x +2(—x—2x+sint)+cost = cos? =
x"+2sint=0.

Having integrated the resulting equation twice, we
get x=2sint+Ct+C,. We replace x(7), x'(r)=2cost+C,
into the first equation of the system and -calculate
y=-2cost—3sint—C, (2t +1)-2C,.

The complexity x(7), y(¢) makes a general solution of the
system. We calculate a particular solution, which corresponds
initial conditions x(n)=1, y(n)=2:

Cn+C, =1, C =-2,
{2—01 (1+2m)-2C, =2, {CZ —1+2m,
SO x=2sint—-2t+1+2m,

y=-2cost—3sint +2(2¢+1)-2(1+2n) is a particular solution.

b) We write and calculate characteristic equation of the
system:
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-1-k 1 1
1 -1-k 1 |=0,
1 1 1-k

hence &k’ +k> —4k—4=0; k,=-2, k,=—1, k;=2.
If £, =-2, then

G‘I+B1+YI =0,
a, +B, +v,=0,
a, +B, +3y, =0,

therefore y, =0, a, =B, .

If o, =1, B, =1, 7,=0: x, =, yy=—€"", z,=0.

If k, =-1, then
B, +7v,=0,
o, +7v, =0,
o, +f,+2y, =0,

hence B, =-v,, o, =—7,.

If 82:1’ YZ:_I’ azzl: x2:eit, yzzeit, Z2:—eft‘

If k, =2, then
3o, +B; +7v, =0,
o, =3B, +v, =0,
oy +B;—y;=0.
1
SO, B} :EYS'

If B, =1, y,=2, a,=1: x,=e”, y,=e", z;=2¢".

So, a general solution of the system:
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x(t)=Ce™ +Ce” +Cie”,
y(1)==Ce™ +Cye”" +Cye”,
z(t)=-C,e” +2Ce™.

We apply initial conditions x(0)=1, y(0)=2z(0)=0:

o=t

2
C+C,+C =1, c, =L
—C +C,+C, =0, 3
—C, +2C, =0, cszé.

1 1
Thus, x(t)=§e2’+§e’+%e2t, y(t)z—%ez’ R +lez’,

1 1 . . .
z(t)= _Ee_t + Eez’ — is a particular solution of the system.

1II. Exercises for individual work

Calculate systems of equation under the following initial
conditions:

dx
—+3x+y=0,
di 4

1) %—x+y=0, x(0)=1, y(0)=-1;

ﬂ +4v =cos2x,
dx

2) ?+4u=sin2x, u(0)=0, v(0)=0,1.
X
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Notes, solutions and keys
to the exercises for individual work
Practical lesson 1

Exercise 1.

: W =1; 1=1.
2x

a) y’=L
2Jx Jx

2
b) ﬁz —1—1-20052t =—1-cos2t; d S—2sin2t;
dt 2 d

P

2sin21+tgt~(—1—cos2t) =sin2¢, 2sin2¢t—2tgt-cos’t =sin2¢,
2sin2¢ —2sint¢-cost =sin2¢t, 2sin2¢—sin2¢ =sin2¢,
sin2¢ =sin2¢ .

Exercise 2. Equations a)-c) are with separate variables;
equations, d)-f) are homogeneous.
a) (x+1) dy—(y-2) dx=0;
dy dx 1 1
.[ 2 :J. EE == 7t Cl 5
(y—2) (x+l) y-2 2(x+1)
1 1
y=2 2(x + 1)2

where C=-C,;
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b) y-y' +x=1;
dy
ya— -X; J.ydy—j(l—x)dx
y2 xZ
7=x—7+C1; Y =2x+x"+C,
where C=2C;;
c) x2(2yy'—1)=1;
T PHLIPR I SRR
X dx x

J.Zydyzj.[%Jrljdx; y2=—§+x+C;
d) y=X(y’—</eT);

y’=Z+\x/ey ;o y=ux, Y =ux+u;
x

du - X
—-x=é"; e'du=—;
x

ux+u=u+e"; ux=ée";
X

y Y
—e’”=1n|x|+lnC; - *=InCx; e*+InCx=0;

e) ' +x’y =xy-y;

(xy—xz)-y'zyz; V= J > y=ux, Y =ux+u;
xXy—x
2.2 / 2 , W tu
ux—+u= T UXtTUu= , ux= ;
Xu—x u— u—1
du u dx
—x=— ——|du=|—;
dx u—1 J.( ) X
y
—1n|u| 1n|x|+1nC; Yomy C; lenCy; Cy=e
x x X
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f) v'=y-nZ;
X
y'=l'lnlé y=ux, Yy =ux+u; ux+u=ulnu;
x X
du du dx
ux=ulnu-u; — x=u(lnu-1); |———=|—;
dx * u(nu ) J~u(lnu—l) J.x

In|nu—1=Infx|-C; Inu-1=Cx; Inu=Cx+1;

ol ) Cx+l Cr+1
u:erJr’ _:ex+ ; y=x-e x+.
X

Exercise 3.
a) ¥ +x*-y'=0, y(-1)=1;

dy dx 1 1
2.1 2
—-X — -l === —=——+C;
y =Y Iyz Ixz y X
if y(-1)=1, then:
1=1+C = C=0, therefore 1_1 or x+y=0;
y X

b) (1+x2)y3dx—(y2 —1)x3dy=0, y(1)=-1;

2 2
Iyy3 ldyzjl*)‘cf dx : I(i_%ldy:ﬂ%j%)dx;

! L
2 2y2 2x2’

2y

ln|y|+ 2

J’_

=—21—2+ln|x|+C = C=In
X

under the condition that y(-1)=1we have: C =In|-]| +%+% =1,

il

Rd
x

hence In

+ 12 +L2:1 or x7+y7=2[1+In
2y 2

75



H. 0. POMAHYYK, M. B. VIIIKAII, I. B. IETKOB, O. B. MAIBOPOJTA

Practical lesson 2
Exercise 1.

a) y'—y=¢" is a linear equation, then y=uv, y' =u'v+uw';
uv+u' —uv=e"; u'v+u(v'—v):ex; V—v=0; %z!dx;
ln|v|=x = v=e"; ue =€ u'=1; jduzjdx; u=x+C;
therefore y=uv=(x+C)-¢".

1-2x
x2

b) y'+ y =1 is a linear equation, then y=uv,

y=uv+uw';

, , 1-2x , , 1-2x
uv+u'+——uv=1; uv+ul v+——v|=1;
X X
vr+1—22xv:0; ﬂ:2x2—1v; ﬂ:.‘-2x2—ldx,
X dx X v X

ﬂ:j(z—%jdx;
v X X
1 a2+t !
1n|v|=2ln|x|+—; v=e oy =xt-er;
X
1

u'-x*er =1; %— L. J‘duzj.ex;dx;

= =
, &
X -ef

_1 1 _1
Iduzje xd(—;); u=e *+C.

1 1

So, y=uv=[e x +C]-x2-e" =x" +Cx’e ~.
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A R |
c) y’+L+y2:0; y’+L=—y2 or —Lz——-——l
x+1 x+1 yo oy x+l1
is the Bernoulli equation (o =2); substitution is z=y"* =y,
’ 1 ! .
y4 :——2'_)/ N

!

4 . . .
z'———=1 1is a linear equation, then z=uv, z'=uv+w';

x+1
s =1; u'v+u Y p—— =1;
x+1 x+1

v _p- dv_ v . qpdv_odx |

x+1 ’ a_x+l’ v o dx+l’

u'v+uy —

ln|v|=1n|x+1| = v=x+1;

x+1 = Ia’u— —_— u:1n|x+1|+C.
x+1

S0, z=uv=(x+1)(In]x+1]+C). Since z=l, then y=l,
y z
1

thatis = (x+1)(In|x+1|+C)’

2
d) xdxz(%—f}dy;

2 2
X -y x-x’—x—z—y3 or x'—iz—)f-x_1 is the
Ay y y y
Bernoulli equation (x=x(y)), a=-1, z=x"=x", 2/ =2x-x".
' 2 . . .
Then Z——iz—y3 or 2/ —Z=22 y® is a linear equation;
2y y
2uv

3
z=uv, zZ'=uv+w'; uv+u'-—=-2y";
y
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y
'_2_V=0 ﬂzﬁj ﬂzzjd_y;
y dy vy v y

ln|v| =21n|y| = v=y)’;

du
ul,y2=_2y3; u/:_zy; d_y:—zy,

J.du=—2j.ydy; u=-y>+C.
Therefore, z =uv=(C—y2)-y2. Since z=x?, then
2 =y2(C—y2).

€) (3x2 Y +7 )dx +2x’ydy =0 is a total differential equation,

since 9P _%0 _ 6x>y
oy ox

We calculate function
u(x,y)zj.(?)xzyz+7)a’x+d)(y)=x3y2 +7x+¢(y);
@:2x3y+¢’(y). Since a—MzQ(x,y), that is %=2x3y, then
oy oy oy
2+’ (y)=2xy = ¢(y)=0 = ¢(y)=C.

Therefore, u(x,y)=x"y* +7x+C,; u(x,y)=C,,
¥’y +7x+C =C, or X'y’ +7x=C.

f) (2y—3)dx+ (Zx +3y° )dy =0 is a total differential equation
2

oy Ox
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Letus calculate u(x,y) = J.(Zy =3)dx+(y)=2xy-3x+(»);

ou_ 2x+¢'(y). Since Z—uz 2x +3y*, we calculate:
Y

2x+(|)'(y):2x+3y2 = (|)’(y)=3y2 = d)(y)=y3+C].
Then u(x

3

2xy—-3x+y =C.

,y)=2xy—3x+y3+Cl; u(x,y)zCz, SO

Exercise 2.
—Xx

e

a) (I-x)(y'+y)=e", y(2)=0; y'+y=1 is a linear

—X

: ' ' .o ' _ € .
equation, then y=uv, y' =u'v+uv'; u'v+uv +uv—1 ;
-x

Vi+v=0; ﬂ:—jdx; ln|v|=—x = v=e";
v

u-e’ = e Id”:,[ . u=—1n|1—x|+C'

l1-x’ 1-x’ ’

y=u-v=(-In|l-x|+C)-e™ is a general solution.
Under the condition y(2)=0: 0=-In|-1|+C = C=0,
therefore y=—¢* ln|1 - x| is a particular solution of the equation.

b) »'=3x"y+x’ +x*, y(0)=1; y'-3x’y=x"+x" is a linear
equation,

. 2 5 2.
y=uv, y=uv+w'; uv+uw'— xuv=x"+x";
dv 2 3 3
V' =3x"v; I—=I3x dx; ln|v|=x = v=e';
v
3 5 2. x5 3 .
u'-e’ =x>+x°; fduzjex (x +x )dx,
-5 -3 2
uzje"xdx+je"x dx ;
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1 e -x° =1, 1 "
1, =§Ie (—x3)'(—3x2)dx={_3dex=dt}=gj‘e -tdt=

=t, d =dt, ! ! 1 -} .
ot <ottty

I, = je‘x3x2 dx = —%Ie""3 (—3x2 )dx = —%Ie"‘”3d(—x3 ) = —%e‘x .

I o 1
So, u=I+I,=—e" (x’+1)==e™ +C, then =uv=
1 T4 3 ( ) 3 Y
=(—le"‘3 (x3+2)+Cj-ex3 =—l(x3+2)+C-ex3 is a general
3 3
. 2 5
solution. If y(0)=1, then: 1:—§+C = CZE’ hence
1 5 o . . .
y= —§(x3 + 2) +§e" is a particular solution of the equation.
o) t(1+22)dx =(x+xt* —¢2)dt, x(1)=-L;
) (1 =), x(1) ==

having divided both sides of the equation by t(1+t2)dt, we

dx x(1+t2) t , X t . .
get: —= T N or xX'-—=-—— is a linear
dt t(1+7) t(1+7) t 1+t
equation;
uy t
x=uv, xX'=uv+w', uv+u-—=———=;
t 1+1¢
, V. pdv dt
V:_, _— —,
t v t

1n|v|=1n|t| = v=t;

t dt
u'-t=- ; |du=—|——; wu=-arctgt+C.
1+ j J.1+t2 &
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As aresult, x=u-v=(-arctgs+C)t is a general solution of

the equation. We calculate a particular solution of the equation
under the condition that x(1)= —% ;

—%z—arctgHC = C=0, y=-—t-arctgt.

Practical lesson 3
Exercise 1.
a) y"=60x"; having integrated three times, we calculate
the solution of equation: »"=20x’+C; y'=5x"+Cx+C,;

Cx*

y=x"+

+Cx+Cy; y=x"+Cx*+Cx+C, (C =%).

"

b) y"’ZCOSZX; % =2Sin2X+C; y':—iCOS2x+CX+C2;
1. 2 ¢
y:—§51n2x+C]x +Cx+C, (C :E)

c) xy"=y";welabel y'=u, y"=u',then x-u'=u; du _ ﬁ;

u X

Infu|=In|x|-C/ = u=Clx; y'=Clx; y=Cx*+C, (C :%)
d) (y”)2=y'; we label y'=u, y"=u', then (u')zzu =

u':i\/;; ideuzjdx; i2f=x+C] = 4u=(x+C1)2 =
u

u=%(x+C1)2; u=y = y’=i(x+C1)2; y=%(x+Cl)3+C2.

A

e) y"=1+x; substitution is y'=z, y"=z', then Z=Z4x
X X

z . . .
or z/-==x 1is a linear equation, z=u-v, z'=u'v+w';
X
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uv LoV ordv pdx,
wv-—w'——=x; v'=—; [Z=[=; Ip|=lx] = v=x;
X X

’ !

u-x=x; u=1,; u=x+C1'; SO Z=”'Z=(X+C')-x=x2+cl’x;

Cl'

z=y = y'=x’+Clx; y=?+Cx +C, (C,=—L
f) 2xy’-y”:(y’)2+l; substitution is y'=z, "=z,

2
then 2xz-z'=z>+1; Izz
z-+1

z=,Cx—-1; y'=/Cx— y— (Cx— 1)2+C

g) y-) =(y') ; substitution is y' =z, y"=z"-z, then

dz=jﬂ; In(z*+1)=Inx-C, =

y-zz=2"; I 1n|z|=ln|y|-Cl = z=Cy; y'=Cy;
[ s mpf=Coros = = =

y
y=C, e (C,=e%).

h) y(l—1ny)-y"+(1+1ny)-(y’)2 =0 substitution is y'=z,

y”:Z,'Z;
. 1+lny dy
y(l—lny).z-z+(1+lny -z’ =0; ——j lny
Iny=u,
(I+Iny)dy u+1 [ j
jy(1ny—1) %=du Jamyu= |1 Jeu=

=u+2ln|u—1|=1ny+21n|1ny—1

Inz|=lny+2Ifny-1+C = z=y-(lny-1)-C;
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dy

'=y(Iny-1)*-C; =C, |dx;

y'=y(iny-1) ljy(lny_l)z J
J-d(lny—l):_ I
(lny—l)2 Iny-1 I-Iny’

"y =Cx+C, = (l—lny)(C,x+C2)=1.

Exercise 2.
a) y"=3x%, y(0)=2, y'(0)=1.
y'=x"+C; y'(0)=1 = C=1,50 y'=x"+1; y=%+x+C2;
4
y(0)=2 = C2=2;y=%+x+2.
i 2

b) y' =2+ y(2)=0, y'(2)=4.
)y x+y,,y() ., V'(2)

! " ' ’ z 2_-1

The substitution is y'=z, y'=z'; zZ'-=Z=x’z" or

2
2z-z'—2i=2x2
X

is the Bernoulli equation (a=-1), then

2 . . .
p=z""=z", p'=2z-2; so p' -2 2% is a linear equation,

X
r__ . r., 2 ' 2MV 2. ' 2V 2.
p=uv, p=uv+uv ; uv+uy ———=XxX", v=— = V=X,
X X

u'x? =2x* = u=2x+C,; then P:“VZ(2x+C1)'x2;

z=i\/;=ix1/2x+cl .

Under the condition that »'(2)=4 we have:
4=12,/4+C, = (=0, then =z=xv2x; y' =xJ2x;

3 5
yzx/zj‘xza’x:&xz+€2 =£x2\/;+cz.
5 5
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. 16
Since y(2)=0 we calculate C, == then y :§x2\/2 —%.

) 2(»') =y"(y-1), y(1)=2, y'(1)=-1.
The substitution is y'=z, y'=z-z; 2z°=z"-z-(y-1)
or i:L; %:2.[&; ln|z|:2ln|y—l|+lnC1 =
z y-1 z y—1
z:(y—l)z-Cl; y':Cl(y—l)z.
We apply initial condition y=2, y'=-1 = C,=-1, then

' d 1
Y :_(y_l)z; _I y1)2 :Idx§ ——=x+C, = y= +1.

( y- y—1 x+C,
We calculate C, under the condition that y(1)=2:

1 1
+1 = C, =0, therefore y=—+1:x+

,+1 X X

2=

Practical lesson 4
Exercise 1. Equations a)-d) are linear constant-coefficient

homogeneous equations, ¢)-g) are nonhomogenenous equations.

a) y'-5y'+6y=0; k’-5k+6=0; k=2, k=3 =
y=Ce* +Ce’.

b) y"—4y"+3y'=0; k' -4k’ +3k=0 or k(k’-4k+3)=0;
k=0,k=1,k=3; y=C +Ce +Cye™.

) y"-3y"+3y' —y=0; kK’ =3k*+3k-1=0 or (k-1)' =0;
b=k, =k =1; y=e(C, +Cx+ Cx’).

d) y"+6y"+25) =0; k> +6k> +25k =0 or k(k* + 6k +25)=0;
k =0, k,, ==3%4i; y=C +e " (C,cos4x +C,sin4x).
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€) y'-2y'+2y=2x; k’-2k+2=0 1is a characteristic

equation of a corresponding homogeneous equation; &, =1+i;
!/

y=e'(Ccosx+C,sinx); y*=Ax+B (r=0), (y*) =4,

14

(y*) =0; —24+2A4x+2B=2x; 24=2 = A=1, 24+2B=0

= B=1; y*=x+1; y=)7+y*=ex(C1cosx+Czsinx)+x+1.

f) y"+y=-8cos3x; k> +1=0; k, =+i; y=C cosx+C,sinx;
y*=Acos3x+Bsin3x (r=0); (y*)' =-3A4sin3x +3Bcos3x;
(v *)" =-9A4cos3x—9Bsin3x ;

—9A4cos3x—9Bsin3x + Acos3x + Bsin3x =-8cos3x;
—8Acos3x—8Bsin3x=-8cos3x;
Acos3x+ Bsin3x=cos3x = A=1, B=0; y*=cos3x;

y=y+y*=C,cosx+C,sinx+cos3x.

g) y' -2y +y=xe*; k° —2k+1=0 or (k—l)2 =0, k,=k, =1
= y=e"(C +Cyx);
y¥=(Ax+B)-e"-x* =(Ax’ + Bx’)-e" (k =k, =1, a=1= r=2);
(y*)’=(3Ax2+2Bx)-ex+(Ax3+Bx2)-e“:
=(4x’ +(34+ B)x* +2Bx)-¢";
(v *)” =(34x" +(64+2B)x+2B)-¢" +(Ax’ +(34+B)x* +2Bx)-¢";
34x* +6Ax +2Bx + 2B+ Ax’ +3A4x" + Bx* +2Bx —2A4x’ —64x” —

—2Bx* —4Bx++Ax’ + Bx* =x; 64Ax+2B=x = 64=1, A:1

9

1
B=0; y*=gx3 et y=y+y*=e'(C +C2x)+éx3 e’ .
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Exercise 2.

a) y'—y=0;k>-1=0, k=+1 = y=Ce " +C,e" isageneral
solution of equation; y(0)=0: C,+C, =0; y'(x)=—-Ce " +C,e";
y'(0)=1: -C,+C, =1;

C +C, =0, 2
1 1 1 . .
-C,+C,=1 = |C, = SO y:_Ee_x +5e" is a particular

solution.
b)  y'+2y'+2y=0; K +2k+2=0, k,=-1ti =
y=e*(C cosx+C,sinx) —is a general solution;
y(0)=1: C =1;
y'(x)=—e"(C, cosx+C,sinx)+e " (—C, sinx+C,cosx);
y'(0)=1, C,=1= -1+C, =1 = C, =2,
so y=e"(cosx+2sinx) is a particular solution.

c) y"+y+sin2x=0 or y"+ y=—sin2x i1sanonhomogeneous
equation;
y"+y =0 is a corresponding homogeneous equation, k> +1 is

its characteristic equation, k, =+i = y =C, cosx+C,sinx;
y*=Acos2x+ Bsin2x, (y*) =—-24sin2x +2Bcos2x,

14

(y*) =-4Acos2x—4Bsin2x ; —4A4cos2x —4Bsin2x + Acos2x +

+ Bsin2x =-sin2x; —3A4cos2x—3Bsin2x=-sin2x = 4=0,
1 1. — . 1. )
Bzg, y*=§s1n2x, SO y=y+y*=C1cosx+Czsmx+§s1n2x 1S

a general solution of the equation.
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We apply initial conditions y(n)=y'(n)=1: C =-1;

y'(x)z—C]sinx+Czcosx+§cos2x; 1=—Cz+§ = sz—é;

1. 1 . . . .
y=-—cosx——sinx+ Esm 2x 1s a particular solution.

d) y"=2y"+10y=10x" +18x+6; y"—2)y'+10y =0,
k*-2k+10=0, k,=1£3i = y=e¢"(C cos3x+C,sin3x) is a
general solution of a characteristic equation of a corresponding
homogeneous equation; we calculate a particular solution in the
form y*=Ax*+Bx+C, (y*)' =2A4x+B, (y*)" =24;

24-4Ax-2B+104x* +10Bx +10C =10x" +18x + 6 ;
104x* +(-44+10B)x+(24-2B+10C) =10x’ +18x +6;

104 =10, A=1,
—4A4+10B =18, B=2)2,
24-2B+10C=6 |C=0,84,
then y*=x*+2,2x+0,84, so y=e"(C cos3x+C,sin3x)+x’ +
+2,2x+0,84 is a general solution of the equation.

We calculate a particular solution of the equation under
initial conditions y(0)=1, therefore C,+0,84=1, C, =0,16 and
»'(0)=3,2, that is

y'(x)=¢"(C, cos3x+C,sin3x)+e* (-3C, sin3x +3C, cos3x)+2x+2,2,
3,2=C +3C,+2,2, C,=0,16 = 3C,=1-0,16 = C,=0,28.

Therefore, y =e* (0,16005 3x+0,28sin 3x) +x24+2,2x+0,84 —

is a particular solution, which satisfies the initial conditions.
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3

3 3
e) 4y"+16y' +15y=4e > ; 4k’ +16k+15=0, kI:—E,

5 23, s, 3, 3
k2=—5 = y=Ce? +Ce?; y*=Axe? (kIZ_E’

3
——x

3 ’ 3. 3 3, 3
G:—E = V:l)a (y*) =Ae ? —EAxe 2 Z(A—EAX)'Q 2

b

3

" 3, 3,
(y*) =—§Ae 2 —%(A—%Ax)-e 2

3 3 3 3 3 3 3

—64e 2 —64e 2 +9dxe > +164e 2 —244xe > +154xe * =4de ?

]
3

44=4 = A=1,then y*=x-e 2 ,

B 3 5. 3, = =
y=y+y*=Ce? +C,e? +x-e? %(Cﬁrx)'e +C,-e

is a general solution of the equation.
Under the initial conditions y(0)=3 and »'(0)=-5,5 we
calculate C, and C:

y'(0)=-5,5: _151=1_%c1—§c2 = 3C, +5C, =13;

C+C, =3, G =1
3C,+5C, =13, |C,=2.
3 s
So, y=(l+x)e > +2-e? is a particular solution of the

equation.
f) y"—2y'=ex(x2+x—3); k*=2k=0, k=0, k,=2 =
y=C +C,e™; y*=(Ax2+Bx+C)ex;
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!

(»*) =(2Ax+B)-ex+(Ax2+Bx+C)-ex;
(y*)" =2A4e" +(2Ax+B)ex +(2Ax+B)ex +
+(Ax2 +Bx+C)ex =24e" +(4Ax+2B)ex Jr(Ax2 + Bx + C)ex;
24¢" +(44x+2B)e" +(Ax* + Bx+C)e" -
—(4Ax+ZB)e" —Z(Ax2 +Bx+C)ex =¢" (x2 +x—3) ;
24— (Ax* + Bx+C)=x" +x-3;
—Ax* —Bx+24-C=x"+x-3 = A=-1, B=-1, C=1,
then y*=(—x2—x+1)ex;
y=)7+y*=C1+C2e2’“+(—x2—x+1)e" is a general solution of
the equation.
We apply initial conditions:
y(0)=2 = 2=C+C,+1, C+C, =1;
y'(x)=2C,e" +(-2x-1)e" +(—X2 —x+1)e’C ;
y'(0)=2 = 2=2C,-1+1 = C, =1, then C, =0.

As aresult, y=¢" + (—x2 —x+ l)e" is a particular solution.
Practical lesson 5
dx
—+3x+y=0,
dr d

1) Q—ery:O.

dt

We differentiate the first equation of the system
x"+3x'+y'=0; from the second equation »'=x-y, so
x"+3x"+x—-y=0; having substituted from the first equation
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of the system y=-x'-3x, we get x"+3x'+x—(x'-3x)=0
or x"+4x'+4x=0 is a linear homogeneous second-order
equation, k* +4k +4=0 is a characteristic equation, k, =k, =-2
are its roots, therefore x(1)=e™ (Cit+C,).

We calculate x'(1)=-2¢™ (Cit+C,)+C, e, then
y=—x'—3x=—(—2eiZZ(C1t+C +Ce” ) H(Cr+Cy)=
=—¢'(Ct+C,)-Ce™,s0 y(t)=—e(Ct+C,-C,).

We apply initial conditions x(0)= 1, x(0)=1, y(0)=-1
and calculate from the first equality C,=1; from the second
equality: -1=—(C,-C,), so C,=0, and x(r)=¢e™, y(t)=—e"
is a particular solution of the system.

du +4v =cos2x,
dx

2) ﬂ+ 4y =sin2x.
dx

From the first equation of the system we calculate
u"+4v'=cos2x; having considered, that v'=—-4u+sin2x, we
get u"+4(—4u+sin2x)=-2sin2x or u"-16u=-6sin2x is a
linear homogeneous constant-coefficient equation. We calculate
general solution in the form u=u +u*.

We write a characteristic equation k*-16=0, k ,=+4
is a solution of characteristic equation of a corresponding
homogeneous equation; u =C,e™ +C,e** is a general solution
of a corresponding homogeneous equation. We calculate a

particular solution in the form wu*= Acos2x+ Bsin2x, then
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’ 14

(u *) =—-2Asin2x+2Bcos2x, (u *) =—4Acos2x—4Bsin2x ;
—4Acos2x—4Bsin2x—-16A4cos2x —16Bsin2x =—6sin2x , and
-204=0, 20B=-6,s0 A=0, B=0,3, then u*=0,3sin2x ;
u=u+u*=Ce ™ +C,e* +0,3sin2x.

We calculate v' from the second equation of the system:
V' =—du+sin2x; v =-4Ce " —4C,e"™ —1,2sin2x +sin2x, from

. 1
which v(x)= 4(‘%] Ce™ - 4%@6“" +0,2:~cos2x, as a result,

we get v(x)=Ce ™ —C,e™ +0,1cos2x.
Under the initial conditions #(0)=0 and v(0)=0,1 we

calculate a particular solution of the system of equations:

u(O)zO: C +C, =0,
v(0)=0,1: C —-C,+0,1=0,1,

from which C, =C, =0, then u(x)=0,3sin2x, v(x)=0,1cos2x.
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