
МІНІСТЕРСТВО ОСВІТИ І НАУКИ УКРАЇНИ
Національний університет кораблебудування

імені адмірала Макарова

СИСТЕМИ КЕРУВАННЯ 
ЕЛЕКТРОПРИВОДІВ

ELECTRIC DRIVES 
CONTROL SYSTEMS

Навчальний посібник 

Рекомендовано Вченою радою НУК

2023



УДК 681.51(076)
С40
Автори: 
І. С. Білюк, канд. техн. наук, доцент;
С. О. Гаврилов, канд. техн. наук, доцент;
О. В. Савченко, викладач, зав. лаб. кафедри автоматики;
А. М. Фоменко, доцент НУК;
Д. Ю. Шарейко, канд. техн. наук, доцент
Рецензенти: 
Ю. П. Кондратенко, доктор технічних наук, професор, завідувач 
кафедри інтелектуальних інформаційних систем, Чорноморський 
національний університет імені Петра Могили;
О. О. Ушкаренко, доктор технічних наук, професор, професор  
кафедри програмованої електроніки, електротехніки і телекому-
нікацій, Національний університет кораблебудування імені адмі-
рала Макарова;
В. І. Костюченко, кандидат технічних наук, доцент, доцент ка- 
федри суднових електроенергетичних систем, Національний уні-
верситет кораблебудування імені адмірала Макарова

Рекомендовано Вченою радою НУК ім. адмірала Макарова
як навчальний посібник

(протокол № 06 від 01.07.2022 р.)

Системи керування електроприводів. Electric Drives Control 
Systems : навчальний посібник / І. С. Білюк, С. О. Гаврилов,  
О. В. Савченко, А. М. Фоменко, Д. Ю. Шарейко. – Миколаїв : НУК, 
2023. – 172 c.

ISBN 978-966-321-453-5
Розглянуто основні принципи побудови та роботи, властивості та 

характеристики сучасних систем керування електродвигунами постійно-
го і змінного струмів.

Призначено для студентів спеціальності 141 «Електроенергетика, 
електротехніка та електромеханіка» при вивченні дисциплін «Системи 
керування електроприводів» та «Електропривод робототехнічних си-
стем» (Electric Drive of Robotic Systems).

УДК 681.51(076)

С40

© Білюк І. С., Гаврилов С. О., Савченко О. В.,
Фоменко А. М., Шарейко Д. Ю., 2023

© Національний університет кораблебудування
імені адмірала Макарова, 2023ISBN 978-966-321-453-5



3

Системи керування електроприводів. Electric Drives Control Systems

CONTENTS

PREFACE.................................................................................5
1 FUNDAMENTALS OF ELECTRIC MOTORS..................7

1.1 Configuration of Electric Motors...................................8
1.2 Basic Operating Principle of Electric Motors................9
1.3 Requirements for Continuous Torque Production........11
1.4 Mechanical Load System............................................12
1.5 Operating Modes of an Electric Motor........................13
1.6 Components of an Electric Drive System...................15

2 CONTROL OF DIRECT CURRENT MOTOR.................18
2.1 Configuration of Direct Current Motors......................18
2.2 Modelling of Direct Current Motors...........................20
2.3 Steady-state characteristics..........................................22
2.4 Operation Regions of Direct Current Motors.............26
2.5 Transient Response Characteristics.............................27
2.6 Motor Control System.................................................32
2.7 Types of the Feedback Controller...............................34
2.8 Current Controller Design..........................................36
2.9 Speed Controller Design.............................................40
2.10 Power Electronic Converter for Direct Current  

Motors......................................................................................43
3 ALTERNATING CURRENT MOTORS..........................46

3.1 Fundamentals of Induction Motors.............................46
3.2 Speed Control of Induction Motors.............................65
3.3 Synchronous Motors....................................................79



4

І. С. Білюк, С. О. Гаврилов, О. В. Савченко, А. М. Фоменко, Д. Ю. Шарейко

4 MODELING OF ALTERNATING CURRENT 
MOTORS............................................................................89

4.1 Modeling of Induction Motor.......................................89
4.2 Modeling of Permanent Magnet Synchronous 

Motor...............................................................................98
4.3 Reference Frame Transformation...............................107
4.4 Reference Frame Transformation by Complex 

Vector...............................................................................115
4.5 d-q Axes Model of an Induction Motor......................119
4.6 d-q Axes Model of a Permanent Magnet 

Synchronous Motor.................................................................128
5 VECTOR CONTROL OF ALTERNATING CURRENT 
MOTORS...... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .130

5.1 Conditions for Instantaneous Torque Control 
of Motors................................................................................132

5.2 Vector Control of an Induction Motor.........................136
5.3 Flux Estimation of an Induction Motor......................146
5.4 Flux Controller of Induction Motors........................153
5.5 Vector Control of Permanent Magnet 

Synchronous Motors..............................................................156
REFERENCES.................................................................166



5

Системи керування електроприводів. Electric Drives Control Systems

PREFACE

Electrical drives act as the electromechanical energy 
converter in a wide range of applications. It is critically important 
that the correct drive is matched to the application with due regard 
to its requirements. With the recent developments in power 
semiconductors and microprocessors with signal processing 
capabilities, the technology of the modern drive system has 
changed dramatically in recent years. However, the selection of 
a drive system relies on a systems approach – without which, it is 
highly probable that either the mechanical, electrical electronic 
or computational will not perform to the required standard or fail 
if not fully considered.

The structure of the book is as follows. Chapter 1 gives a 
fundamentals of electric motors, introduces the fundamental 
operating principle needed to understand electric motors and 
describes clear differences among the motors by comparing their 
operating principles.

Chapter 2 concentrate on the problem of control of direct 
current motors, describes DC motors, which used to be the typical 
motor for speed control and torque control, and the concept 
of torque control for DC motors, which will be helpful for 
understanding the vector control for torque control of AC motors. 
Furthermore, this chapter goes into detail about the design of the 
current and speed controllers of DC motors, which is readily 
applicable to the current and speed controllers of AC motors.
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Chapter 3 considers the alternating current motors: 
synchronous motor and induction motor, discusses the basic 
characteristics of AC motors, including synchronous and 
induction motors, which are widely used for industrial motors. 
These characteristics can provide a basis for studying high-
performance motor control.

Chapter 4 concentrate on the modeling of alternating current 
motors and reference frame theory – the modeling of AC motors 
and d-q reference frame theory for control of AC motors.

Chapter 5 considers the vector control of alternating current 
motors – the concept of the vector control and its implementation 
for AC motors.
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1 FUNDAMENTALS OF ELECTRIC MOTORS

The electric motors have recently become one of the most 
important prime movers and their use is increasing rapidly. 
Nearly 70 % of all the electricity used in the current industry is 
used to produce electric power in the motor-driven system.

Electric motors can be classified into two different kinds 
according to the type of the power source used as shown in  
Fig. 1.1: direct current (DC) motor and alternatig current (AC) 
motor.

Fig. 1.1
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1.1 Configuration of Electric Motors

An electric motor is composed of two main parts: a stationary 
part called the stator and a moving part called the rotor as shown 
in fig. 1.2. The air gap between the stator and the rotor is needed 
to allow the rotor to spin, and the length of the air gap can vary 
depending on the kind of motors.

Fig. 1.2

In a synchronous motor as depicted in fig. 1.2b, the magnetic 
field on the rotor is generated either by a permanent magnet or by 
a field winding powered by a DC power supply separated from 
the stator AC power source. In this motor, the rotor magnetic 
field is stationary relative to the rotor. Hence, to produce a torque, 
the rotor should rotate at the same speed as the stator rotating 
magnetic field. This speed is called the synchronous speed. This 
is why this motor is referred to as the synchronous motor.

In an induction motor as shown in fig. 1.2c, the rotor magnetic 
field is generated by the AC power. The AC power used in the 
rotor excitation is transferred from the stator by electromagnetic 
induction. Because of this crucial feature, this motor is referred to 
as the induction motor. In an induction motor, the rotor magnetic 
field rotates relative to the rotor at some speed.

The stator and the rotor part each has both an electric and 
a magnetic circuit. The stator and the rotor are constructed with 



9

Системи керування електроприводів. Electric Drives Control Systems

an iron core as shown in fig. 1.3. To obtain a greater magnetic 
flux for a given current in the conductors, the iron core is 
usually made up of ferromagnetic material with high magnetic 
permeability, such as silicon steel. In some cases, the stator or 
the rotor creates a magnetic flux by using a permanent magnet.

Fig. 1.3

1.2 Basic Operating Principle of Electric Motors

All electric motors are understood to be rotating based on 
the same operating principle.

The simple concept for the rotation of a DC motor is that  
the rotor rotates by using the force produced on the current-
carrying conductors placed in the magnetic field created by the 
stator as shown in fig. 1.4a. There are two stationary magnetic 
fields in a DC motor as shown in fig. 1.4b. One stationary 
magnetic field is the stator magnetic field produced by magnets 
or a field winding. The other is the rotor magnetic field produced 
by the current in the conductors of the rotor. It is important to 
note that the rotor magnetic field is also stationary despite the 
rotation of the rotor. This is due to the action of brushes and 
commutators, by which the current distribution in the rotor 
conductors is always made the same regardless of the rotor’s 
rotation as shown in fig. 1.4a. Thus the rotor magnetic field will 
not rotate along with the rotor.
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Fig. 1.4

A consistent interaction between these two stationary 
magnetic fields produces a torque, which causes the rotor to turn 
continuously.

There are two kinds of AC motors: a synchronous motor 
and an induction (asynchronous) motor. They generate the rotor 
magnetic field differently, whereas they generate the stator 
magnetic field in the same way (fig. 1.2).

AC motors exploit the force between two rotating magnetic 
fields. In AC motors both the stator magnetic field and the rotor 
magnetic field rotate, as shown in fig. 1.5.

Fig. 1.5

These two magnetic fields always rotate at the same speed 
and, thus, are at a standstill relative to each other and maintain  
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a specific angle. As a result, a constant force is produced between 
them, making the AC motor is to run continually.

1.3 Requirements for Continuous Torque Production

The torque produced from the interaction between the 
magnetic fields generated in the stator and the rotor causes the 
motor to run. Now, we will take a look at the requirements that 
ensure continuous torque production by the motor.

An electric motor is a type of electromechanical energy 
conversion device that converts electric energy into mechanical 
energy. The principle of torque production in a motor can be 
understood by analyzing its energy conversion process.

Electromechanical energy conversion devices normally use 
the magnetic field as an intermediate in their energy conversion 
processes. Thus an electromechanical energy conversion device 
is composed of three different parts: the electric system, magnetic 
system, and mechanical system as shown in fig. 1.6.

Fig. 1.6

The total amount of energy is constant. fig. 1.7 shows 
an application of the law of conservation of energy when t 
he electromechanical energy conversion device is acting as  
a motor.

Fig. 1.7
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1.4 Mechanical Load System

An electric motor is an electromechanical device that 
converts electrical energy into mechanical torque. When 
the torque developed by the motor is transferred to the load 
connected to it, the load variables such as speed, position, air-
flow, pressure, and tension will be controlled.

Fig. 1.8 shows a simplified configuration of a motor drive 
system consisting of a driving motor and a driven mechanical 
load, in which the torque of the motor is transferred to the load 
through the shaft and coupling.

Fig. 1.8

There are several types of loads driven by a motor. In most 
loads, the required torque is normally a function of speed. There 
are three typical loads whose speed-torque characteristics are 
shown in the fig. 1.9.

Fig. 1.9
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1.4.1 Constant torque load. The torque required by this 
type of load remains constant regardless of the speed. Loads 
such as elevators, screw compressors, conveyors, and feeders 
have this type of characteristic.

1.4.2 Constant power load ( ) ~ 1/  .LT ω  This load requires 
a torque, which is inversely proportional to the speed, so this 
load is considered a constant power load. This type is most often 
found in machine tool industry and drilling, milling industry.

1.4.3 Load proportional to the square of the speed 
( ) ω2~ .LT  The torque of this load increases in proportion to 
the square of the speed. This is a typical characteristic of a fan, 
blower, and pump, which are the most commonly found in 
industrial drive applications.

1.5 Operating Modes of an Electric Motor

Operation of a motor can be divided into two modes  
(fig. 1.10) according to the direction of the energy transfer:  
(A) Motoring mode and (B) generating (braking) mode.

Fig. 1.10

When the motor rotates in the same direction as its  
developed torque in fig. 1.10a, the motor will supply mechanical 
energy to the load. In this case, the motor operates as a typical 
motoring mode.

When the motor is rotating in a direction opposite to its 
developed torque in fig. 1.10b, the mechanical energy of the 
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load is supplied to the motor. In this case, the motor is acting as 
a generator. It corresponds to the generating mode, in which the 
motor absorbs the load energy, providing a braking action.

When braking, the mechanical energy of the load is 
converted into electrical energy through the motor, and the 
generated electrical power can be returned to the power source. 
This method called regenerative braking is the most efficient 
braking method, but it requires a high-cost power converter. 
An alternative method for dealing with the generated electrical 
power is to dissipate it as heat in the resistors. This is called 
dynamic braking, which is inefficient but inexpensive.

Four-quadrant operation modes are available in variable 
speed drive systems as shown in fig. 1.11.

Fig. 1.11

Quadrants 1 and 2 are the motoring and generating operation 
modes, respectively, in the forward drive, while Quadrants 3 
and 4 are the two operation modes in the reverse drive. Braking 
occurs in Quadrants 2 and 4. To achieve the four-quadrant 
operation modes in motor drive systems, the torque should be 
controlled in the positive and negative direction, and the speed 
should be controlled in the forward and reverse direction.



15

Системи керування електроприводів. Electric Drives Control Systems

1.6 Components of an Electric Drive System

A motor drive system consists normally of five parts 
as shown in fig. 1.12. Within the available power supply, we 
have to choose these components appropriately to achieve the 
requirements of the drive performance. We will now briefly take 
a look at these five parts.

Fig. 1.12

1.5.1 Power Supply. Single-phase or three-phase AC 
voltage sources are most commonly used as a power supply that 
provides electric energy for motor drives. The three-phase AC 
voltage source is generally used for motors of several kilowatts 
or higher. In many cases, the AC voltage sources are converted 
into a DC source, which is converted into the form of power 
needed by a motor through using power electronic converters 
such as an inverter or a chopper.

1.5.2 Power Electronic Converters. Power electronic 
converters play the role of taking electrical energy from the 
power system and turning it into a suitable form needed by  
a motor. The power electronic converter may be determined 
according to the given power source and the driving motor.
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For DC drives, power electronic converters such as a 
controlled rectifier or a chopper can be used to adjust the DC 
power. In AC drives mostly use an inverter to adjust the voltage 
and frequency in the AC power. In this case, a rectifier is often 
included to convert the AC power in the mains power system 
into the DC power. These power electronic converters use power 
semiconductor devices such as gate turn-off (GTO) thyristor, 
integrated gate-commutated thyristor (IGCT), insulated gate 
bipolar transistor (IGBT), power metal oxide semiconductor 
field effect transistor (MOSFET), and power bipolar junction 
transistor (BJT).

1.5.3 Electric Motors. For driving motors, we have to choose 
the one that meets the required speed-torque characteristic of 
the driven mechanical load. In addition, important performance 
criteria like efficiency, size, cost, duty cycle, and operating 
environment need to be considered.

As mentioned earlier, there are two basic types of a driving 
motor: DC motor and AC motor. Robotic systems use special 
types such as a BLDC motor or a stepping motor, which cannot 
be classified into the basic types.

DC motors have an advantage of a simple speed/torque 
control for their excellent drive performance. However, due to 
the wear associated with their commutators and brushes, DC 
motors are less reliable and unsuitable for a maintenance-free 
operation. On the other hand, AC motors are smaller, lighter, 
and have more power density than DC motors. AC motors also 
require virtually no maintenance and thus are better suited for 
high speeds. However, AC drives with a high performance 
capability are more complex and expensive than DC drives.

1.5.4 Digital Controllers. The controller in charge of 
executing algorithms to control the motor is the most important 
part in the motor drive systems. This controller manipulates 



17

Системи керування електроприводів. Electric Drives Control Systems

the operation of the power electronic converter to adjust the 
frequency, voltage, or current provided to the motor. 

Nowadays, digital controllers are usually used. A digital 
controller is based on microprocessor, microcontroller, or digital 
signal processor (DSP), which can be a 16-bit or 32-bit, and 
also either a fixed-point or floating-point. There is a trade-off 
between the control performance and the cost. DC motor and 
BLDC motor drives requiring relatively simple controls may 
use 16-bit processors, while AC motor drives requiring complex 
controls such as a vector controlled induction or synchronous 
motors may need high-performance 32-bit processors or DSP.

1.5.5 Sensors and Other Ancillary Circuits. To achieve a 
high-performance motor drive, a closed-loop control of position, 
speed or current is often adopted, and in this case, speed/position 
or current information is required. Sensors are essential for 
obtaining this information.

Shunt resistances, Hall effect sensors, or current transformers 
are mainly used as the current sensor. The shunt resistance is 
more cost effective, while the Hall effect sensors can usually 
give a high resolution and isolation between the controller and 
the system. Encoders and resolvers are widely used as speed/
position sensors.

In addition to these components, several circuits for 
protection, filtering, power factor correction, or harmonics 
reduction may be necessary to improve the reliability and quality 
of the drive system.
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2 CONTROL OF DIRECT CURRENT MOTOR

2.1 Configuration of Direct Current Motors

Direct current (DC) motors have been widely used in 
adjustable speed drives or variable torque controls because 
their torque is easy to control and their range of speed control 
is wide. However, DC motors have a major drawback in which 
they need mechanical devices such as commutators and brushes 
for a continuous rotation. These mechanical parts require regular 
maintenance and hinder high-speed operations. 

A DC motor has two windings as shown in fig. 2.1. One is 
found in the stator and produces a field flux. This winding is 
called a field winding. The other one resides in the rotor and is 
called an armature winding. The armature current interacts with 
the stator field flux to produce torque on the rotor shaft.

Fig. 2.1
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The armature current interacts with the stator field flux to 
produce torque on the rotor shaft (fig. 2.3). Small DC motors 
commonly have a permanent magnet instead of a field winding 
to produce the stator flux. A DC motor also has a mechanical 
commutation device consisting of brushes and commutators, 
which converts the DC current given from the DC power supply 
to AC current in the armature winding.

Fig. 2.2

The DC motors can be mainly classified into two different 
categories: a separately excited DC motor and a self-excited 
DC motor. In a separately excited DC motor, the armature 
winding and field winding each have separate DC power 
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supplies, while in a self-excited DC motor, the two windings 
share one DC power supply.

Fig. 2.3

The self-excited DC motors can also be categorized into a 
shunt motor, series motor, and compound motor depending 
on the ways in which the two windings are connected to the DC 
power supply. Nowadays the DC motors mostly use a permanent 
magnet to produce the field flux and the DC power supply thus 
applies only to the armature winding.

2.2 Modelling of Direct Current Motors

A complete dynamic model of the DC motor drive system 
can be expressed as the following four equations: armature 
circuit, back-electromotive force (back-EMF), torque, and 
mechanical load system.

Fig. 2.4
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2.2.1 Armature Circuit. The voltage equation for the 
armature winding of a DC motor

= + +a
a a a a a

diV R i L e
dt

,

where ia is winding current, La is winding inductance, Ra is 
winding resistance, and ea is back-EMF induced by the rotation 
of the armature winding in a magnetic field.

2.2.2 Torque. The torque experienced by the conductors of 
the armature winding carrying a current ia in the uniform stator 
magnetic flux φf is given by

e T f aT k iϕ= ,

where kT is the torque constant (Nm/Wb/A). The numerical values 
of kT and ke constants are equal in SI units (the International 
System of Units), i.e., kT=ke.

2.2.3 Back-electromotive Force. The back-EMF in the 
armature winding

,= ϕ ωa e f me k

where ke is the back-EMF constant (Vs/rad/Wb), φf is the 
uniform stator magnetic flux. Commonly, since the flux  
remains constant, the back-EMF is proportional to the angular 
velocity ωm.

2.2.4 Mechanical Load System. When a DC motor with 
the output torque is driving a mechanical load system, the rotor 
speed can be determined from the equation of motion

,ω
= + ω +m

e m L
dT J B T
dt

where ωm is the angular velocity of the rotor, TL is the load 
torque, J is the moment inertia and B is the friction coefficient 
of the DC motor drive system, respectively.
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It is interesting to note that the torque of a DC motor can  
be expressed as a simple arithmetical product of the stator 
magnetic flux φf and the armature current ia. This is because 
the stator magnetic flux φf and the conductors carrying  
current ia are always perpendicular to each other. Thus the 
DC motors inherently have a maximum torque per ampere 
characteristic.

2.3 Steady-state characteristics

From the steady-state equations, the speed-torque relation 
may be written as

( )2ω = −
ϕ ϕ

a a
m L

f f

V R T
k k

( )= =T ek k k .

Equation implies that the steady-state speed of a DC  
motor can be adjusted by the armature voltage Va or the stator 
field flux φf. Thus there are two speed control methods for  
the DC motor: armature voltage control and field flux  
control. In addition to the two methods, we can see from 
Equation that the speed can be controlled by varying the 
armature resistance Ra. However, this inefficient method is  
no longer in use.

We can see that, from this torque-speed relation, the speed 
of the DC motor decreases steadily with increasing load torque 
(or armature current) as shown in fig. 2.5. Here, N is the speed 
expressed in terms of revolution per minute (r/min) for angular 
speed ωm. From the curve, we can find the speed and the current 
at a certain load.
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Fig. 2.5

2.3.1 Armature Voltage Control. With a constant stator 
field flux the torque-speed characteristic can be reduced to

( ) 1 22ω = − = −
ϕ ϕ

a a
m L a L

f f

V R T K V K T
k k

,

where K1=Va/kφf and K2=Ra/(kφf)
2.

From this expression, we can see that the speed ωm of  
the DC motor changes linearly with the armature voltage Va. 
Thus, for a constant torque load such as elevators and cranes, 
the speed of the load can be controlled linearly by adjusting the 
armature voltage Va of the DC motor as shown in fig. 2.6.

To employ the armature voltage control, variable DC 
power supplies such as phase-controlled rectifiers or choppers 
are needed. Because a voltage higher than the rated voltage 
should not be applied to the motor, this armature voltage control 
method can provide a speed control range only up to the rated 
speed. To operate in a speed range above the rated speed, the DC 
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motor has to adopt the field flux control, which will be described  
later. Permanent magnet DC motors, however, cannot use the 
field flux control method, so they are incapable of an operation 
above the rated speed.

Fig. 2.6

2.3.2 Field Flux Control. Under a constant armature voltage

( )
1 2

2 2 ,ω = − = −
ϕ ϕ ϕϕ

a a
m L L

f f ff

V R K KT T
k K

where 1 = /aK V k  and 2
2 /aK R k= .

From Equation, we can see that the speed of the DC motor 
varies inversely with the field flux. fig. 2.7 shows the torque-
speed characteristic of the DC motor using the field flux control. 
When using this field flux control method, the field flux has to 
be controlled below the rated value to avoid magnetic saturation 
of iron core because the rated flux is commonly given as a value 
near the knee of the magnetization curve as shown in the left 
side of fig. 2.7. If the field flux is reduced below the rated value, 
then the speed can increase above the rated speed.

When the speed of the DC motor can be controlled above  
the rated value by adjusting the field flux control, there are 
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potential problems that can arise. When the field flux is reduced  
to increase the speed, the developed torque will also be reduced  
for the same armature current. If the armature current is increased 
to produce the same torque, then the efficiency will be lowered 
due to the increased copper losses. The armature current also 
may not be fully increased due to the thermal limit and the 
capacity of the DC power supply. Moreover the inductance of 
the field winding is normally designed to be large to produce the 
flux effectively. Thus the field flux cannot be changed rapidly, 
and this will result in a slow response of the speed regulation. 
In addition, in a high-speed range, the speed regulation will 
be poor for the applied load, and the resultant lower field flux 
will be easily influenced by the armature reaction. Besides 
these electrical problems, the DC motors also suffer from speed 
limitations due to mechanical commutation devices. On this 
account, the achievable speed range of this field flux control is 
generally limited up to three times the rated speed.

Fig. 2.7
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2.4 Operation Regions of Direct Current Motors

The operating speed range of the DC motor is divided into 
two regions as follows (fig. 2.8): constant torque region and 
constant power region. The operation in these two regions can 
be achieved through the armature voltage control and the field 
flux control.

Fig. 2.8

2.4.1 Constant Torque Region (0 < ωm < base speed ωb). 
In the operating region below the rated speed, the field flux is 
maintained at a constant and the torque production is controlled 
only by the armature current Ia. This region is called the constant 
torque region because the same torque can be developed by the 
same armature current at any speed within this region.

As the operating speed is increased, the back-EMF is 
increased. Thus the applied motor voltage should also be 
increased to maintain the same armature current, i.e., the same 
torque. Like this, in this region, the terminal voltage of the DC 
motor varies with its speed. Because the voltage applied to 
the motor should not exceed the rated value, the range of this 
region is normally limited to the speed at which the terminal 
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voltage of the DC motor reaches the rated value. This speed may 
be different from the rated speed depending on the operating 
conditions. Thus it is usually referred to as the base speed ωb.

2.4.2 Constant Power Region (ωm > base speed ωb): field-
weakening region. Once the motor voltage reaches the rated 
value, the speed can no longer be controlled by the voltage. At 
speeds higher than the base speed, the applied voltage remains 
constant. Thus, instead of the voltage control, the speed can 
be increased by the reduction of the field flux (is called field-
weakening operation).

The reduction of the field flux can make the back-EMF 
constant regardless of the speed increase. This allows the 
armature current, which produces a torque, to flow. However, 
even though the same current is flowing, the output torque 
will be decreased with the operating speed due to the reduced 
field flux. Because the terminal voltage and the current remain 
constant in this region, the motor operates in a constant power, 

.a a e mP V I T= × = ×ω  Thus this speed region is called the constant 
power region.

2.5 Transient Response Characteristics

The transient characteristic is very important for high-
performance motor drives. This is because the transient response 
characterizes the dynamics of the drive system.

As an example, transient responses to a step speed command 
are shown in fig. 2.9. Even though all three responses reach the 
same final speed, their response times and moving trajectories 
to reach the final speed are different. Although an oscillatory or 
slow response can ultimately achieve the speed command, it has 
no practical use.

An easy way to examine the transient response is to use 
the transfer function of the system. We can obtain the transfer 
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function for the DC motor drive system by taking the Laplace 
transform of the differential equations. Here, s denotes the 
Laplace operator.

Fig. 2.9

( ) ( ) ( ) ( )= + + → = + + =a
a a a a a a a a a a

div R i L e V s R sL I s E s
dt

( ) ( ) ( ) ( )= + + → = + + =a
a a a a a a a a a a

div R i L e V s R sL I s E s
dt

( ) ( ) ( ) ,a a a e f mR sL I s k s= + + ϕ ω

( )

( ) ( ) ( ).

m
e m L e

m L T f a

dT J B T T s
dt

Js B s T k I s

ω
= + ω + → =

= + ω + = ϕ

Equations together can be represented by the closed-loop 
block diagram as shown in fig. 2.10.

Fig. 2.10
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From the block diagram in fig. 2.10, the transfer function 
from the input armature voltage Va(s) to the output angular 
velocity ωm(s) is given by

( )
( )

2
2

1 1

1 11

ϕ
ω + +

= =
 

+ ϕ ϕ + + 

=
   

+ + + +   
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e f
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e f T f

a a

a

a a

a a a

k
s L s R Js B

V s
k k

L s R Js B
k

JL
R RB B ks s
L J L J JL

( )= ϕ = ϕT f e fk k k .

This transfer function is a second-order system including two 
poles, which are important factors in determining the transient 
response of the system.

If La=0 (in most motor drive systems), equation can be 
written as

2

2

1 .m c
c

a a c a

k k
V R Js K k s R J

 ω ω
= = ω = + +ω  

This equation implies that, in a DC motor, the relationship 
between the speed ωm and the armature voltage Va can  
be considered as a first-order, low-pass filter with a cut-off 
frequency ωc.

In most motor drive systems, the time response of an electric 
system is faster than that of a mechanical system. In that case, we 
can ignore the transient of the electric circuit so that La=0. This 
means that the speed ωm is directly proportional to the armature 
voltage Va with its changing rate below the ωc, though there is a 
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time delay between the two. Generally, it can be assumed that 
the rotational speed of a DC motor is proportional to the voltage 
applied to it.

Letting the electromechanical time constant Tm=JRa/k
2  

and the electrical time constant Ta=La/Ra, equation can be 
rewritten as

2

1 1

.1 1
m am

a

a m a

k T T
V s s

T T T

 
 

ω  =
+ +

The poles can be obtained from the roots of the denominator 
(also called the characteristic equation)

1,2
1 1 1

2 4
= − ± − a

a a m

Ts
T T T

.

We can also find out the response characteristic from the 
damping ratio for this second-order system

( )
2

2 22
n

n n

G s
s s

ω
=

+ ζω +ω
.

The undamped natural frequency ωn and the damping  
ratio ζ for the DC motor drive system are given by

1 ,n
a m a

k
T T JL

ω = =         1 1 .
2 2

m a

a a

T R J
T k L

ζ = =

If Tm > 4Ta, then the characteristic equation has two real 
roots. A DC motor drive system with a large J or Ra corresponds 
to this case, and its response is either ➀ or ➁ in fig. 2.11.  
If Tm < 4Ta, then the characteristic equation has two complex 
roots. In this case, the system response is oscillatory such as ➂ 
in fig. 2.11.
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Fig. 2.11

There are three typical responses of the system according to 
the value of the damping ratio ζ: underdamping (0<ζ<1), critical 
damping (ζ=1), or overdamping (ζ>1).

In the case of underdamping (0<ζ<1), the system comes 
rapidly to equilibrium but has a slight oscillatory response.  
As ζ is increased, the oscillation is reduced. In the case of 
overdamping (ζ>1), the system is not oscillatory but has a very 
slow response. A critically damped system response (ζ=1),  
which comes to equilibrium as fast as possible without  
oscillating, is the most desirable.

Fig. 2.12

The damping ratio ζ, which implies the dynamic performance 
of the speed to the applied armature voltage, depends on the 
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electromechanical time constant value Tm and the electrical time 
constant value Ta. If Tm > 4Ta, then ζ<1 and its speed response 
will be oscillatory. By contrast, in the case of Tm < 4Ta, the system 
will have a stable speed response without oscillation. Normally, 
small motors have Tm > 4Ta, while servo motors or high power 
motors have Tm < 4Ta, resulting in an oscillatory response. Even 
though the system response is inherently oscillatory, we can 
achieve the desired response by adopting an adequate controller, 
which will be described later.

2.6 Motor Control System

Fig. 2.13 illustrates the typical configuration of controllers 
in the motor drive systems, in which the controllers required for 
position, speed and current control are usually connected in a 
cascade.

Fig. 2.13

Among these, the current controller must be placed at  
the most inner loop and has the widest bandwidth. As  
mentioned above, since the speed and position can be  
controlled through the current control, the response time  
for the current control must be the fastest among the three. 
Likewise, the response for the control of the inner loop should 
be sufficiently faster than that of the outer loop to improve  
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the response performance and the stability of the outer control 
loop.

2.6.1 Types of Control. The aim of control is to adjust  
the control input so that the state or output of the system  
reaches the required goal. In the motor drive systems, the  
state or output may be the current, flux, speed, position, or 
torque, while the control input is only the input voltage. There 
are two basic types of control: open-loop control and closed-
loop control, also known as nonfeedback and feedback, 
respectively.

2.6.1.1 Open-loop control (fig. 2.14). A drawback of the 
open-loop control is that it requires perfect knowledge of the 
system. Since the open-loop control does not use the feedback 
of the system output Y(s), the error between the reference R(s) 
and the output Y(s) cannot be reflected in determining its control 
input U(s). Because of its simplicity and low cost, the open-loop 
control is often used in systems where it has the well-defined 
relationship between input and output and are not influenced by 
disturbances.

Fig. 2.14

2.6.1.2 The closed-loop control (fig. 2.15) is generally used 
to control the position, speed, current, or flux in the motor drive 
systems. The controller Gc(s) adjusts its control input U(s) to 
reduce the error between the output and the desired goal. Thus 
the role of the controller Gc(s) in the closedloop control is very 
critical to the system’s performance.
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Fig. 2.15

2.7 Types of the Feedback Controller

There are several types of widely used types of the feedback 
controller in the motor drive systems as follows.

2.7.1 Proportional controller (P controller). In this type of 
controller, which is illustrated in fig. 2.16, the controller output 
is proportional to the present error e(t)=r(t)–y(t) as given by

( ) ( )= pU t K e t ,

where Kp represents the proportional gain.

Fig. 2.16

An advantage of the proportional control is its immediate 
response to errors. The larger the proportional gain is, the faster 
the response is. Thus it should be noted that the proportional 
gain determines the control bandwidth. However, there is a limit 
to increasing the proportional gain because a large gain can lead 
to system instability or may require unrealizable control input.  
A drawback of the proportional control is that the error can  
never be zero. In other words, there exists a steady-state error  
in the P control.
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2.7.2 Integral controller (I controller). In this type of 
controller, the controller output is the integral of the error as 
shown in fig. 2.17, so the past errors as well as the present error 
have an effect on the control input as given by

( ) ( ) ( )= ∫ = ∫p
i

pi

K
U t K e t dt e t dt

T
,

where Ki represents the integral gain and Tpi=Kp/Ki represents 
the integral time constant.

Fig. 2.17

The integral controller can remove the steady-state error 
completely for the non-time varying reference R(s). This is 
because it continuously produces nonzero control input from the 
accumulated past errors even though the present error is zero. 
However, due to the accumulated errors in the integral term, it 
responds slowly to change in errors. For this reason, the integral 
controller is not normally used alone but is combined with  
the P controller.

2.7.3 Proportional-integral controller (PI controller).  
A widely used controller in motor drive, which is a combination 
of a proportional controller and an integral controller to achieve 
both a fast response and a zero steady-state error. The block 
diagram of a PI controller is shown in fig. 2.18.

The PI controller has been widely used in motor drive 
systems as the controller for the current, speed, or flux linkage 
control because it could give a satisfactory performance. The 
performance of the PI controller depends heavily on its selected 
gains. Thus it is very important to select appropriate gains of the 
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PI controller for obtaining a satisfactory performance in a given 
system.

Fig. 2.18

2.8 Current Controller Design

2.8.1 The PI controller consists of a proportional term, 
which depends on the present error, and an integral term, which 
depends on the accumulation of past and present errors as follows:

( ) = + i
pi p

KG s K
s

,

where Kp and Ki are the proportional and integral gain, 
respectively.

The transfer function can be rewritten as

( )

1
11

 
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s
T
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where Tpi=Kp/Ki is the integral time constant of the PI controller 
and 1/Tpi is called the corner frequency of the PI controller.

The transfer function of a DC motor system that includes a 
PI current controller as shown in fig. 2.19 is given as

( ) ( ) ( ) ( ) ( )*
2 2

+
= −

+ + + + + +
pc ic

a a pc ic a a pc ic

K s K sI s I s E s
L s R K s K L s R K s K

,
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where Kpc and Kic represent the proportional and integral gains of 
the current controller, respectively.

Fig. 2.19

For a large system inertia, the effect of E(s) on the current 
control can be ignored since the variation of E(s) due to the speed 
variation is very small. However, for servo motors designed with 
a small inertia for a fast speed response, the effect of E(s) cannot 
be ignored.

A current control system containing a PI controller is 
shown in fig. 2.20. Here, assume that the feedforward control 
compensates the back-EMF of the DC motor perfectly.

Fig. 2.20

In this PI current controller, the relationship between the 
current error and its output voltage is given as

( )*11
 

= + −  
 

a pc a a
pi

V K I I
T s

,

where Tpi=Kpc/Kic is the integral time constant of the PI current 
controller and Kic is the integral gain.

The open-loop transfer function ( )o
cG s  of this system is 

given by
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The value of the proportional gain Kpc determines how fast 
the system responds, whereas the value of the integral gain Kic 
determines how fast the steady-state error is eliminated. When 
the value of these gains is larger, the control performance is 
better. However, large gains may lead to an oscillatory response 
and result in an unstable system.

2.8.2 Gains selection procedure of the PI current 
controller

2.8.2.1 Find the switching frequency fsw of the system.
2.8.2.2 Select the control bandwidth ωcc of the current 

controller to be within 1/10-1/20 of the switching frequency fsw 
and below 1/25 of the sampling frequency.

2.8.2.3 Calculate the proportional and integral gains from 
the selected bandwidth ωcc as

,pc a ccK L= ω            .ic a ccK R= ω

The bandwidth ωcc of a current controller is limited by the 
following two factors:

−	 the switching frequency fsw of the power electronic 
converter realizing the output of the current controller;

−	 the sampling period for detecting an actual current for 
feedback in the digital controller.

Since a motor current cannot change faster than the 
switching frequency of the power electronic converter, the 
switching frequency limits the bandwidth of the current control. 
If the current is sampled twice every switching period, as a rule 
of thumb, the maximum available bandwidth can be up to 1/10 
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of the switching frequency. On the other hand, if it is sampled 
once every switching period, the maximum available bandwidth 
can be up to 1/20 of the switching frequency. For this case, it 
is desirable to restrict the bandwidth to 1/25 of the sampling 
frequency.

2.8.3 Anti-windup Controller. There are several methods 
to avoid the integrator windup such as back calculation, 
conditional integration, and limited integration.

The anti-windup scheme of back calculation as shown in 
fig. 2.21 is widely used because of its satisfactory dynamic 
characteristic.

In this scheme, when the output is saturated, the difference 
between the controller output and the actual output is fed back  
to the input of the integrator with a gain of Ka so that the 
accumulated value of the integrator can be kept at a proper 
value. The gain of an anti-windup controller is normally selected 
as Ka= 1/Kp to eliminate the dynamics of the limited voltage.

Fig. 2.21

The output of the PI current controller, which indicates the 
voltage reference applied to a DC motor, should be limited to a 
feasible value by the following reasons. First, a voltage exceeding 
its rated value should not be applied to a motor. Furthermore, 
power electronic converters, which produce the voltage applied 
to the motor, normally have a restricted output voltage due to the 
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limited availability of the input voltage and the voltage rating of 
switching devices.

Once the output of the PI controller exceeds its limit due to 
sustained error signals for a significant period of time, the output 
will be saturated, but the integrator in the controller may have 
a large value by its continual integral action. This phenomenon 
is known as integral windup. When the windup occurs, the 
controller is unable to immediately respond to the changes in 
the error due to a large accumulated value inside the integrator.

2.9 Speed Controller Design

2.9.1 When controlling the speed of a motor, the speed 
controller must be placed in the outer loop of the current 
controller as shown in fig. 2

.22.

Fig. 2.22

From the block diagram in fig. 2.22, the open-loop transfer 
function of the speed control system is given by

( ) ( ) ( ) .ω = × = + × ×  +ω 
o c is ccT T
s pi c ps

cc

KK KG s G s G s K
Js s s Js

This open-loop characteristic is the sum of the frequency 
responses of three parts: a PI speed controller, a PI current 
controller, and a mechanical system of a motor and a load.

2.9.2 Gains selection procedure of the PI speed controller.
2.9.2.1 Identify the bandwidth of the current controller.
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2.9.2.2 Select the bandwidth ωcs of speed control to be five 
times less than the bandwidth of current control and ten times 
less than the sampling frequency of speed.

2.9.2.3 Calculate the proportional and integral gains from 
the selected bandwidth ωcs as

,cs
ps

T

JK
K
ω

=    
2

.
5 5
cs cs

is ps pi ps
T

JK K K
K

ω ω
= ω = =

In this case, if the bandwidth of current control is chosen 
to be sufficiently wider than that of speed control, then the 
current control will not have any influence on the speed control 
performance, and the stability of the speed control will be 
improved.

Like the current controller, a PI controller is widely used for 
speed control. Now, we will explain how the PI speed controller 
is designed, i.e., how to select the proper gains to achieve the 
desired speed control performance.

Inaccurate information of the system parameters, J and KT, 
may lead to incorrect gains for achieving the required bandwidth, 
so we may need to adjust additionally the gains by monitoring 
the transient response as shown in fig. 2.23. If the system has an 
oscillatory response, we need to decrease the gains. On the other 
hand, if the system has a very slow response, we need to increase 
the gains.

Fig. 2.23
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From the open-loop transfer function Gos(s), the closed-loop 
transfer function Gcs(s) of the speed control system is given by

( ) ( )
( ) 2

.
1

T ps T is
o
cc

s o
T psc T is

K K K Ks
G s J J

G s
K KG s K Ks s

J J

   +   
  = =

+    + +   
  

We can remove the zero from equation by adjusting  
the position of the P control part in the PI controller as shown  
in fig. 2.24. This controller is known as the IP controller.

Fig. 2.24

An IP controller is equivalent to a PI controller except for 
the first-order, low-pass filter with the time constant of Kps/Kis on 
the input side. Therefore, an IP controller exhibits no overshoot 
due to low-pass filtering of its input command, but its response 
will be slower than that of a PI controller.

Fig. 2.25

The speed responses of the PI and IP controllers under an 
equal control bandwidth are shown in fig. 2.26a. It can be seen 
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that the IP controller exhibits no overshoot, but its response is 
slower than that of the PI controller. On the other hand, the speed 
responses to a disturbance torque for the two controllers are the 
same, as we would expect. If the bandwidths are adjusted for the 
two controllers to have the same overshoot in their response to 
speed reference, the IP controller can achieve a larger bandwidth 
than the PI controller. For the same overshoot, the bandwidth of 
the IP controller can be set as 5.44 times larger than that of the 
PI controller. In this condition, the IP controller will exhibit an 
improved speed response to the disturbance torque as shown in 
fig. 2.26b.

2.10 Power Electronic Converter for Direct Current 
Motors

The voltage applied to a DC motor can be controlled by using 
a power electronic converter. Fig. 2.27 shows a simple driving 
circuit for the forward motoring mode operation. Commonly, in 
a driving circuit, the switching states of the power devices are 
determined by the pulse width modulation (PWM) technique to 
achieve the required voltage command. The voltage command is 
given by the current controller.

A four-quadrant chopper (or H-bridge circuit) is often used 
to operate a DC motor in both motoring and braking modes 
for both forward and reverse directions. The H-bridge circuit 
is implemented with four power switching devices as shown  
in fig. 2.28.

This circuit is widely used in DC servo drive systems 
because it can provide high-performance current control with a 
bandwidth up to several thousand (rad/s). In this circuit, there are 
two PWM techniques for adjusting the output voltage: bipolar 
and unipolar switching schemes.
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 Fig. 2.26

Fig. 2.27
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Fig. 2.28
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3 ALTERNATING CURRENT MOTORS

3.1 Fundamentals of Induction Motors

3.1.1 Structure of Induction Motors. The structure of 
a typical induction motor is shown in fig. 3.1. An induction 
motor has cylindrical stator and rotor configurations, which are 
separated by a uniform radial air gap. The stator and the rotor 
are made up of an iron core, which has windings inserted inside. 
The iron core is not a single solid lump but consists of a stack of 
insulated laminations of silicon steel, usually with a thickness of 
about 0.3–0.5 mm to reduce eddy current losses. The iron core 
is made from a ferromagnetic material such as steel, soft iron, 
or various nickel alloys to produce magnetic flux efficiently and 
reduce hysteresis losses.

Fig. 3.1
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3.1.1.1 In an induction motor, only the stator windings are 
fed by the three-phase AC power supply. It should be noted that 
the three-phase stator windings perform the roles of both the 
armature and field windings of a DC motor. These three-phase 
windings are placed in the slots that are axially cut along the 
inner periphery of the iron core as shown in fig. 3.2. They are 
displaced from each other by 120 electrical degrees along the 
periphery and are typically connected in delta for low-supply 
voltage or in wye for high-supply voltage.

The distributed winding configuration of the stator increases 
the utilization of the iron core and reduces magnetomotive 
force (mmf) space harmonics, resulting in a lower torque ripple 
compared to that of the concentrated winding, in which all coils 
of the phase winding are pla

ced in one slot under a pole.

Fig. 3.2

3.1.1.2 There are two types of a rotor used in induction 
motors: squirrel-cage rotor and wound rotor.

A squirrel-cage rotor has a laminated iron core with slots for 
placing skewed conductors, which may be a copper, aluminum, 
or alloy bar. These rotor bars are short-circuited at both ends 
through end rings as shown in fig. 3.3. The rotor conductors are 
not placed exactly parallel to the shaft but are skewed by one 
slot-pitch to reduce cogging torque, and this allows the motor 
to run quietly. Because of its simple and rugged construction,  
about 95 % of the induction motors use the squirrel-cage rotor.
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Fig. 3.3

Similar to the windings on a stator, a wound-rotor as shown 
in fig. 3.4 has a set of three-phase windings, which are usually 
Y-connected. The rotor windings are tied to the slip rings on the 
rotor’s shaft and thus can be accessible through the brushes.

    
Fig. 3.4

3.1.1.3 Now, we will take a look at the rotating magnetic 
field, which is the basis for the rotation of AC motors.

The rotating mmf (magnetomotive force) is created by three-
phase currents flowing through three-phase stator windings. To 
begin with, consider an mmf resulting from a current flowing in 
the winding of phase as as shown in fig. 3.5. We will consider 
only the centered coil on the magnetic axis of the phase as 
distributed winding for simplicity. When a current flows in 
the phase as winding, it will produce a sinusoidally distributed 
mmf Fas centered on its axis. The amplitude of the mmf Fas 
varies with the instantaneous value of the current as shown  
in fig. 3.5.
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Fig. 3.5

Similarly, the windings of the phase bs and phase 
cs produce their own mmfs, pulsating along their axes 
according to their currents as shown in fig. 3.6. If these 
windings are displaced from each other by 120 electrical 
degrees in space and are supplied by symmetric three-phase 
AC sine currents, the vector sum of the three mmfs of these 
windings becomes a single rotating mmf vector F in the  
air gap.

This is called the rotating magnetic field, and its moving 
speed is directly proportional to the frequency of the  
currents.

Fig. 3.6
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3.1.2 Equivalent Circuit of Induction Motors. To analyze 
the operating characteristic and performance of an induction 
motor, we usually use an equivalent circuit based on voltage 
equations that describe the behavior of the motor.

3.1.2.1 Stator circuit. The voltage equation for the stator 
windings consists of the voltage drop of the winding resistance 
Rs and the induced voltage proportional to the rate of change 
over time of the stator flux linkage λs. Thus the voltage equation 
for the stator windings is written by

,s
s s s

dv R i
dt
λ

= +

where Rs is the resistance of the stator winding and λs is the flux 
linkage of the stator winding.

When the stator voltage vs is applied to the stator winding 
with the effective number of turns Ns, a stator current is flows in 
the winding. The current is produces a stator mmf Nsis and in turn 
produces a stator flux φs in the air gap. Most of the stator flux φs 
crosses the air gap and links to the rotor winding. This air-gap 
flux is termed mutual flux, which is often called magnetizing 
flux. Only the mutual flux is contributed to energy conversion, 
i.e., torque production. However, a small portion of the stator 
flux cannot cross the air gap but links to only the stator winding 
itself. This is termed leakage flux.

Thus the stator flux linkage λs will be expressed as

( ) ( ) ,s s ls s lsN Nλ = ϕ +ϕ = ϕ +ϕ

where φ is the magnetizing flux and φls is the leakage flux.
Here, the flux linkage may be written as

,s ls s m mL i L iλ = +

where Lls is leakage inductance, Lm is magnetizing inductance, 
and im is magnetizing current.
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The voltage equation for the stator windings is written by

.s m s
s s s ls m s s ls s

di di div R i L L R i L e
dt dt dt

= + + = + +

Here, es=Lm(dim/dt) is the induced voltage (called back-
EMF) in the stator winding.

Based on the resulting voltage equation, the equivalent 
circuit of the stator winding can be represented as shown  
in fig. 3.7.

Fig. 3.7

Here, fs is the frequency of the stator voltage.
To take into account the core loss such as eddy current loss 

and hysteresis loss, this circuit includes the equivalent resistance 
Rc representing the core loss. This resistance is connected 
in parallel with the magnetizing inductance. Accordingly, 
the exciting current iφ to produce the flux is comprised of  
a magnetizing current im and a core loss current ic.

We need to know the induced voltage es to complete the 
voltage equation. The induced voltage is proportional to the 
rate of change over time of the stator flux linkage. To obtain the 
induced voltage, we need to find out the stator flux, which also 
requires finding of the flux density (fig. 3.8).

The flux density distribution in the air gap can be expressed 
as ( ) max cos .B Bθ = θ
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Fig. 3.8

The air-gap flux per pole in the air gap is

( )
/2

/2

2 ,maxB lrd B lr
π

−π

ϕ = θ θ =∫
where l is the axial length of the stator and r is the radius to the 
mean of the air gap.

The flux linkage λa for Ns-turn coils of phase as will be the 
maximum Nsφ at θ=0 and zero at θ=90. Thus λa will vary as the 
cosine of the position angle θ=ωst as

cos .a s sN tλ = ϕ ω

The voltage induced in the phase as

maxsin sin .a
a s s s s

de N t E t
dt
λ

= − = ω ϕ ω = ω

Similarly the voltages induced in the other windings are 
given by

( )max sin 120 ,b se E t= ω − °     ( )max sin 120 .c se E t= ω + °

The root mean square (rms) value of the induced voltage is

max 4, 44 ,
2 2

s s
rms s s

E NE f Nω ϕ
= = = ϕ
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where Ns is the total number of the series turns per phase forming 
a concentrated full-pitch winding.

A full-pitch winding means that the coil-pitch (i.e., the 
distance between two sides of a coil) is equal to the pole-pitch 
(i.e., the distance between two adjacent poles). If the coil-pitch 
is less than the pole-pitch, then it is called fractional-pitch or 
short-pitch winding.

3.1.2.2 Rotor Circuit. Next, let us acquire the equivalent 
circuit of the rotor winding. The rotating magnetic field in the 
air gap induces voltages in the rotor circuit as well as the stator 
circuit. This induced voltage becomes the source voltage applied 
to the rotor circuit. The voltage induced in the rotor circuit can 
be expressed as

,4, 44r r r rE N K fω= ϕ

where Nr is the total number of turns per phase, Kωr is the 
winding factor for the rotor windings, and fr is the frequency of 
the voltage induced in the rotor winding.

The induced voltage Er depends on the rotor speed as

( )4,44 4,44 .r r r r r r sE N K f N K f fω ω= ϕ × = ϕ × −

At standstill (f = 0), the frequency fr is the same as the stator 
frequency fs. Thus the induced voltage in the rotor winding will 
be the maximum as

0 , .4 44r r r sE N K fω= ϕ

Since the rotor winding experiences a flux variation due to 
the difference in speed between the rotating magnetic field and 
the rotor, the frequency fr of the induced voltage in the rotor 
circuit becomes the difference between the frequency fs of the 
rotating magnetic field and the rotating frequency f of the rotor.

The slip speed expressed as a fraction of the synchronous 
speed is called the slip s and can be defined as
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.s

s

n ns
n
−

=

The frequency fr in the rotor circuit at the slip s is called the 
slip frequency and is given as

.r s sf f f sf= − =

The induced voltages in the rotor circuit at the slip s becomes

0.4, 44 4, 44r r r r r r s rE N K f N K sf sEω ω= ϕ × = ϕ × =

The rotor speed is always less than the speed of the stator 
rotating magnetic field (i.e., the synchronous speed). The 
difference between the synchronous speed ns and the rotor speed 
n is called the slip speed.

It should be noted that the slip is a very important factor 
in the induction motor because most of its performance 
characteristics of an induction motor, such as the developed 
torque, current, efficiency and power factor, depends on the  
operating slip.

The complete equivalent circuit per phase of a three-phase 
induction motor is shown in fig. 3.9.

Fig. 3.9

The turns ratio a=Ns/Nr of the stator winding and the rotor 
winding.
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3.1.3 Characteristics of Induction Motors. Now we will 
discuss the characteristics of an induction motor such as the 
current, input power factor and output torque.

3.1.3.1 Stator current. The stator current is the input current 
of an induction motor (fig. 3.9). The input impedance as a 
function of slip is given as

/ .s
s s ls m lr

RZ R jX X jX
s

  = + + +    
From the applied stator voltage and the input impedance, the 

stator current is given as

.s
s r

s

VI I I
Z ϕ= = +

The stator current is the sum of the exciting current Iφ and 
the rotor current Ir.

With a constant stator voltage Vs, the stator current Is as a 
function of speed (i.e., slip s) is shown in fig. 3.10 (5-hp, four 
poles).

Fig. 3.10

At starting (s=1), since the impedance is minimum, the stator 
current will be the maximum value, which may be 5–8 times 
larger than the rated current. As the speed increases, the slip s 
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decreases. As the slip s decreases, the rotor current Ir decreases, 
and thus the stator current also decreases. At the synchronous 
speed, i.e., s = 0, Rs = s/N, so there is no rotor current, i.e., Ir = 0. 
Thus the stator current Is will be equal to the exciting current Iφ.

3.1.3.2 Output Torque. We can derive a general expression 
for the output torque of an induction motor from the power-flow 
diagram as shown in fig. 3.11.

Fig. 3.11

The input power Pin=3VsIscosθs to an induction motor, 
excluding the stator losses such as the stator copper loss and the 
core loss, will be transferred to the rotor across the air gap and 
then transformed to mechanical power Pmech.

We can derive the output torque using the mechanical  
power Pmech.

The power delivered through the air gap from the stator to 
the rotor is called the air-gap power Pag

2 .r
ag r

RP I
s

=

It can be divided into two components as

( )2
2 1

,   

r
r

r r
ag

r mech

RI sI R sP Rotor copper loss Mechanical output
P P

−
= +
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r r r agP I R sP= =

( ) ( )2 1 .1r
mech r ag

RP I s s P
s

= − = −

Because the induction motors are operated typically at low 
slips of 0,01–0,05, the air-gap power is considerably large. This 
air-gap power Pag, i.e., input power to the rotor, will be dissipated 
in the resistance Rr of the rotor circuit (i.e., rotor copper loss) 
and converted into a mechanical output.

The first term on the right-hand side of Equation represents 
the rotor copper loss Pr. The second term represents the 
mechanical output power Pmech that develops the output toque. 
We can see that the power distribution depends on the slip s. It 
is clear that the lower the slip of the motor, the lower the rotor 
copper loss and the higher the mechanical output power.

The mechanical power is equal to the output torque Tmech 
times the angular frequency ωmech as

( )2 .1r
mech r mech mech

RP I s T
s

= − = ω

Thus the output torque of an induction motor is given by

( )2 21 11 ,mech r r
mech r r

mech mech s

P R RT I s I
s s

= = − =
ω ω ω

where ωmech= (1 – s)ωs and ωs represents the synchronous angular 
frequency.

We need to express this torque equation in terms of the 
input voltage instead of a nonmeasurable rotor current. The rotor 
current can be easily obtained from the approximate equivalent 
circuit given in fig. 3.12.

By substituting this rotor current into output torque Equation, 
the output torque (per phase) is expressed as
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( )

2

2
2

1 .s r
mech

s r
s ls lr

V RT
sRR j X X

s

=
ω  + + + 

 

Fig. 3.12

This is the steady-state average torque per phase for 
a given input voltage Vs, which is a function of the slip. The 
torque for a given slip is proportional to the square of the stator  
input voltage.

In the low-slip region, which is the normal operating range 
of an induction motor, the impedance of equivalent circuit 
parameters shows the following relations as

,r
s ls lr

RR X X
s

+ +

    
    

   .r
s

R R
s


Thus the equation of torque can be simplified as
21 .s

mech
s r

VT s
R

≈
ω

On the other hand, in the low-speed range with larger 
values of the slip,

s ls lrR X X+ +
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Thus the torque varies almost inversely with the slip s as

( )

2

2
1 .s r

mech
s ls lr

V RT
sX X

=
ω +

There is a speed at which the maximum torque, often referred 
to as pull-out torque or breakdown torque, is developed. 
The slip at the maximum torque can be obtained by solving  
dTmech/ds=0 as

( )22
,r

max

r ls lr

Rs
R X X

=
+ +

( )

2

22

1 .
2

s
max

s s s ls lr

VT
R R X X

=
ω + + +

It is important to note that the rotor resistance Rr is an 
important parameter in determining the slip at which the 
maximum torque occurs.

The value of the maximum torque is independent of the 
rotor resistance, which determines the maximum slip value. 
The speed-torque curve of a typical three-phase induction 
motor is shown in fig. 3.13. This curve shows the speed versus 
the output torque when an induction motor is started with full  
voltage.

The normal operating range of an induction motor is near 
the synchronous speed, confined to less than 5 % slip. In this 
low-slip region, the output torque increases linearly with the 
increasing slip. The slip increases approximately linearly with the 
increased load, and thus the rotor speed decreases approximately  
linearly with the load.

As it can be seen from the motion equation

	 ( ) .motor load motor load
dT T J J
dt
ω

− = +
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Fig. 3.13

When the motor torque Tmotor exceeds the load torque Tload, 
the motor speed will increase. When the motor torque is less 
than the load torque, the motor speed will decrease. Thus the 
equilibrium point will be the speed at which the motor torque 
equals to the load torque.

Criterion for the stability is given by

( ) 0.load motord T T
d
−

>
ω

When a motor is driving a mechanical load, the motor will 
operate in a steady state at a speed at which the torque developed 
by the motor is equal to the torque required by the load.

There are two kinds of an equilibrium operating point: 
stable point and unstable point. At the stable operating point, the 
speed will be restored after a small departure from the original 
equilibrium point due to a disturbance in the input voltage or 
load. However, at the unstable operating point, the speed will 
not be restored.

In the induction motor drives, a stable operating point is in 
the range above the speed at which the maximum torque occurs 
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in the speed-torque curve. As an example, consider fig. 3.14 that 
shows the speed-torque curve of the induction motor along with 
two different load curves.

Fig. 3.14

There exist three equilibrium operating points. Among 
these, point A is an unstable operating point, whereas points B 
and C are stable operating points. At point A, the system will not 
be able to maintain its original equilibrium state when there is 
a disturbance in the drive system. For example, assume that, at 
point A, there is a reduction in speed caused by a disturbance. In 
this case, a decrease in the speed causes the motor torque to be 
less than the load torque. As a result, the system will decelerate 
and eventually come to a stop. Similarly, an increase in the 
speed caused by a disturbance will make the motor torque larger 
than the load torque. Thus the operating point will move from  
point A to point B. Therefore point A is an unstable operating 
point. On the contrary, points B and C are stable operating points. 
At these points, the speed will return to their original points after 
the deviation in speed by a disturbance

3.1.4 Operating Modes of Induction Motors. An induction 
motor can be operated in three modes according to its operating 
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speed and rotation direction fig. 3.15 shows the power, operating 
speed, and torque in the available three operation modes of an 
induction motor.

Fig. 3.15

3.1.4.1 Motoring Mode. First, a typical operation of an 
induction motor is the motoring mode, in which the rotor rotates 
in the same direction as the stator rotating magnetic field but at 
a somewhat slower speed. In the motoring mode, the induction 
motor converts the applied input power into mechanical power 
through the air gap.

2 0,r
ag r

RP I
s

= >      ( )1 0.mech agP s P= − >

3.1.4.2 Generating Mode. In the generating mode the  
power from the mechanical system flows into the rotor circuit, 
then across the air gap to the stator circuit and the external 
electrical system. Thus the induction motor will operate in the 
generation mode.

This mode may occur when the stator frequency applied 
to an induction motor is lowered to reduce the speed of the 
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rotor. In this process, the instantaneous speed of the rotor may 
be higher than the instantaneous synchronous speed because 
of the inertia of the drive system. This leads to a negative slip, 
and the direction of the torque developed in the motor will be 
opposite to the rotation of the rotor. This torque will act as a 
braking torque that slows down the rotor speed. In this case, the 
motor operates as a generator, and the generated power is fed 
back into the power source. This process is called regenerative  
braking.

0,ag rP I= <         ( )1 0.mech agP s P= − <

3.1.4.3 Plugging Mode. Both powers flow into the rotor and 
are dissipated in the rotor as heat. Thus the rotor bar may be 
overheated. This mode can also be used for braking the motor to 
stop quickly. When an induction motor is running, the direction 
of the rotation of the stator magnetic field can be reversed by 
switching any two of the three-phase windings. In this case, the 
developed torque will be in the direction of the stator magnetic 
field but opposite to the rotation of the rotor, and the induction 
motor will operate in the plugging mode.

2 0,r
ag r

RP I
s

= >          ( )1 0.mech agP s P= − <

3.1.5 Design Types of Induction Motors. The required 
performance characteristics for a driving motor may be different 
according to the driven load.

Induction motors can be classified into different designs 
according to the starting and the normal operating characteristics. 
For classification of the motor, there are two most widely used 
standards: National Electrical Manufacture’s Association 
(NEMA) and International Electrotechnical Commission (IEC). 
The NEMA standards mainly specify four design types: Design 
A, B, C, and D. Of these, the most widely used are Design B 
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(normal torque) and Design C (high torque). Fig. 3.16 shows the 
speed-torque curve for the four NEMA designs.

Fig. 3.16

3.1.5.1 Design A. It is characterized by normal starting 
torque (typically 150–170 % of the rated), high starting current, 
low operating slip, and high-breakdown torque (the highest of all 
the NEMA types); common applications include fans, blowers, 
and pumps.

3.1.5.2 Design B. It is characterized by normal starting 
torque, low starting current, and low operating slip; common 
applications being the same as Design A.

Design B is the most commonly used type for general-
purpose applications.

3.1.5.3 Design C. It is characterized by high starting torque, 
low starting current, and higher operating slip than Designs 
A and B; common applications include compressors and  
conveyors.

3.1.5.4 Design D. It is characterized by high starting torque 
(higher than all the NEMA motor types), high starting current, 
high operating slip (5–13 %), and inefficient operation efficiency 
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for continuous loads; it is commonly used for intermittent loads 
such as a punch press.

3.2 Speed Control of Induction Motors

The speed control of an induction motor can be classified 
into two methods as follows:

− Slip control: inefficient, restricted speed control range.
− Synchronous speed control: efficient, wide speed control 

range.
3.2.1 Slip Control. The torque developed by an induction 

motor is proportional to the square of the stator voltage as

( )

2
2

2
2

.1 s r
mech s

s r
s ls lr

V RT V
sRR j X X

s

= ∝
ω  + + + 

 

Traditionally, induction motors have been used as nearly 
constant speed motors, which are operated by their direct 
connection to the power grid. However, because of their low 
cost and ruggedness, the induction motors are also being used 
for variable speed drives in many applications.

The operating speed of an induction motor depends on the 
slip or the synchronous speed of the given load.

At a constant stator frequency, the speed of an induction 
motor can be varied according to the slip. The slip can be changed 
by varying the stator voltage or the rotor resistance. First, let us 
take a look at the speed control by changing the stator voltage.

Fig. 3.17 shows the variation of a speed-torque curve with 
respect to the stator voltage. We can see that the speed control by 
varying the stator voltage is available only for a limited range. 
The controllable speed range depends on the value of the slip 
(i.e., the maximum slip) at which the maximum torque occurs. 
By comparing fig. 3.17A with B, we can see that the Design C 
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or D motors have a wider speed control range than the Design A 
or B motors.

Fig. 3.17

Next, let us examine the speed control by changing the rotor 
resistance.

To adopt the speed control by changing the rotor resistance, 
we need to use the wound-rotor type induction motors. The 
rotor resistance in the wound-rotor type induction motors can 
be varied by adding an external rheostat or a resistor bank to 
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the rotor windings via the slip rings. Changing the value of the 
rheostat will change the operating speed of the motor.

The slip at which the maximum torque occurs is proportional 
to the rotor resistance Rr as

( )22
.r

max r

s ls lr

Rs R
R X X

= ∝
+ +

Thus, changing the rotor resistance will alter the shape of 
the speed-torque curve and in turn, adjust the operating speed of 
the motor fig. 3.18 shows the speed-torque curves for different 
rotor resistances.

Fig. 3.18

The rotor resistance varying method also gives a limited 
controllable speed range. Moreover, inserting extra resistances 
into the rotor circuit seriously reduces the efficiency of the drive.

In the speed control methods of varying the stator voltage 
or the rotor resistance, the speed is considered to be changed by 
varying the slip at a constant stator frequency.

The efficiency of induction motors depends on the operating 
slip, the speed reduction by these methods will lead to a reduction 
in efficiency. Nevertheless, these speed control methods are 
applicable to small-sized motors that drive loads requiring  
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a torque proportional to the square of the operating speed  
such as fans or blowers. For such loads, since the power 
consumption is reduced significantly according to the reduction 
in the speed, the reduction in efficiency is relatively small.

3.2.2 Synchronous speed control. The rotor of an induction 
motor follows the stator magnetic field which rotates at the 
synchronous speed proportional to the applied stator frequency. 
Thus, changing the stator frequency is more fundamental to the 
speed control.

The relationship between the synchronous speed ns and the 
stator frequency fs is

120 .s
s

fn
P

=

The synchronous speed can be altered by changing the 
number of poles, this requires a complex motor construction. 
Moreover, it is not possible to provide a continuous change 
in the synchronous speed. Thus, it is more effective to change 
the stator frequency. The speed-torque characteristics for a 
variation in the stator frequency at the rated stator voltage are  
shown in fig. 3.19.

When changing the stator frequency to adjust the speed, if 
the stator voltage remains constant, then the stator frequency 
variations lead to the change of the developed torque as well as 
the operating speed as shown in fig. 3.19. The explanation is as 
follows.

At normal operating conditions, since the voltage drop  
across the stator resistance and leakage reactance are negligible 
in comparison to the applied voltage, the torque can be  
simplified as

( ) ( )

22

2 22
2

.s s r slr
mech

s s r sl lrr
s lr

V V RRT
s R LR L

s

  ω
≅ =  ω ω + ω   + ω 
 
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Fig. 3.19

It can be seen that at a fixed stator voltage and slip frequency, 
the developed torque is inversely proportional to the square of 
the stator frequency. 

The developed torque is proportional to the square of the 
air-gap flux and thus, is inversely proportional to the square of 
the stator frequency.

The air-gap flux depends on the ratio of the stator voltage Vs 
to the stator frequency fs as

.s s

s s

E V
f f

ϕ∝ ≈

The rotor current is also influenced by the variation of the 
stator frequency.

Assuming that at normal operating conditions, the stator 
resistance and leakage reactance are negligible, the rotor current 
varies inversely with the stator frequency as
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s

  ω
= = ∝ ω  + ω  + 

 

When adjusting the operating speed by changing the 
stator frequency, if the stator voltage is varied linearly with 
the frequency as shown in fig. 3.20, then the air-gap flux  
φ ≈ Vs/fs will remain constant and thus, the torque and rotor 
current will remain unchanged.

At low frequencies below a few Hertz, due to the influence 
from the voltage drop across the stator resistance and leakage 
reactance, the magnitude of the stator voltage determined by this 
linear V/f relationship will be insufficient to keep the magnitude 
of the air-gap flux constant. This is because the actual air-gap  
flux φ is not proportional to Vs/fs, but Es/fs. This results in 
reduction of the air-gap flux and in turn, reduction of the output 
torque. Thus, for the constant V/f control at a low operating 
frequency, we have to boost the stator voltage to compensate  
for the voltage drop of the stator resistance and leakage reactance 
as shown in fig. 3.20. 

Fig. 3.20
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This technique is called the constant volts per Hertz (V/f) 
control, which has become a popular variable speed drive for 
induction motors in general-purpose applications today.

The constant V/f control can be utilized for the speed 
control below the rated speed. If the stator frequency increases 
more than the rated frequency, the constant V/f ratio cannot be 
maintained due to the limitation of the applied voltage. Thus,  
for speeds higher than the rated speed, the maximum torque will 
be reduced due to the reduction in the air-gap flux.

Fig. 3.21 shows the speed-torque characteristics curves for 
several frequencies under the constant V/f control. To summarize, 
under the constant V/f operation of an induction motor,

− Torque is independent of the stator frequency;
− Rotor current is independent of the stator frequency;
− Synchronous speed is proportional to the stator  

frequency.

Fig. 3.21

In the induction motor drives with the constant V/f control, 
it should be noted that the torque and the rotor current are 
determined only by the slip angular frequency ωsl = sωs. We 
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can see from fig. 3.21 that the output torque can be produced  
equally at any speed for the same slip frequency. Thus, even 
though the speed is reduced by the stator frequency, the operating 
slip can be kept low so that the efficiency cannot be degraded 
unlike the slip control. Moreover, at start-up, a high starting 
torque can be achieved by applying a low stator frequency 
without requiring a high rotor resistance. After the starting, 
the stator frequency is increased along with the stator voltage 
according to the linear V/f relationship. Up to this point, we have 
discussed the open-loop speed control by the stator frequency. 
In the open-loop speed control, however, the steady-state speed 
can be affected by the load variation because the operating slip 
frequency depends on the load. In particular, in the low-speed 
region, the variation of the operating slip frequency may bring 
about a large error in the steady-state speed. Thus this open-
loop speed control needs a proper compensation to offset the 
speed error according to the load variation. More accurate 
speed control can be achieved by the closed-loop speed control, 
which adjusts the slip frequency under the constant V/f control  
as the following.

3.2.3 Closed-loop Speed Control by Adjusting the Slip 
Frequency under Constant V/f Control. Under the constant 
V/f control, the torque of an induction motor can be controlled 
by adjusting the slip frequency fr. The torque is rewritten in 
terms of the slip frequency fr as

( )

2

22

2 .
2

s r r
mech

s r r lr

V f RT
R f L

  π
=  ω + π 

Since the standard induction motors normally have 
Rr>>2πfrLlr, if the air-gap flux is constant, then the torque is 
proportional to the slip frequency fr as
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2

.2s
mech r

s r

VT f
R

  π
≅  ω 

Fig. 3.22 shows the block diagram of the closed-loop speed 
control system based on torque equation.

Fig. 3.22

In this speed control system, with the constant V/f operation, 
the slip frequency fr is adjusted so that the actual speed n follows 
the command speed n*.

Once the required slip frequency fr* is determined in this 
manner, the stator frequency command can be determined by the 
sum of the slip frequency and the rotor speed fm as

* *.s m rf f f= ±

Since the developed torque of an induction motor can be 
adjusted by the slip frequency, if the actual speed of the motor 
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is less than its command, then the controller increases the slip 
frequency to produce a larger torque. On the other hand, if the 
actual speed is higher than its command, then the controller 
decreases the slip frequency to reduce the developed torque. 
In this case, the variation range of the slip frequency should 
be limited within the maximum slip frequency, at which the 
breakdown torque occurs.

This speed control scheme for induction motors is widely 
used in general-purpose drives such as fans, pumps, and 
conveyors because it can improve the system efficiency and 
provide a satisfactory starting torque and a satisfactory steady-
state performance. This control can give a speed regulation of 
1–2 %. However, this control scheme is insufficient to achieve a 
high dynamic performance.

3.2.4 Operation Regions of Induction Motors. Induction 
motors have been traditionally used as constant speed motors 
supplied by the AC power source. However, recently, it has been 
increasingly used as variable speed motors driven by an inverter. 
The variable speed induction motor drive can be achieved by 
controlling the frequency and voltage applied to the motor.

The operation range of an induction motor can be
divided into three regions according to the output torque 

capability as
− constant torque region: speed range below the base speed;
− constant power region: speed range above the base speed;
− breakdown torque region: speed range above the base 

speed maintaining the maximum slip frequency.
The speed range above the base speed can be further 

divided into two subregions: constant power region and 
breakdown torque region. Because the field flux is reduced 
for operation in these regions, they are called field-weakening 
regions. Fig. 3.23 illustrates the output toque characteristic in  
each region.
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Fig. 3.23

3.2.4.1 Constant torque region. In this region, the motor 
speed is increased by increasing the stator frequency. To maintain 
the air-gap flux at a constant value, the applied stator voltage  
will be increased with the stator frequency according to the 
linear V/f relationship. In this control method, since the output 
torque is proportional to the slip frequency, the output torque can

be produced equally at any speed for the same slip frequency 
as shown in fig. 3.24.

Fig. 3.24

Hence, this speed range is called constant torque region. The 
maximum torque developed by the induction motor is limited 
only by the allowable current rating in this region.
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3.2.4.2 Constant power region. The induction motor will 
be operated with a constant voltage in the speed region above 
the base speed, the air-gap flux as well as the rotor current will 
decrease as the operating speed increases.

The steady-state equivalent circuit in fig. 3.25 implies that 
under a constant stator voltage Vs, an increase in the operating 
frequency causes the reactance to increase, resulting in a decrease 
of both the exciting current Iφ and rotor current Ir. Therefore 
the output torque of an induction motor in this region will be 
different from that in the constant torque region.

Fig. 3.25

Since the back-electromotive force (back-EMF) of the 
induction motor increases with the speed, the voltage applied 
to the motor should also be increased with the speed for the 
stator current to flow properly. However, since the terminal 
voltage of the motor should not exceed the rated (or nominal) 
voltage, the stator voltage cannot be increased above the rated 
voltage despite the speed increase. The onset speed, at which 
the terminal voltage of the motor becomes the rated voltage, is 
called the base speed.

The output torque and the rotor current of an induction 
motor were given as

213 ,r
e r

s

RT I
s

=
ω

  
( )

s s sl

r sl lrlr
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R LjX

 
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The following torque expression as a function of air-gap 
flux and rotor current can be obtained

( )22
.3 s r

e r r
s r sl lr

E RT I K I
R L

 
= ≅ ϕ ω  + ω

Under a constant stator voltage, an increase in the  
stator frequency leads to a reduction in both the air-gap flux 
φ~Es/ωs and the rotor current Ir. Therefore the output torque  
will decrease in proportion to 1/ωs

2. However, if we make the 
slip frequency ωsl increase as the stator frequency increases, 
then the rotor current will remain constant due to the reduced 
impedance Rr/s by the increase in the slip. In this way, if the 
rotor current remains constant despite the stator frequency 
increase, then the developed torque decreases in proportion  
to 1/ωs, not 1/ωs

2, as shown in fig. 3.26. Thus an enhanced  
output torque capability can be achieved. Therefore for operation 
in this region, the slip frequency ωsl should be increased as the 
stator frequency increases. In this case, since both the voltage 
and the current remain constant, this region is called the constant 
power region.

Fig. 3.26
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3.2.4.3 Breakdown torque region. In the constant power 
region, the slip frequency is increased with the speed increase 
to lower the reduction rate of the output torque. However, there 
is a limit to increasing the slip frequency because an induction 
motor has a maximum slip for the stable operation as

( )
max 22

.r

s ls lr

RS
R X X

=
+ +

Once the operating slip frequency reaches its maximum 
value, the rotor current will decrease and, in turn, the output 
torque will decrease in proportion to 1/ωs

2 as the stator frequency 
increases. Since the current will be decreased, the input  
power will not remain constant. In this case, an induction 
motor will be operated at the maximum slip for producing the 
breakdown torque. Thus this region is called the breakdown 
torque region.

Fig. 3.27 depicts characteristics such as voltage, current, 
developed output torque, flux, and slip frequency over the 
overall speed range. The curve, which shows the output torque 
capability versus the speed, is called the capability curve of an 
induction motor.

The base speed, at which the constant power region starts, 
does not usually coincide with the rated speed and varies with 
the available voltage, operating current, flux level, and load 
condition. The range of the constant power region depends on 
the maximum value of the slip frequency. As can be seen from 
equation for Smax, this maximum slip frequency is a function 
of leakage inductance, and thus, its range depends on the total 
leakage inductance, Xls+Xlr. For a standard induction motor, this 
value is normally 0.2 p.u., producing a constant power range 
up to two to three times the rated speed. By contrast, induction 
motors for high-speed drives often have a constant power region 
range over four times the rated speed.
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Fig. 3.27

3.3 Synchronous Motors

The name synchronous motors stems from its characteristic 
to develop the torque only when the rotor operates at the 
synchronous speed. Traditionally, large-sized synchronous 
machines have been mainly used as generators. As motors, 
they have been used to improve the power factor in the power 
grid by changing the field current, i.e., excitation. In this case, 
they are called synchronous condensers. In small sizes, they 
have been often used in applications requiring a constant speed  
operation.

However, recently, synchronous motors with a permanent 
magnet rotor are growing rapidly in use for variable speed 
drives instead of DC motors. This is because permanent magnet 
synchronous motors (PMSMs) have many advantages over other 
motors such as high efficiency, high power density, high dynamic 
response, and high power factor. However, one disadvantage 
is its higher cost in comparison to an induction motor. In this 
section, we will study the basic performance characteristics of 
the synchronous motor under steady-state conditions.
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The structure of the stator and rotor of a synchronous motor 
is shown fig. 3.28 ((A) Cylindrical type, (B) salient pole type, 
and (C) stator windings).

Fig. 3.28

A synchronous motor has the same stator configuration 
as an induction motor, but a different rotor structure. Unlike 
an induction motor, a synchronous motor has independent 
excitations for the stator and rotor windings, i.e., AC excitation 
to the stator winding and DC excitation to the rotor winding. 
The function of the stator winding, which is commonly called 
an armature winding, is to generate a rotating magnet field 
through its connection to a three-phase AC power source such 
as an induction motor. The rotor winding, which is called the 
field winding, generates a field flux with a DC excitation or by a 
permanent magnet.

There are two types of rotor construction: cylindrical (or 
nonsalient pole) type and salient pole type. A salient pole rotor is 
normally used for low-speed applications such as hydroelectric 
generators, while a cylindrical rotor is normally used in high-
speed applications such as steam or gas turbine generators.

3.3.1 Cylindrical Rotor Synchronous Motors. Since 
the rotor winding with a DC excitation can be represented as 
a simple R-L circuit without back-EMF, we need to discuss an 
equivalent circuit for only the stator winding.
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The stator windings of a synchronous motor are the same as 
those of an induction motor. Thus, the stator voltage equation of 
a synchronous motor is given as

.s
s s s

dR i
dt
λ

υ = +

However, since the stator flux linkage of a synchronous 
motor is different from those of an induction motor, we need to 
examine the stator flux linkage λs.

A synchronous motor has independent excitations for 
the stator and rotor windings. In the air gap, these excitations 
generate two magnetic fields which rotate at the synchronous 
speed as shown in fig. 3.29. One is generated by the stator 
winding currents as in an induction 
motor, and the other is generated by the 
field winding current. In synchronous 
motors, the torque is produced by the 
interaction of these two magnetic fields.

The rotating field flux φa generated 
by the three-phase AC currents Is 
flowing in the stator winding consists 
of the armature reaction flux φar and the 
leakage flux φal as

.a ar alϕ = ϕ +ϕ

The armature reaction flux φar corresponds to the 
magnetizing flux in the induction motor. The field flux φf 
generated in the field winding is also a rotating magnetic field 
rotating at the synchronous speed because the rotor itself rotates 
at the synchronous speed. In the air gap, there is a resultant of 
these two field fluxes as

.s f arϕ = ϕ +ϕ

Fig. 3.29
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Thus the flux linkage λs of the stator winding with an 
effective number of turns Ns will be expressed as

( ).s s f arNλ = ϕ +ϕ

In the stator winding, the voltage is induced by these two 
fluxes. The voltage Ef induced by the field flux φf is called the 
excitation voltage as shown in fig. 3.30. The magnitude of the 
excitation voltage is proportional to the field current and the 
rotor speed.

Fig. 3.30

The total induced voltage in the stator winding is the sum of 
these two induced voltages as

.s f arE E E= +

The voltage Ear induced by the armature reaction flux φar is 
called the armature reaction voltage.

Here, the armature reaction voltage Ear lags the armature 
reaction flux φar by 90°, so it can be expressed in terms of the 
armature reaction reactance Xar as

.ar a arE I jX=

Considering the total induced voltage, the voltage drop of 
the stator resistance Rs, and leakage reactance Xal, the stator 
voltage equation
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s s s s al s s s s al s ar fV I R I jX E I R I jX I jX E= + + = + + + =

,s s s s f s s fI R I jX E I Z E= + + = +

where Xs=Xar+Xal is the synchronous reactance and Zs=Rs+jXs  
is the synchronous impedance.

The complete per phase equivalent circuit of a cylindrical 
rotor synchronous motor under the steady-state condition is 
shown in fig. 3.31.

Fig. 3.31

The input power of a synchronous motor is given by

3 cos ,s sP V I= θ
where θ is the phase angle between the stator voltage Vs and the 
stator current Is (fig. 3.32).

The torque of a cylindrical rotor synchronous motor is 
obtained by dividing the output power by the synchronous  
speed ωs.

The phase angle δ between the stator voltage Vs and the 
excitation voltage Ef is an important factor of power transfer 
and stability in synchronous machines and is usually termed the 
power angle (or load angle). For motoring operation, this angle δ 
is also called the torque angle, and the stator voltage Vs is ahead 
of the excitation voltage Ef. The angle δ acts as the slip in an 
induction motor. The angle δ increases with the increased load. 
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This angle can also be regarded as the difference angle between 
the stator and the rotor rotating magnetic fields. In motoring 
operation, the stator magnetic field is ahead of the rotor magnetic 
field. The power and torque for synchronous machines are 
usually expressed as a function of the stator voltage, excitation 
voltage and their angle δ.

Fig. 3.32

From the phasor diagram shown in fig. 3.32, we have
	 ( ) ( )cos sin cos ,s f s s s sV E I X I Rδ = + θ−δ + θ−δ

( ) ( )sin cos sin .s s s s sV I X I Rδ = θ−δ − θ−δ

If the stator winding resistance Rs is neglected, then we can 
readily obtain

sin
cos .f

s
s

E
I

X
δ

θ =

The power is expressed by

max3 sin sin .s f

s

V E
P P

X
= δ = δ

Thus the developed torque is obtained by dividing the output 
power by the synchronous speed ωs as

max3 sin sin .s f

s s s

V EPT T
X

= = δ = δ
ω ω
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The output power and the torque vary as a sine of the torque 
angle δ as shown in fig. 3.33.

  
Fig. 3.33

The maximum torque occurs at a torque angle of 90 electrical 
degrees. This is called the pull-out torque, which indicates the 
maximum value of torque that a synchronous motor can develop 
without pulling out of synchronism. In general, its value varies 
from 1.25 to 3.5 times the full-load torque. In actual practice, 
however, the motor will never operate at a torque angle close 
to 90 electrical degrees because the stator current will be many 
times its rated value at this operation.

3.3.2 Salient Pole Rotor Synchronous Motors. As we 
can see in fig. 3.34, a salient pole synchronous motor has a 
nonuniform air gap due to the protruding rotor poles.

In this type of motor, the amount of the flux produced by 
the stator current varies according to the position of the rotor. 
A higher flux is generated along the poles in comparison to 
between the poles because the reluctance of the flux path is low 
along the poles and high between the poles.

To consider the saliency of the rotor in a synchronous motor 
model, we need to define the d and q axes as the following. The 
d-axis is defined as the axis along the poles, which is also the 
direction of the rotor flux produced by the field winding. The 
reluctance of the d-axis path is low due to the small air gap, 
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and thus the inductance Ld of the d-axis is large. On the other 
hand, the q-axis is defined as the axis between the poles, which 
is also the direction of the excitation voltage. The reluctance 
of the q-axis path is large due to the large air gap, and so the  
inductance Lq of the q-axis is small. Thus, Ld > Lq.

The stator current Is is 
expressed as

,s q dI I jI= −

where Iq=Iscosϕ, Id=Issinϕ, and ϕ is 
the phase angle between Iq and Id.

The d and q axes synchronous 
reactances are given by

,d ad alX X X= +  
,q aq alX X X= +

where Xal is the armature leakage reactance. The salient pole 
synchronous motor always Xd > Xq, normally Xq=(0,5~0,8)Xd.

The voltage equation of the salient pole rotor synchronous 
motor can be expressed by

.s s s d d q q fV I R I jX I jX E= + + +

In order to consider the flux variation with the position of 
the rotor, it is more effective to analyze the saliency of the rotor 
by using the divided stator current into two components of the 
current Id aligned with the d-axis and the current Iq aligned with 
the q-axis.

According to the d and q axes currents, the armature reaction 
flux φar is also divided into two components: the d-axis flux φd 
produced by the d-axis current Id and the q-axis flux φq by the 
q-axis current Iq. The relation between φd and Id is expressed by 
the d-axis armature reactance Xad, whereas the relation between 
φq and Iq is expressed by the q-axis armature reactance Xaq.

Fig. 3.34
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The equivalent circuit of the salient pole rotor synchronous 
motor is shown in fig. 3.35.

Fig. 3.35

The input power in terms of d-q axes currents, Id and Iq, can 
be expressed as

( ) ( )3 cos 3 cos 3 cos cos sin sins s s s s sP V I V I V I= θ = ϕ+ δ = ϕ δ − ϕ δ =

( )3 cos sin .s q dV I I= δ − δ

Fig. 3.36

From this phasor diagram, we have

s ,cos f d dV E I Xδ = +        .sins q dV I X=δ

The output power and the torque are given by

( )2

3 sin 3 sin 2 .
2

s d qs f

s d q

V X XV E
P

X X X
−

= δ + δ
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A salient pole synchronous motor has two torque components: 
electromagnetic torque Tf due to the field flux of the rotor and 
reluctance torque Tr due to the saliency of the rotor

( )2

3 sin 3 sin 2
2

.
Electromagnetic torque Reluctance torque 

s d qs f

s s s d q

s f r

V X XV E
X X XPT

T T

−
δ + δ

ω ω
= =
ω +

Fig. 3.37 shows the output torque according to the torque 
angle δ. Because of this reluctance torque, a synchronous 
motor with the salient pole rotor can produce more torque than 
a synchronous motor with the cylindrical rotor. In addition, 
this motor has the output torque to drive a load even if the 
field current is zero. Due to the reluctance torque, the torque  
angle δ at which the pullout torque occurs is less than  
90 electrical degrees.

Fig. 3.37
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4 MODELING OF ALTERNATING  
CURRENT MOTORS

For a proper control of a motor, we need to analyze its 
dynamic performance as well as steady-state performance. This 
requires a mathematical model, which describes the behavior 
of a motor. The motor model can be mainly expressed by the 
voltage and torque equations.

4.1 Modeling of Induction Motor

Consider a three-phase, two-pole induction motor as shown 
in fig. 4.1.

Fig. 4.1
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Assume that the stator windings have a number of 
effective turns Ns, resistance Rs, leakage inductance Lls, and 
self-inductance Ls. Similarly, the equivalent rotor windings 
have a number of effective turns Nr, resistance Rr, leakage 
inductance Llr, and self-inductance Lr. θr is the angular 
displacement between the stator and rotor axes. Here, we will 
not consider the nonideal characteristics such as the saturation 
of iron core, slots effect, and cogging torque. Although these 
are identical sinusoidal distributed windings, each displaced 
by 120, we will consider only the centered coil of each phase  
for simplicity.

Since an induction motor has six windings, we can express 
it by six voltage equations.

,as
as s as

dv R i
dt
λ

= +         ,bs
bs s bs

dv R i
dt
λ

= +

,cs
cs s cs

dv R i
dt
λ

= +         
'' ' ' ,ar

ar ar
dv R i

dt
λ

= +

'' ' ' ,br
br br

dv R i
dt
λ

= +        
'' ' ' ,cr

cr cr
dv R i

dt
λ

= +

where vas; vbs; vcs are the stator voltages, ias; ibs; ics are the stator 
currents, v’ar; v’br; v’cr are the rotor voltages, I’ar; I’br; I’cr are the 
rotor currents, λas; λbs; λcs are the stator flux linkages, and λar;  
λbr; λcr are the rotor flux linkages. Here, the primed variables 
denote the rotor variables that are referred to the stator by 
considering the turns ratio of the two windings. From this  
point on, we will skip the prime symbol (‘).

To solve the voltage equations, we need to know the flux 
linkage of each winding. Since there are six windings, one 
winding will be linked by not only the flux produced by its own 
winding current but also the flux produced by the current flowing 
in the other five windings.
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For example, the total flux linkage λas of the phase as winding 
shown in fig. 4.2.

as asas asbs ascs asar asbr ascrλ = λ + λ + λ + λ + λ + λ =

asas as asbs bs ascs cs asar ar asbr br ascr crL i L i L i L i L i L i= + + + + +

where the flux linkage λxsys represents the flux, which is produced 
by the current iys flowing in the ys winding and links the xs 
winding.

Fig. 4.2

Six flux linkages in the stator and rotor windings can be 
written by

⎣
⎢
⎢
⎢
⎢
⎡
λas
λbs
λcs
λar
λbr
λcr⎦
⎥
⎥
⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎢
⎡
λasas λasbs λascs
λbsas λbsbs λbscs
λcsas λcsbs λcsbs
λaras λarbs λarcs
λbras λbrbs λbrcs
λcras λcrbs λcrcs

     

λasar λasr λascr
λbsar λbsbr λbscr
λcsar λcsbr λcscr
λarbr λarbr λarcr
λbrar λbrbr λbrcr
λcrar λcrbr λcrbcr⎦

⎥
⎥
⎥
⎥
⎤

=

=

⎣
⎢
⎢
⎢
⎢
⎡
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎

   

𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝐿𝐿𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎⎦

⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎢
⎡
𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎
𝑖𝑖𝑖𝑖𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎⎦
⎥
⎥
⎥
⎥
⎤
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These inductances are largely divided into four groups as

( )
,

s srabcs abcs
T

abcr abcrsr r

L L i
iL L

 λ   
=     

   λ  

,

where Ls and Lr represent the inductance matrix of the stator and 
rotor windings, and Lsr represents the mutual-inductance matrix 
between the stator and rotor windings.

The flux produced by each winding can be separated into two 
components: the leakage flux which links only its own winding 
and the magnetizing flux which links both its own winding and 
the other windings.

4.1.1 Stator Windings. The stator inductance matrix Ls 
as shown in fig. 4.3 consists of the selfinductances of each 
stator winding and the mutual-inductance between the stator  
windings as

Fig. 4.3
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Thus the stator self-inductances Lasas; Lbsbs; Lcscs consist of 
the leakage inductance Lls and the magnetizing inductance Lms as

,asas bsbs cscs ls msL L L L L= = = +

where ( )( )2
0 / / 4 ,ms sL N rl g= µ π  μ0 is the permeability of air, l 

is the axial length of the air gap, and r is the radius to the mean 
of the air gap.

2 .1cos
3 2asbs ascs bsas bscs csas csbs ms msL L L L L L L Lπ = = = = = = = − 

 

The inductances of the stator windings are given by

2 2

.
2 2

2 2

ms ms
ls ms

asas asbs ascs
ms ms

s bsas bsbs bscs ls ms

csas csbs cscs
ms ms

ls ms

L LL L
L L L

L LL L L L L L
L L L L L L L

 + − − 
   
   = = − + −   
    

 − − +
  

4.1.2 Rotor Windings. The rotor inductance matrix Lr as 
shown in fig. 4.4 consists of the self-inductances of each rotor 
windings and the mutual-inductance between these windings as

The rotor self-inductances Larar; Lbrbr; Lcrcr consist of the 
leakage inductance Llr and the magnetizing inductance Lmr as

,arar brbr crcr lr mrL L L L L= = = +

where ( )( ) ( )0
22 / ./ 4 /= µ π =mr r r s msL N rl g N N L

2cos
3arbr arcr brar brcr crar crbr mrL L L L L L L π = = = = = = = 

 
2

,1 1
2 2

r
mr ms

s

NL L
N

 
= − = −  

 
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where Nr/Ns is the turns ratio of the stator and rotor windings.
The inductances of the rotor windings are given by

𝐿𝐿� � �
𝐿𝐿���� 𝐿𝐿���� 𝐿𝐿����𝐿𝐿���� 𝐿𝐿���� 𝐿𝐿����𝐿𝐿���� 𝐿𝐿���� 𝐿𝐿����

� �
⎣⎢
⎢⎢
⎡𝐿𝐿�� � ��𝐿𝐿�� ��� ���

� ��� ���
�

� ���
� 𝐿𝐿�� � ��𝐿𝐿�� ��� ���

�
��� ���

� ��� ���
� 𝐿𝐿�� � ��𝐿𝐿��⎦⎥

⎥⎥
⎤
, 

.r

s

Nn
N

 
=  
 

Fig. 4.4

4.1.3 Inductance between the Stator and Rotor Windings. 
First, we will explore the mutual-inductance matrix Lsr. This is 
related to the amount of flux, which is produced by the rotor 
windings and links the stator windings.
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The mutual-inductance consists of nine components as

.
asar asbr ascr

sr bsar bsbr bscr

csar csbr cscr

L L L
L L L L

L L L

 
 =  
  

The mutual-inductance vary sinusoidally with respect to the 
displacement angle θr of the rotor as shown in fig. 4.5.

.cos coss r
asar mr r ms r

r s

N NL L L
N N

  
= θ = θ  

   

Fig. 4.5

As an example, examine the mutual-inductance Lasar, which 
represents the ratio of the flux linking in the stator as winding 
to the rotor ar winding current generating the flux. If the rotor 
winding is rotating at a speed ωr, the relative position θr between 
the two windings will vary over time.

The other mutual-inductances are given by

o ,c sr
asar bsbr cscr ms r

s

NL L L L
N

 
= = = θ 

 
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2cos ,
3

r
asbr bscr csar ms r

s

NL L L L
N

  π = = = θ +   
  

2cos .
3

r
ascr bsar csbr ms r

s

NL L L L
N

  π = = = θ −   
  

With these inductances, the mutual-inductance matrix Lsr is 
given by

asar asbr ascr

sr bsar bsbr bscr

csar csbr cscr

L L L
L L L L

L L L

 
 = = 
  

2 2cos cos cos
3 3

2 2cos cos cos .
3 3

2 2cos cos cos
3 3

r r r

ms r r r

r r r

nL

 π π    θ θ + θ −        
 π π   = θ − θ θ +    

    
 π π   θ + θ − θ    

    

We can readily see that the mutual-inductances are a 
function of the rotor position and thus vary over time except for 
at a standstill.

The flux linkage of the stator windings is given by

abcs s abcs sr abcrL i L iλ = + =

2 2

2 2

2 2

ms ms
ls ms

as
ms ms

ls ms bs

cs
ms ms

ls ms

L LL L
i

L LL L i
iL L L L

 + − − 
  
  = − + − +  
    

 − − +
  
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2 2cos cos cos
3 3

2 2cos cos cos .
3 3

2 2cos cos cos
3 3

r r r

ar

ms r r r br

cr

r r r

i
nL i

i

 π π    θ θ + θ −          
 π π     + θ − θ θ +              π π   θ + θ − θ    

    

Like Lsr, the mutual-inductance Lrs also becomes time-
varying except at a standstill. Therefore the time-varying 
coefficients will appear in the voltage equations of the rotor 
windings.

The flux linkage of the rotor windings is given by

abcr r abcr rs abcsL i L iλ = + =

2 2 2

2 2

2 2 2

2 2

2 2

2 2

ms ms
ls ms

ar
ms ms

ls ms br

cr
ms ms

ls ms

L LL n L n n
i

L LL n L n i
iL Ln n L n L

 + − − 
  
  = − + − +  
    

 − − +
  

2 2cos cos cos
3 3

2 2cos cos cos .
3 3

2 2cos cos cos
3 3

r r r

as

ms r r r bs

cs

r r r

i
nL i

i

 π π    θ θ − θ +          
 π π     + θ + θ θ −              π π   θ − θ + θ    

    



98

І. С. Білюк, С. О. Гаврилов, О. В. Савченко, А. М. Фоменко, Д. Ю. Шарейко

Finally, the total flux linkages of the induction motor are 
given by

⎣
⎢
⎢
⎢
⎢
⎡λ��λ��
λ��
λ��
λ��
λ�� ⎦
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𝑛𝑛𝑛𝑛�� cos �θ� � ��
� � 𝑛𝑛𝐿𝐿�� cos �θ� � ��

� � 𝑛𝑛𝐿𝐿�� cos θ�
𝐿𝐿�� � 𝑛𝑛�𝐿𝐿�� � �

� 𝑛𝑛�𝐿𝐿�� � �
� 𝑛𝑛�𝐿𝐿��

� �
� 𝑛𝑛�𝐿𝐿�� 𝐿𝐿�� � 𝑛𝑛�𝐿𝐿�� � �

� 𝑛𝑛�𝐿𝐿��
� �

� 𝑛𝑛�𝐿𝐿�� � �
� 𝑛𝑛�𝐿𝐿�� 𝐿𝐿�� � 𝑛𝑛�𝐿𝐿�� ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢⎢
⎢
⎢
⎡𝑖𝑖��𝑖𝑖��𝑖𝑖��𝑖𝑖��𝑖𝑖��𝑖𝑖�� ⎦

⎥⎥
⎥
⎥
⎤
.

4.2 Modeling of Permanent Magnet Synchronous Motor

4.2.1 Structure of Permanent Magnet Synchronous 
Motors. Synchronous motors can be divided into several 
categories according to the ratio of electromagnet torque to 
reluctance torque as shown in fig. 4.6.

Fig. 4.6

The stator configuration of a synchronous motor is the same 
as that of an induction motor. The stator windings are connected 
to a three-phase AC source to generate a rotating magnetic 
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field. However, unlike an induction motor having three-phase 
windings, the rotor of a synchronous motor has a field winding 
or a permanent magnet to generate a magnetic field flux on it. 
In recent years the magnetic field for synchronous motors has 
been generated mostly by using a permanent magnet rather than 
a field winding.

In addition to the electromagnetic torque produced by the 
magnetic fields of the stator and rotor, synchronous motors with 
a salient rotor can exploit reluctance torque.

PMSMs offer many advantages over other motors. They 
have a higher efficiency than induction motors because there are 
no copper losses by the rotor. In addition, they exhibit a high 
power density, high torque-to-volume ratios, and a fast dynamic 
response. Besides these advantages, PMSMs with magnetic 
rotor saliency use reluctance torque as well as magnet torque. 
Owing to these attractive characteristics, PMSMs are gaining 
more attention for a wide variety of residential and industrial 
drive applications, ranging from general-purpose drives to high-
performance drives.

A distributed winding has been typically used as a three-
phase stator winding configuration to produce a sinusoidal 
flux in the air gap as shown in fig. 4.7a. However, recently, a 
concentrated winding has been increasingly used in PMSMs  
as shown in fig. 4.7b.

Although a concentrated winding gives less sinusoidal 
magnetomotive force distribution compared to a distributed 
winding, this type of winding can provide several advantages 
such as high power density, high efficiency, short end turns, high 
slot-fill factor, low manufacturing costs by segmented stator 
structures, low cogging torque, flux-weakening capability, and 
fault tolerance.

There are two main types of a concentrated winding: single-
layer winding configuration, where each slot is occupied by the 
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coil sides of one phase, and double-layer winding configuration, 
where each slot is occupied equally by the coil sides of  
two phases.

    

Fig. 4.7

The rotor of PMSMs has a permanent magnet to generate 
a magnetic field flux on it. The characteristics of PMSMs such 
as the power density, torque density, weight, and size may vary 
according to the chosen permanent magnet material. These 
days, a neodymium magnet (also known as NdFeB) is the most 
commonly employed for PMSMs due to its excellent magnetic 
characteristics and low cost. Even though we use the same 
permanent magnet material, many characteristics of PMSMs are 
heavily dependent on rotor configurations involving the shape 
and arrangement of the permanent magnets.
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PMSMs can be divided into two types according to the 
direction of the magnetic flux produced from the permanent 
magnets as shown in fig. 4.8: radial-flux type and axial-flux 
type.

Fig. 4.8

In the radial-flux type, the rotor which is cylindrical in shape 
rotates inside the stator and the magnetic flux crosses the air gap 
in a radial direction. On the other hand, in the axial-flux type, the 
rotor which resembles a pancake rotates beside the stator and the 
magnetic flux crosses the air gap in an axial direction.

The radial-flux type PMSMs can also be further classified 
into two categories based on the position of the permanent 
magnets as shown in fig. 4.9: surface-mounted permanent 
magnet synchronous motor (SPMSM) with magnets mounted 
on the surface of the rotor (A) and interior permanent magnet 
synchronous motor (IPMSM) with magnets buried inside the 
rotor iron core (B, C).

As for IPMSM, there are two topologies according to the 
arrangement of the permanent magnets: parallel topology, in 
which the magnetic poles are located parallel to the circumference 
of the rotor as shown in fig. 4.9b and perpendicular topology 
(also called spoke type), in which the magnetic poles are located 
perpendicularly to the circumference as shown in fig. 4.9c. 
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IPMSMs with the parallel topology are more commonly used. 
The perpendicular topology can concentrate the magnetic flux 
of the magnets and achieve a high pole number, so that the flux 
density in the air gap can be higher than the flux density of the 
magnet itself. Thus although low cost and low flux density magnet 
material such as ferrite is employed, the motor can exhibit a high 
torque density. However, due to the flux concentration at the 
pole edges, there may be a high harmonic distortion in the air-
gap flux density near the pole tips and thereby in the back-EMF 
profile. This also leads to a high ripple in the developed torque. 
SPMSMs and IPMSMs are different in their characteristics, 
requiring different control methods.

Fig. 4.9

4.2.2 Model of Permanent Magnet Synchronous Motors. 
For a parallel topology IPMSM, the q-axis inductance is higher 
than the d-axis inductance because of the magnets placed along 
with the d-axis. Although the rotor of an IPMSM is cylindrical 
in shape, we will express it as a magnetic equivalent salient rotor 
as shown in fig. 4.10 to simplify the analysis of the IPMSM.

As a PMSM has no rotor circuits, we can consider only the 
voltage equations for the stator windings. The stator windings 
of a synchronous motor are the same as those of an induction 
motor. Thus the stator voltage equations will be
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,abcs
abcs s abcs

dv R i
dt
λ

= +

where [ ] ,T
abcs as bs csv v v v=  [ ] , T

abcs as bs csi i i i=  [ ] .T
abcs as bs csλ = λ λ λ

Fig. 4.10

The flux linkage of an IPMSM has the following four 
components: the flux linkages due to the stator currents and the 
flux linkage due to the permanent magnet as

,as asas asbs ascs asfλ = λ + λ + λ +ϕ

,bs bsas bsbs bscs bsfλ = λ + λ + λ +ϕ

.cs csas csbs cscs csfλ = λ + λ + λ +ϕ

These flux linkages can be expressed as the product of the 
related current and inductance as

,as asas as asbs bs ascs cs asf fL i L i L i L Iλ = + + +

,bs bsas as bsbs bs bscs cs bsf fL i L i L i L Iλ = + + +

.cs csas as csbs bs cscs cs csf fL i L i L i L Iλ = + + +
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Since a synchronous motor has a different rotor configuration 
from that of an induction motor, the components of the flux 
linkage of the stator windings are different.

The stator inductances of

.
asas asbs ascs

s bsas bsbs bscs

csas csbs cscs

L L L
L L L L

L L L

 
 =  
  

The self-inductance of an IPMSM, unlike an induction 
motor, may be different depending on the angular position  
of the rotor because the effective air gap may vary with the 
position of the rotor.

Consider an example of the phase as winding as shown  
in fig. 4.11.

Fig. 4.11

In this case, the self-inductance becomes the maximum 
value at the rotor positions of both 90 and 270 (the smallest 
reluctance position), where the flux produced by the phase as 
current becomes the maximum value. This, in turn, makes the 
flux linking its own winding to become the maximum value. On 
the other hand, the self-inductance becomes the minimum value 
at the rotor positions of both 0 and 180 (the largest reluctance 
position).

The self-inductances vary sinusoidally with respect to the 
rotor angle θr and can be expressed as
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cos 2 ,asas ls A B rL L L L= + − θ

2cos 2 ,
3bsbs ls A B rL L L L  = + − θ − π 

 

2cos 2 .
3cscs ls A B rL L L L  = + − θ + π 

 

where Lls represents the leakage inductance, LA represents the 
average value of the magnetizing inductance, and LB represents 
the variation in value of the magnetizing inductance.

Similar to those of an induction motor, the mutual-
inductances between the stator windings also vary sinusoidally 
with respect to the angle θr as shown in fig. 4.12.

Fig. 4.12

Thus they are given by

1 cos 2 ,
2 3asbs bsas A B rL L L L π = = − − θ − 

 

1 cos 2 ,
2 3ascs csas A B rL L L L π = = − − θ + 

 

.1 cos 2
2bscs csbs A B rL L L L= = − − θ
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With these inductances, the stator inductance is given by
𝐿𝐿� � 

�
⎣
⎢⎢
⎢
⎡ 𝐿𝐿�� � 𝐿𝐿� � 𝐿𝐿� cos 2 θ� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
�� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
��

� �
� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �

�� 𝐿𝐿�� � 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
� π� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 θ�
� �

� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
�� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 θ� 𝐿𝐿�� � 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
� π�⎦

⎥⎥
⎥
⎤
. 

The mutual-inductances Lasf Lbsf Lcsf relevant to the amount 
of the permanent magnet flux linking the stator windings.  
These mutual-inductance are different depending on the  
position of the rotor because the magnet flux linking to the 
stator windings varies with the position of the rotor. As an  
example of the phase as winding, from fig. 4.13, the mutual-
inductance becomes a maximum value at the rotor position  
of 0, while it becomes a minimum value at the rotor position  
of 180.

Fig. 4.13Fig. 4.13 

λ���� � 𝐿𝐿�𝑖𝑖���� � 𝐿𝐿�𝐼𝐼� � 

�
⎣
⎢⎢
⎢
⎡ 𝐿𝐿�� � 𝐿𝐿� � 𝐿𝐿� cos 2 θ� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
�� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
��

� �
� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �

�� 𝐿𝐿�� � 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
� π� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 θ�
� �

� 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
�� � �

� 𝐿𝐿� � 𝐿𝐿� cos 2 θ� 𝐿𝐿�� � 𝐿𝐿� � 𝐿𝐿� cos 2 �θ� � �
� π�⎦

⎥⎥
⎥
⎤
�
𝑖𝑖��𝑖𝑖��𝑖𝑖��
�. 

Unlike self-inductances, the mutual-inductances vary by 
cosθr per one mechanical revolution of the rotor. So we have

cos ,asf sf rL L= θ
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2cos ,
3bsf sf rL L  = θ − π 

          
2cos .
3csf sf rL L  = θ + π 

 

All the inductances in the flux linkages of an IPMSM are 
time varying except for at a standstill of the motor. Therefore the 
time-varying coefficients will appearing the voltage equations 
of an IPMSM.

We can see that the voltage equations of an induction motor 
and a synchronous motor are expressed as the differential 
equations with time-varying coefficients. Fortunately, by 
employing the reference frame transformation, these time-
varying inductances in the voltage equations can be eliminated. 
Now, we will study the reference frame transformation and the 
AC motor models expressed by the dq variables.

4.3 Reference Frame Transformation

Reference frame transformation refers to a transformation 
of the three-phase abc variables commonly used in AC systems 
to dqn variables orthogonal to each

other. This transformation is often known as d-q 
transformation. fig. 4.14 compares these variables. Here, the 
direction of the abc variables is considered to be the direction of 
the magnetic axes of their windings.

The direction of d, q, and n axes in orthogonal coordinates 
will be defined as the following.

− d-axis (direct axis);
− q-axis (quadrature axis);
− n-axis (neutral axis).
d-axis (direct axis). The direction of the d variable,  

which is called the d-axis, is normally chosen as the direction 
of the magnetic flux in the AC motor. In the vector control  
for AC motors, the d-axis is regarded as the reference axis,  
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and the flux-producing component of motor current is aligned 
along the d-axis.

Fig. 4.14

q-axis (quadrature axis). The direction of the q variable, 
which is called the q-axis, is defined as the direction 90 ahead 
of the d-axis. In the vector control for AC motors, the torque-
producing component of motor current or the back-EMF is 
aligned along the q-axis.

n-axis (neutral axis). The direction of the n variable, which 
is called the n-axis, is defined as the direction that is orthogonal 
to both the d- and q-axes. The n-axis has nothing to do with  
the mechanical output power of the AC motor but is related  
to the losses.

4.3.1 Types of the d-q Reference Frame. The frame 
of reference, consisting of d, q, and n axes, may rotate at 
any speed or remain stationary. Therefore, it can be mainly 
divided into stationary reference frame and rotating reference 
frame according to whether or not it will rotate as shown in  
fig. 4.15.

Stationary reference frame This frame of reference remains 
stationary. In other words, in the stationary reference frame,  
the d-q coordinate system does not rotate. This will be denoted 
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by ds-qs axes. Normally, in AC motor drives, ds-axis is chosen 
as the axis of phase as. This reference frame is also called stator 
reference frame.

Rotating reference frame This frame of reference rotates at 
an angular speed ω. In other words, in the rotating reference 
frame, the d-q coordinate system rotates at a speed ω. The speed 
of rotation can be chosen arbitrarily. In this book this reference 
frame will be denoted by dω-qω axes.

Fig. 4.15

Although the rotation of the d-q coordinate system can be 
arbitrarily set to any speed, there are two widely used speeds 
or reference frames. The first one is a synchronously rotating 
reference frame or synchronous reference frame, which rotates 
at the speed of the rotating magnetic field and will be denoted 
by de-qe axes. The second one is a rotor reference frame, 
which rotates at the speed of the rotor and will be denoted  
by dr-qr axes.

4.3.2 Reference Frame Transformation by Matrix 
Equations. The reference frame transformation can be simply 
considered as the orthogonal projection of the three-phase abc 
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variables fa; fb; fc onto the d-q axis in the stationary reference 
frame (ds-qs axes).

Fig. 4.16 demonstrates the transformation of the three- 
phase abc variables into dqn variables in the stationary reference 
frame.

The d- and q-axes variables becomes

( ) 2 2cos 0 cos cos ,
3 3

s
d a b cf k f f f    = + − π + π        

( ) 2 2sin 0 sin sin .
3 3

s
d a b cf k f f f    = + − π + π        

Here, the coefficient k can be chosen arbitrarily.

Fig. 4.16

The frame of reference can rotate at an angular velocity ω. 
So, the transformation of the three-phase stationary abc variables 
into dqn variables in the arbitrary reference frame rotating at  
a speed ω can be generally formulated as

( ) ,dqn abcf T fω = θ
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where 
1
,dqn d q nf f f f =    [ ]Tabc a b cf f f f=  and [ ]T  denotes the 

transpose of a matrix. fx can represent the variables of an AC 
motor such as voltage, current, and flux linkage.

The transformation matrix T(θ) is defined as

( )

2 2cos cos cos
3 3

2 2 2sin sin sin ,
3 3 3

1 1 1
2 2 2

T

    θ θ− π θ+ π        
    θ = − θ − θ− π − θ+ π    

    
 
 
 

where the angular displacement ( ) ( )0 .dθ = ∫ω τ τ + θ  The 
coefficient of 2/3 is normally used when applying the 
transformation to motor variables.

From this equation, it can be seen that the fn variable is 
independent of the reference frame but is related arithmetically 
to the abc variables. Fig. 4.17 demonstrates the resolution of the 
three-phase abc variables fa; fb; fc into the d- and q-axes in the 
stationary reference frame (ds-qs axes).

In the transformation matrix T(θ) the coefficient k 
is chosen as 2/3. In this case the magnitude of the dq 
variables is exactly identical to that of the abc variables, 
so, this transformation is called magnitude invariance 
transformation.

On the other hand, when using the coefficient of  
sqrt(2/3), the power remains the same value in the two  
reference frames, i.e., Pdqn=Pabc. So, this transformation is  
called power invariance transformation. However, the 
magnitude of the dq variables is not equal to the magnitude  
of the abc variables.
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Fig. 4.17

4.3.3 Transformation of abc variables into dqn variables 
in the stationary reference frame. From setting θ = 0 the 
transformation of the three-phase abc variables into dqn variables 
in the stationary reference frame is given by

( )

1 11
2 2

2 3 30 0 .
3 2 2

1 1 1
2 2 2

a
s

dqn abc b

c

f
f T f f

f

 − − 
   
   = = −   
     
  

This is known as Clark’s transformation.
Transformation of abc variables into dqn variables in the 

stationary reference frame

2 ,
3

s a b c
d

f f ff − −
=
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( )1 ,
3

s
q b cf f f= −

( )2
.

3
a b cs

n

f f f
f

+ +
=

In the stationary reference frame, the dqn variables are 
arithmetically related to the abc variables. In particular, if 
the sum of the abc variables in a balanced threephase system 
with no neutral connection is zero, i.e., fa + fb + fc = 0, then the  
n-axis variable is zero, i.e., 0s

nf = . Thus, s
d af f= , i.e., the  

ds-axis variable is always equal to the phase a-axis variable.  
In this case the dq variables are reduced as following

( )0 ,s s
d a nf f f= =

( )1 .
3

s
q b cf f f= −

The inverse transformation of the dqn variables in the 
stationary reference frame into the abc variables is as following

,s
a df f=

,1 3
2 2

s s
b d qf f f= − +

.1 3
2 2

s s
c d qf f f= − −

4.3.4 Transformation between reference frames. Consider 
a transformation between reference frames. For the analysis of 
AC motors, it is often required to transform the variables in one 
reference frame to variables in another reference frame as shown 
in fig. 4.18 ((A) Stationary into rotating frame and (B) rotating 
into stationary frame).
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As a widely used transformation, the transformation of the 
stationary reference frame into the rotating reference frame can 
be formulated as

( )
cos sin 0
sin cos 0 .
0 0 1

s
d

e s s
dqn dqn q

s
n

f
f R f f

f

 θ θ 
  = θ = − θ θ   
     

This is known as Park’s transformation.

Fig. 4.18

Transformation of stationary reference frame into rotating 
reference frame

cos sin ,e s s
d d qf f f= θ+ θ

sin cos .e s s
q d qf f f= − θ+ θ

Inverse transformation of stationary reference frame into 
rotating reference frame

cos sin ,= θ− θs e e
d d qf f f

sin cos .s e e
q d qf f f= θ+ θ

The procedure for all the transformations just mentioned is 
summarized in fig. 4.19.
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Fig. 4.19

The instantaneous power may be expressed in abc  
variables as

,T
a a b b c c abc abcP v i v i v i V I= + + =

[ ] ,TT
abc a b cV v v v=  [ ].abc a b cI i i i=

By transforming the above equation into the arbitrary 
reference frame rotating at any angular velocity ω, the 
instantaneous power is given by

( ) ( ) ( )− ω − ω ω ω   = = θ θ = =   
1 1

abc abc dqn dqn dqn dqnP V I T V T I V I

( )3
.

2 d d q q n nv i v i v iω ω ω ω ω ω= + +

4.4 Reference Frame Transformation by Complex Vector

The complex vector representation allows us to analyze the 
three-phase system as a whole instead of looking at each phase 
individually. A space vector is different from a phasor, which is a 
representation of the amplitude and phase for a sine wave in the 
steady-state condition.
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Any three-phase quantity can be represented by a vector fabc 
in the complex plane as shown in fig. 4.20.

Fig. 4.20

This vector is called the complex space vector, or in short, 
space vector.

A complex space vector is defined as

( )22 ,
3abc a b cf f af a f≡ + +  

( ) ( )( )2 /3 4 /32, .j ja e a eπ π= =

This space vector rotates at the same angular velocity ωe as 
that of the three-phase quantities as shown in fig. 4.21.

The amplitude of a space vector is equal to the peak value of 
the phase quantity. The rotating magnetic field is identical to the 
space vector of magnetic fields produced by currents flowing in 
three-phase windings.

When comparing the complex plane with the d-q coordinate 
system, we can see that these two systems have similar 
orthogonal coordinates, that is, the real-axis and the imaginary-
axis correspond to the d-axis and the q-axis in the stationary 
reference frame, respectively.
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Fig. 4.21

Inversely, the quantities of a three-phase system from the 
space vector fabc are given by

[ ] ( ) ( )2R ,2 1Re e
3 3a abc n a b c a b c af f f f af a f f f f fω  = + = + + + + + =  

2 ,Reb abc nf a f f ω = +    

[ ] .Rec abc nf af f ω= +

where Re represents the real part of the complex vector.
The space vector fabc equals to the vector s

dqf  in the stationary 
reference frame, which has the d- and q-axes components

.s s s
dq d qf f jf= +

A vector ω
dqf  in the arbitrary reference frame rotating at a 

speed ω in fig. 4.22 can be expressed as

.dq d qf f jfω ω ω= +

The d- and q-axes components of this vector are given by

2 2 4cos cos cos ,
3 3 3d a b cf f f fω     = θ+ θ− π + θ− π        
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2 2 4sin sin sin .
3 3 3q a b cf f f fω     = − θ+ θ− π + θ− π        

Since the d-q axis may rotate at any angular velocity, 
we need to take a look at the relationship between a space 
vector and a vector in the d-q axes rotating at an angular  
velocity.

Fig. 4.22

We have just studied the transformation changing the 
reference frame of variables. Now, we are going to find out the 
model of AC motors expressed in the d-q reference frame. Then, 
it will be found that the time-varying inductances in the voltage 
equations of AC motors can be eliminated by employing the 
reference frame transformation. First, let us find out the d-q axes 
model for an induction motor.

Using Euler formula, becomes

( )2 2 2cos sin cos sin
3 3 3dq a bf f j f jω      = θ− θ + θ− π − θ− π +         

4 4cos sin
3 3cf j    + θ− π − θ− π =        
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2 4ð
23 3 2 .2

3 3
j j

j j j
a a a a a a abcf e f e f e f af a f e f e

   − θ− − θ− π   − θ − θ − θ   
 

 = + + = + + =   
  

2 4ð
23 3 2 .2

3 3
j j

j j j
a a a a a a abcf e f e f e f af a f e f e

   − θ− − θ− π   − θ − θ − θ   
 

 = + + = + + =   
  

We can see that there is only a phase difference of θ between 
fabc and ω

dqf . This phase difference comes from the angular 
displacement between the complex plane and the d-q axes 
rotating at an angular velocity.

By letting θ = 0, we can identify that the space vector fabc 
equals to the vector s

dqf  in the d-q axis of the stationary reference 
frame as

0 .s j
dq abc abcf f e f−= =

A vector dqf ω  in the rotating reference frame with the angular 
velocity ω = ωe can be expressed as

e ej je s
dq abc dqf f e f e− θ − θ= =  ( ) ( )( )0 .e e t dtθ = ∫ω + θ

The instantaneous power is expressed in terms of the 
complex vector as

**3 3 Re Re ,
2 2abc abc dq dqP V I V Iω ω  = =   

where *
abcI ; *

dqI  are the complex conjugates of Iabc; Idq,  
respectively.

4.5 d-q Axes Model of an Induction Motor

4.5.1 Voltage Equations on the d-q Axes. The voltage 
equations for the stator and rotor windings of an induction motor 
and the flux linkages are rewritten as
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,abcs
abcs s abcs

dv R i
dt
λ

= +       ,abcr
abcr r abcr

dv R i
dt
λ

= +

( )
.

s srabcs abcs
T

abcr abcrsr r

L L i
iL L

 λ   
=     λ     

The voltage equations expressed in currents and indu-
ctances as

( )
,

s s srabcs abcs
T

abcr abcrsr r r

R pL L i
ip L R pL

+ λ   
=     λ +     

where p is the time derivative operator d/dt.
The transformation of the stator voltage equations into  

the d-q axes rotating at an arbitrary speed ω is as follows

( ) ( ) ( ) ,abcs
abcs s abcs

dT v T R i T
dt
λ

θ = θ + θ

where ( ) ( ) 1 .s sT R T R−θ θ =

( ) ( ) ( ) ( )
1

1 ,dqns s dqns dqns

dT
v R i T T T

dt

−
−ω ω ωθ

= + θ λ + θ θ

where ( ) ( ) 1 0 0
0 0 .

0 0 0

dT
T

dt

− −ω 
θ  θ = ω 

  

0 0
0 0 .

0 0 0

dqns
dqns s dqns dqns

d
v R i

dt

ω
ω ω ω

−ω 
λ = + ω λ + 

  
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This can be resolved into as

,ds
ds s ds qs

dv R i
dt

ω
ω ω ωλ
= + −ωλ

,
ω

ω ω ωλ
= + +ωλqs

qs s qs ds

d
v R i

dt

.ns
ns s ns

dv R i
dt

ω
ω ω λ
= +

In addition, it should be noted that the flux linkages in these 
speed voltages are cross-coupled.

Next, we will transform the rotor voltage equations into d-q 
axes rotating at an arbitrary speed ω.

The angle used in the transformation should be θ–θr = β.

( )( ) ,e t dtθ = ∫ω        ( )( )r .r t dtθ = ∫ω

With the angle β, we can transform the rotor voltage 
equations into the d-q axes rotating at an arbitrary speed ω as

( ) ( ) ( ) ,abcr
abcr r abc

dT v T R i
dt
λ

β = β + β

( ) ( )( ) ( )
( ) 1

1 ,
dqnr

dqnr r dqnr

d T
v T R T i T

dt

− ω
−ω ω

 β λ = β β + β

( ) ( ) 1 ,s rT R T R−β β =

( ) ( ) ( ) ( )
1

1 ,dqnr
dqnr r dqnr dqnr

ddT
v R i T T T

dt dt

− ω
−ω ω ω λβ

= + β λ + β β

( )0 0
0 0 .

0 0 0

r
dqnr

dqnr r dqnr r dqrs

d
v R i

dt

ω
ω ω ω

− ω−ω 
λ = + ω−ω λ + 

  
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This can be resolved into

( )dr
dr r dr r qr

dv R i
dt

ω
ω ω ωλ
= + − ω−ω λ ,

( )
ω

ω ω ωλ
= + + ω−ω λqr

qr r qr r dr

d
v R i

dt
,

nr
nr r nr

dv R i
dt

ω
ω ω λ
= + .

From the standpoint of the rotor, which rotates at the  
speed ωr, the d-q axes will rotate at the difference speed ω-ωr.

For squirrel-cage rotor induction motors, since the rotor  
bars are short-circuited by the end rings, the rotor voltage is 
zero, and thus,

0,drvω =      0,qrvω =      0.nrvω =

4.5.2 Flux Linkage Equations in the d-q Axes.

( ) ( ) ( )abcs s abcs sr abcrT T L i T L iθ λ = θ + θ ,

( ) ( )( ) ( ) ( )( )1 1 ,dqns s dqns sr dqnrT L T i T L T iω − ω − ωλ = θ θ + θ β

0

,

3 30 0 0
2 2

3 30 0 0 0
2 2

0 0 0 0 0

ls ms ms

dqns ls ms dqns ms dqn

ls

L L L

L L i L i

L

ω ω ω

   +   
   
   λ = + +   
   
   
      
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( ) ( )1

3 0 0
2

30 0
2

0 0

ls ms

s ls ms

ls

L L

T L T L L

L

−

 + 
 
 θ θ = + 
 
 
  

,

( ) ( )1

3 0 0
2

30 0 .
2

0 0 0

ms

sr ms

L

T L T L−

 
 
 
 θ β =  
 
 
  

The stator flux linkages in the d-q axes as

,3
2m msL L=       ,s ls mL L L= +

( ) ,ds ls ds m ds dr s ds m drL i L i i L i L iω ω ω ω ω ωλ = + + = +

( ) ,qs ls qs m qs qr s qs m qrL i L i i L i L iω ω ω ω ω ωλ = + + = +

.ns ls nsL iω ωλ =

Next, we transform the rotor flux linkage.
The d-q axes rotating at an arbitrary speed ω as follows

( ) ( ) ( ) ,T
abcr r abcr sr abcsT T L i T L iβ λ = β + β

( ) ( )( ) ( ) ( )( )1 1 ,T
dqnr r dqnr sr dqnsT L T i T L T iω − ω − ωλ = β β + β θ
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2
.

3 30 0 0 0
2 2

3 30 0 0 0
2

0 0 0 0 0

ls mr ms

dqnr ls mr dqnr ms dqns

ls

L L L

L L i L i

L

ω ω ω

   +   
   
   λ = + +   
   
   
      

Assuming the turns ratio / 1s rN N =  and letting 

,3 3
2 2m mr msL L L= =  r lr mL L L= + . We will have rotor flux  

linkages in the d-q axes as

( ) ,dr lr dr m dr ds r dr m dsL i L i i L i L iω ω ω ω ω ωλ = + + = +

( ) ,qr lr qr m qr qs r qr m qsL i L i i L i L iω ω ω ω ω ωλ = + + = +

.nr lr nrL iω ωλ =

From the flux linkage expressions of the stator and rotor  
in the d-q axes, it is found that the main purpose of the 
transformation has been achieved. In other words, by 
employing the reference frame transformation, the time-
varying mutual-inductances due to the relative motion 
between the stator and rotor windings become constant in the 
d-q reference frame. This result can be valid regardless of the 
rotating speed of the reference frame. Furthermore, the flux 
linkages become magnetically decoupled between the d- and  
q-axes.

Fig. 4.23 shows the d-q axes equivalent circuits.
We can obtain voltage and flux linkage equations in the 

different reference frames by setting ω=0 for the stationary 
reference frame, ω=ωe for synchronously rotating reference 
frame, and ω=ωr for rotor reference frame.
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Fig. 4.23

Stationary reference frame (ω=0)

,s s s
ds s ds dsv R i p= + λ

      ,s s s
ds s ds m drL i L iλ = +

,s s s
qs s qs qsv R i p= + λ      ,s s s

qs s qs m qrL i L iλ = +

,0 s s s
r dr dr r qrR i p= + λ +ω λ      ,s s s

dr r dr m dsL i L iλ = +

,0 s s s
r qr qr r drR i p= + λ −ω λ      .s s s

qr r qr m qsL i L iλ = +

Synchronously rotating reference frame (ω=ωe)

,e e e e
ds s ds ds e qsv R i p= + λ −ω λ        ,e e e

ds s ds m drL i L iλ = +

,= + λ +ω λe e e e
qs s qs qs e dsv R i p        ,e e e

qs s qs m qrL i L iλ = +
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( ) ,0 e e e
r dr dr e r qrR i p+ λ − ω −ω λ=        ,e e e

dr r dr m dsL i L iλ = +

( ) ,0 e e e
r qr qr e r drR i p+ λ + ω −ω λ=        .e e e

qr r qr m qsL i L iλ = +

Voltage equations of an induction motor in the d-q axes

,ds
ds s ds qs

dR i
dt

ω
ω ω ωλ

ν = + −ωλ

,qs
qs s qs ds

d
v R i

dt

ω
ω ω ωλ
= + +ωλ

,ns
ns s ns

dv R i
dt

ω
ω ω λ
= +

( ) ,dr
dr r dr r qr

dv R i
dt

ω
ω ω ωλ
= + − ω−ω λ

( ) ,qr
qr r qr r dr

d
v R i

dt

ω
ω ω ωλ
= + + ω−ω λ

.nr
nr r nr

dv R i
dt

ω
ω ω λ
= +

Flux linkages of an induction motor in the d-q axes

( ) ,ds ls ds m ds dr s ds m drL i L i i L i L iω ω ω ω ω ωλ = + + = +

( ) ,qs ls qs m qs qr s qs m qrL i L i i L i L iω ω ω ω ω ωλ = + + = +

,ns ls nsL iω ωλ =

( ) ,dr lr dr m dr ds r dr m dsL i L i i L i L iω ω ω ω ω ωλ = + + = +

( ) ,qr lr qr m qr qs r qr m qsL i L i i L i L iω ω ω ω ω ωλ = + + = +

.nr lr nrL iω ωλ =
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4.5.3 Torque Equation in the d-q Axes. The torque of 
double-fed machines such as induction motors is given by

( ) .
2

T sr
e abcs abcr

r

LPT i iδ =   δθ 

The transformation of this torque into the d-q axes rotating 
at an arbitrary speed ω is as follows

	 ( ) ( )( ) ( )( )1 1

2 2

TT sr sr
e abcs abcr dqns dqnr

r r

L LP PT i i T i T i− −ω ωδ δ   = = θ β =   δθ δθ   

	 ( ) ( ) ( ) 13
2 2

T sr
dqns dqnr

r

LP i T T i−ω ω δ = θ β =   δθ   

( )

30 0
2

3 ,3 0 0
2 2 2

0 0 0

ms

T

dqns ms dqnr

L

P i L iω ω

 
 
 

   = −    
 
 
  

where ( ) ( )1 .3
2

TT T− θ = θ

This torque can be resolved into

( )3 ,
2 2e m qs dr ds dr

PT L i i i iω ω ω ω∴ = −

where .3
2m msL L=

The torque can be also expressed in terms of different motor 
variables but is independent of the speed of the reference frame 
as following
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( )*3 3Im
2 2 2 2e m dqr dqs m qs dr ds qr

P PT L i i L i i i i = = − = 

	 ( )*3 3Im
2 2 2 2

m m
dqr dqs dr qs qr ds

r r

L LP Pi i i
L L

 = λ = λ −λ = 

	 ( )*3 3Im
2 2 2 2dqm dqs dm qs qm ds

P Pi i i = λ = λ −λ = 

	 ( )*3 3Im
2 2 2 2dqs dqs ds qs qs ds

P Pi i i = λ = λ −λ = 

	 ( )* *3 3Im
2 2 2 2dqr dqm dr qm qr dm

P Pi i i = λ = λ − λ = 

	
( )* *3 3Im

2 2 2 2dqr dqs dr qr qr dr
P Pi i i = λ = λ − λ = 

	 ( )*3 3Im
2 2 2 2

m m
dqr dqs dr qs qr ds

r r

L LP Pi i i
L L

 = λ = λ − λ = 

	 ( )*3 3Im .
2 2 2 2

m m
dqr dqs dr qs qr ds

r r

L LP P
L L L Lσ σ

 = λ λ = λ λ −λ λ 

4.6 d-q Axes Model of a Permanent Magnet Synchronous 
Motor

Voltage and flux linkage equations of an IPMSM in the  
dr-qr axes

,
r

r r rds
ds s ds r qs

dv R i
dt
λ

= + −ω λ

,
r
qsr r r

qs s qs r ds

d
v R i

dt
λ

= + +ω λ
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,r r
ds ds ds fL iλ = +ϕ

,r r
qs qs dsL iλ =

( )3 .
2 2

r r r
e f qs ds qs ds qs

PT i L L i i = ϕ + − 

Fig. 4.24 dr-qr axes equivalent circuit  
of an IPMSM. (A) dr-axis and (B) qr-axis
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5 VECTOR CONTROL OF ALTERNATING 
CURRENT MOTORS

The output torque of a motor is the primary control object 
in motor drive systems. This is because the position or speed of 
loads can be controlled by controlling the torque of the driving 
motor. There are two methods of the torque control of alternating 
current (AC) motors: average torque control and instantaneous 
torque control.

There are two methods of the torque control of alternating 
current (AC) motors: average torque control and instantaneous 
torque control.

The average torque control is a cost-effective variable 
speed control solution for general-purpose applications, such as 
fans, blowers, and pump drives, which do not require an accurate 
speed or torque control. In these applications the main objective 
for control is the average speed of the motor/load, which is 
usually regulated by controlling the average torque of the motor.

A typical example of the average torque control technique 
(also called the scalar control method) is the constant V/f control 
in the induction motor drives. This method can control the motor 
torque only in the steady-state condition and thus cannot be used 
to control the dynamic behavior of the motor.

A vector control method based on the control of both the 
magnitude and the direction (phase) of the motor current can 
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control its dynamics at the transient condition as well as the 
torque of a motor in the steady-state condition.

The instantaneous torque control is needed for high 
performance applications such as robots, elevators, CNC 
machine tools, and automation line drives. In these applications 
a precise speed/torque control and a fast dynamic response 
are required. To achieve these, it is necessary to control the 
instantaneous torque of the motor.

For AC motors, a complicated technique called the vector 
control method is required. The field-oriented control 
technique is a typical vector control method. The direct 
torque control is also another method for the instantaneous  
torque.

As shown in fig. 5.1, the instantaneous torque T of a motor 
is expressed as the cross-product of the magnetic flux vector Φ 
and current vector i, and is denoted by

( )= Φ× ,T k i

= ϕ θ∣∣∣∣sin .T k i

Fig. 5.1

In general, the direction of the current vector is controlled 
based on the flux vector Φ. Such method for the instantaneous 
torque control of AC motors is called vector control or field-
oriented control.
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5.1 Conditions for Instantaneous Torque Control of 
Motors

The vector control of AC motors imitates the torque control 
of a separately excited DC motor. Even though the output torque 
of induction motors is not easy to control, it can be controlled 
instantaneously like DC motors. In induction motors, unlike 
DC motors, the field flux-producing current and the torque-
producing current (equivalent to armature current) are provided 
all together through the three-phase stator windings as shown  
in fig. 5.2.

Fig. 5.2

The three requirements for controlling the instantaneous 
torque of a DC motor as mentioned earlier can also be applied to 
an induction motor as follows:

1.	 The space angle between the flux-producing current (or 
the field flux) and the torque-producing current has to be always 
be 90 degrees.

2.	 Both the flux-producing current (or the field flux)  
and the torque-producing current should be controlled 
independently.

3.	 The torque-producing current can be controlled 
instantaneously.
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5.1.1 Instantaneous Torque Control of an Induction 
Motor. The field flux of an induction motor is rotating at the 
synchronous speed ωe corresponding to the supply frequency. 
Thus we have to use the transformation into the synchronous 
reference frame rotating at the synchronous speed ωe. The 
d-axis will then be located at the actual position of the flux 
vector. Through this process, the d-axis stator current e

dsi  in the 
synchronous reference frame becomes the true flux-producing 
current, and then can be used for controlling the magnitude of 
the flux. This d-axis stator current e

dsi  corresponds to the field 
current of a DC motor.

Fig. 5.3

Commonly, the d-axis stator current is assigned as the flux-
producing current, whereas the q-axis stator current is assigned 
as the torque-producing current. By obtaining these orthogonal 
currents, the requirement 1 can be fulfilled.

Here, the flux vector λ in the induction motor is the rotating 
magnetic field generated by the three-phase currents.

Since the field flux exists only on the d-axis, the torque 
equation for an induction motor becomes similar to that of a DC 
motor as

( )3
2 2

e e e em
e dr qs qr ds

r

LPT i i
L

= λ −λ =
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3, 0, .
2 2

e e e m
qs dr qr

r

LPk i k
L

 
= λ λ = λ λ = = 

 
∣∣ ∣∣

The torque can be directly controlled by the q-axis current 
e
qsi , so the q-axis current is considered as the torque-producing 

current.
In this condition, if the magnitude of the flux vector is kept 

constant by controlling e
dsi

e
e qsT k i′= ( ).k k′ = λ∣∣

The flux-producing current and the torque-producing  
current can be controlled independently. In this case the 
magnitude of the flux vector can be controlled independently by 
the d-axis stator current e

dsi , while the torque can be controlled 
independently by the q-axis stator current e

qsi . This indicates that 
the requirement 2 can be fulfilled.

Finally, the torque-producing current can be controlled 
instantaneously by means of the current regulator and thus the 
requirement 3 can also be fulfilled.

The actual implementation process of the vector control is 
demonstrated in fig. 5.4.

There is no cross-coupling between the d-axis stator current 
(thus, the flux vector) and the q-axis stator current because they 
are orthogonal to each other. In other words, e

qsi  is not influenced 
by e

dsi  and vice versa.
In summary, to control the instantaneous torque of an 

induction motor, first, the three-phase stator currents are separated 
into d- and q-axes stator currents by using the synchronous 
reference frame transformation in which the d-axis is assigned 
to the position of the flux vector. Then, the flux can be controlled 
by the d-axis stator current e

dsi  while the instantaneous torque 
can be controlled by the q-axis stator current e

qsi  independently. 
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Finally, the instantaneous torque control can be achieved by 
controlling these currents instantaneously. This instantaneous 
torque control method for an induction motor is called the vector 
control or field-oriented control.

Fig. 5.4

In the vector control of an induction motor, the magnitude 
of the flux remains normally at a constant level of the rated 
value except for high-speed operations above the rated speed. 
Based on the rated flux command * ,e

dsλ  the required flux-
producing current command *e

dsi  is calculated. On the other 
hand, the torque-producing current command *e

qsi  is calculated 
based on the output torque command *

eT  required for driving 
a given load. These command currents *e

dsi  and *e
qsi  are given 

in the synchronous rotating reference frame. Thus we need 
to obtain the three-phase stator current commands through 
the inverse transformation into these d-q current commands. 
Here, it should be noted that this transformation requires the 
knowledge of the angular position of the flux vector, so called the  
flux angle.
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5.2 Vector Control of an Induction Motor

It is necessary to use the synchronous d-q reference frame, 
which rotates at the same speed as that of the flux vector λ, i.e., 
the synchronous speed. Therefore, to accomplish the vector 
control, the flux angle θ is an inevitable information.

Important information for vector control: flux angle θ.

Fig. 5.5

The vector control of an induction motor can be classified 
into direct vector control and indirect vector control depending 
on how the information about the flux angle is obtained.

An induction motor has three fluxes available for reference: 
stator flux, rotor flux, and air-gap flux. The vector control  
of an induction motor can be classified according to the  
reference flux as

− Rotor flux-oriented (RFO) control;
− Stator flux-oriented (SFO) control;
− Air-gap flux-oriented (AFO) control.
5.2.1 Direct Vector Control Based on the Rotor Flux. In 

the direct vector control the flux angle is obtained directly from 
the flux itself, which can be either measured or estimated. On 
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the other hand, in the indirect vector control, the flux is not used 
to obtain the flux angle. Instead, it uses the slip angular velocity, 
which is needed to separate the stator currents into the flux- and 
the torque-producing currents at the desired values. From this 
slip angular velocity and the rotor angular velocity, the flux 
angle can be obtained.

Among these, the RFO control is the most popular due to 
its simplicity. For the AFO control, there is a coupling between 
the slip angular velocity and the airgap flux, and for the SFO 
control, there is a coupling between the q-axis current and the 
stator flux. These couplings can make the associated vector 
control complex.

The rotor flux linkage generated by the three-phase rotor 
currents can be expressed as a complex vector λr as

( )22
3

e ej t j
r ar br cr r ra a e eω θλ ×= λ + λ + λ = λ = λ∣ ∣ ∣ ∣

( ) ( )( )0 .e e t dt× θ = ∫ω + θ

The d-axis is always locked at the position of the rotor 
flux linkage vector. As a result, the rotor flux linkage in the 
synchronous d-q reference frame has entirely the d-axis 
component and no q-axis component

,e
r drλ = λ       0.e

qrλ =

The rotor flux linkage vector in the stationary reference 
frame as shown in fig. 5.6 has both the d-q axes components, 

,s
drλ  and s

qrλ , whose magnitudes are changed according to the 
position of the rotor flux linkage vector.

If these stationary d-q rotor flux linkages are known, then 
we can obtain the rotor flux angle from the following equation

1tan .
s
qr

e s
dr

−
 λ

θ =   λ 
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Fig. 5.6

5.2.1.1 Relation between the d-axis stator current and the 
rotor flux linkage. The d-axis rotor voltage equation in the 
synchronous reference frame is

( ) .0 e e e
r dr dr e r qrR i p= + λ − ω −ω λ

The necessary and sufficient condition for the rotor flux-
oriented vector control is

,e
dr rλ = λ         0.e

qrλ =

The d-axis rotor current

.
e

e dr
dr

r

pi
R
λ

= −

The rotor flux linkage e
drλ  can be found

,e e e
dr r dr m dsL i L iλ = +

1
,e e er m m

dr ds ds
r r r

R L Li i
R L p T p

λ = =
+ +

         .r
r

r

LT
R

 
= 

 

It can be seen that the rotor flux linkage λr is proportional 
to the d-axis stator current by the first-order lag with the rotor 
time constant Tr. Thus the rotor flux linkage to a sudden change 
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in the d-axis current will change exponentially with the time 
constant of Tr as shown in Fig. 5.7. Although there is a time 
delay, the magnitude of the rotor flux linkage can be regulated 
by the d-axis stator current. Thus the d-axis stator current e

dsi  can 
be called the flux-producing current.

Fig. 5.7

With the d-axis current e
dsi  held constant, the magnitude of 

the rotor flux linkage e
drλ  is directly related to e

dsi  as

.e e
r dr m dsL iλ = λ =∣ ∣

Normally, the magnitude of the rotor flux linkage is kept 
constant for operations below the rated speed.

5.2.1.2 Relationship between the q-axis stator current and 
the output torque. The torque equation

( ) 3 ,3
2 2 2 2

e e e e e em m
e dr qs qr ds dr qs

r r

L LP PT i i i
L L

= λ −λ = λ     0.e
qrλ =

With the rotor flux held constant, the torque equation reduces 
further to

e
e T qsT K i= 3 .

2 2
em

T dr
r

LPK
L

 
= λ 

 

The torque is directly related to the q-axis stator current ,e
qsi  

so this current can be called the torque-producing current.
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The torque can also be expressed in terms of the stator 
currents as

23 1
2 2

1
,e em

e ds qs
r r

r

LPT i i
L L p

R

=
 
+ 

 

      
2

.3
2 2

e em
e ds qs

r

LPT i i
L

=

An induction motor drive system that adapts the direct 
vector control based on the rotor flux is shown in fig. 5.8.

Fig. 5.8

In the direct vector control of an induction motor, the rotor 
flux linkage is kept constant and the torque is regulated by 
controlling e

qsi . Accordingly, the d-axis current command e*
dsi  

will be given from the rotor flux command e*
drλ

*
* .

e
e dr
ds

m

i
L
λ

=

The q-axis current command e*
qsi  can be calculated from the 

output torque command *
eT  which may be given from a speed or 

torque controller, as
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*
* ,e e

qs
T

Ti
K

=     
*3 .

2 2
em

T dr
r

LPK
L

 
= λ 

 

The rated value of the rotor flux linkage command e
drλ  

depends on the rated voltage and frequency of a given motor.
After applying the d-axis current command e

dsi , a time to 
build up the rotor flux linkage to its final value is required. This 
build-up time depends on the rotor time constant Tr and will be 
normally about 5Tr.

We need to regulate the stator currents of the induction 
motor to follow these current commands. It should be noted 
that these d-q current commands e*

dsi  and e*
qsi  are variables in the 

synchronous reference frame.
We need to know the threephase current commands *

asi ; *
bsi ; 

*
csi  of the induction motor. To obtain these threephase current 

commands, we need to transform e*
dsi  and e*

qsi  into *
asi ; *

bsi ; *
csi  by 

using the rotor flux angle θe. Alternatively, after transforming 
these synchronous current commands into stationary current 
commands as

* * *c ,os sins e e
ds ds e qs ei i i= θ − θ      

* * *s .in coss e e
qs ds e qs ei i i= θ + θ

then, we can transform these stationary current commands into 
three-phase current commands as

* *,s
as dsi i=       * * *,1 3

2 2
s s

bs ds qsi i i= − +      * * *.1 3
2 2

s s
cs ds qsi i i= − −

Finally, if the stator currents of an induction motor are 
regulated to instantaneously follow these three-phase current 
commands by using a current controller, then the instantaneous 
torque control of an induction motor can be achieved.

On the other hand, there is a more effective control method 
in regulating the stator currents. In this method of using a 
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synchronous reference frame current regulator, the synchronous 
current commands, *e

dsi  and *e
qsi , are used directly instead of the 

three-phase current commands as shown in fig. 5.9. In this case, 
the three-phase stator currents, *

asi ; *
bsi ; *

csi , of the induction 
motor are transformed into synchronous dq currents, e

dsi  and e
qsi .

Fig. 5.9

In vector control we can see that both the magnitude and the 
phase of the stator current vector vary according to the output 
torque command.

The magnitude and the phase of the stator current vector 
vary according to the output torque command. As an example, 
fig. 5.10 describes how the stator current command vector alters 
when the torque command is changed. The stator current vector 
of the induction motor is assumed to be is initially.

If a larger torque needs to be produced, the q-axis current 
command will be increased from e*

qsi  to 1
e*
qsi , but the d-axis current 

command e*
dsi  will remain the same. This requires a new stator 

current command vector 1
*
si , and thus both the magnitude and 

the phase of the stator current vector are changed. Likewise, if 
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the flux command is changed, both the magnitude and the phase 
of the stator current vector will be also changed.

Fig. 5.10

The most difficult aspect of implementing the direct 
vector control is finding the instantaneous position of the rotor 
flux linkage, i.e., the rotor flux angle, accurately. It is not an 
overstatement to say that the performance of the instantaneous 
torque control depends on the accuracy of the rotor flux angle. 
A way to obtain the rotor flux angle is to calculate the rotor flux 
linkage from the air-gap flux detected by Hall effect sensors or 
sensing coils, which are installed in the applied motor. However, 
this method is costly and is not practical. A widely used method 
is to estimate the rotor flux linkage from voltages and currents 
of the motor.

5.2.2 Indirect Vector Control Based on the Rotor 
Flux. The indirect vector control does not use the rotor flux 
linkage directly for obtaining the rotor flux angle, so it may be 
implemented easily.

From the steady-state equivalent circuit of an induction 
motor in fig. 5.11, we can see that the slip s determines how 
the stator current can be divided into the flux- and torque (or 
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rotor)-producing currents. Thus we can infer from this that the 
desired flux and torque can be obtained by controlling the slip. 
The flux- and the torque-producing currents in the stated-state 
equivalent circuit are not equal to those in the vector control. 
However, similar to this concept, the principle of the indirect 
vector control is to control the slip so that the stator current 
can be divided into the desired flux- and the torque-producing 
components. Now we will take a closer look at the principle of 
the indirect vector control.

Fig. 5.11

In the vector control, the rotor voltage equation becomes

( ) ( ) 0.e e e e e e
qr r qr qr e r dr r qr e r drv R i p R i= + λ + ω −ω λ = + ω −ω λ =

From this, the slip angular frequency ωsl required in the 
vector control can be derived as

.
e

r qr
e r sl e

dr

R i
ω −ω = ω = −

λ

From the rotor flux linkage equation of

0.e e e
qr r qr m qsL i L iλ = + =

The rotor current can be obtained as .e em
qr qs

r

Li i
L

= −
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The slip angular frequency for the vector control

,
e
qsm r

sl e
r dr

iL R
L

ω =
λ       

1 ,
e
qs

sl e
r ds

i
p

T i
 

ω = + 
       .r

r
r

LT
R

 
= 

 

With the rotor flux linkage held constant, we can finally 
obtain the important slip requirement for the indirect vector 
control as

1 .
e
qs

sl e
r ds

i
T i

ω =

After that, using the information of the rotor velocity ωr, we 
can obtain the rotor flux angle as

( ) .e e sl rdt dtθ = ∫ω = ∫ ω +ω

Since the indirect vector control uses the rotor flux angle 
obtained from adding the slip angular velocity to the rotor velocity, 
this is often called the feedforward field-oriented control. The 
indirect vector control that does not require the information of 
the rotor flux linkage has an advantage of easy implementation 
and a better performance in low-speed operations.

A drawback of the indirect vector control is that the rotor 
speed is required to obtain the rotor flux angle. The rotor speed 
is normally found using an encoder, a type of a position sensor.

Fig. 5.12 shows the indirect vector control system of 
an induction motor, where the slip angular frequency *

slω  is 
calculated from d-q axes current commands for the required 
torque and flux production.

In addition, the indirect vector control is also problematic 
in which the rotor open circuit time constant Tr required in the 
calculation is sensitive to both the temperature and rotor flux 
level. The rotor resistance Rr can easily change with temperature, 
and the rotor inductance Lr can vary with the magnitude 
of the rotor flux. These variations result in an inaccurate 
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slip angular frequency, and thus an accurate vector control 
cannot be achieved. Therefore, in the indirect vector control, 
the accuracy of the torque control depends on that of these  
parameters.

Fig. 5.12

5.3 Flux Estimation of an Induction Motor

In the direct method the rotor flux linkage is obtained from the 
air-gap flux acquired from the Hall effect sensors or the sensing 
coils installed inside the stator. However, since there are some 
difficulties in the practical usage of the direct method, the rotor 
flux linkages are commonly estimated from the mathematical 
motor model by using the motor voltage, current, and/or speed 
as follows.

There are two methods to obtain the stationary rotor flux 
linkages: one is to measure the flux linkages or the physical 
quantity proportional to the flux linkages, and the other one is 
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to estimate them indirectly from the mathematical motor 
model.

There are two typical open-loop observers for estimating the 
rotor flux linkage: one is based on the stator voltage equations, 
which is referred to as the voltage model, and the other one 
is based on the rotor voltage equations, which is known as the 
current model.

5.3.1 Voltage Model (Based on the Stator Voltage Equations). 
The stator flux linkages are obtained from the stator voltage 
equations and, in turn, the rotor flux linkages are estimated from 
these stator flux linkages. This method requires information on 
the stator voltages and currents.

The stator flux linkages can be found from the integral of 
stator voltages as

,
s

s s ds
ds s ds

dv R i
dt
λ

= +    

 
,

s
qss s

qs s qs

d
v R i

dt
λ

= +

( ) ,s s s s
ds ds s ds dsv R i dt e dtλ = ∫ − = ∫

( ) ,s s s s
qs qs s qs qsv R i dt e dtλ = ∫ − = ∫

where ,s s s
ds ds s dse v R i= −  .s s s

qs qs s qse v R i= −
The d-axis rotor flux linkage in the stationary reference 

frame is given by
.s s s

dr r dr m dsL i L iλ = +

The nonmeasurable rotor current s
dri  can be obtained from 

the d-axis stator flux linkage and the stator current as

.
s s

s s s sds s ds
dr ds s ds m dr

m

L ii L i L i
L

λ −
= ← λ = +
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The equation for the stationary d-axis rotor flux linkage as

( )ˆ ,s s sr
dr ds s ds

m

L L i
L

λ = λ −σ

where ( )21 / .m s rL L Lσ = −
The stationary q-axis rotor flux linkage as

( )ˆ .s s sr
qr qs s qs

m

L L i
L

λ = λ −σ

Using the arctangent function of these estimated stationary 
d-q axes rotor flux linkages, the flux angle can be calculated as

1
ˆ

ˆ tan .ˆ

s
qr

e s
dr

−
 λ

θ =   λ 

This method based on the voltage model is normally used in 
high-speed regions. The strength of this method is its simplicity 
and insensitivity to the parameter variations except for the stator 
resistance. However, since this method is fundamentally based on 
the estimation of the back-EMF esdqs its performance depends 
on the rotor speed. Thus this method works well in the medium- 
to high-speed range, in which the back-EMF becomes large 
enough. However, in the low-speed range with a low operation 
voltage, it may be easily influenced by the inaccuracy of the 
stator resistance, the sensor noise, and the inverter nonlinearity 
effect.

To estimate the rotor flux linkage accurately with this 
method, it should be noted that it is necessary to offer accurate 
stator voltages and currents. A voltage sensor may be used to 
obtain the stator voltages, but it is hard to measure the actual 
stator voltages precisely because the motor voltages are given 
by the inverter as a high-frequency pulse width modulator 
(PWM) waveform. Thus instead of measuring the actual stator 
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voltages, the voltage commands or the voltages reconstructed by 
using the DC-link voltage and the commanded PWM duty are 
commonly used. However, the reconstructed value may differ 
from the actual output voltage due to inverter-nonlinearity such 
as the dead-time effect, turn-on/off delay time, and voltage drop 
across switching devices.

5.3.2 Current Model (Based on the Rotor Voltage 
Equations). The rotor flux linkages are obtained from the rotor 
voltage equations using the information on the stator currents 
and the rotor speed.

The rotor flux linkages can be directly obtained from the 
following rotor voltage equations as

( ) 0,dr
dr r dr r qr

dv R i
dt

ω
ω ω ωλ
= + − ω−ω λ =

( ) 0.qr
qr r qr r qr

d
v R i

dt

ω
ω ω ωλ
= + + ω−ω λ =

The nonmeasurable rotor currents can be replaced by the 
rotor flux linkage and the stator current as

,dr m ds
dr dr r dr m ds

r

L ii L i L i
L

ω ω
ω ω ω ωλ −
= ← λ = +

.qr m qs
qr qr r qr m qs

r

L i
i L i L i

L

ω ω
ω ω ω ωλ −
= ← λ = +

The equations of the rotor flux linkage can be found as

( ) ,dr mr
dr r ds r qr

r r

d LR R i
dt L L

ω
ω ω ωλ

= − λ + + ω−ω λ

( ) .qr mr
qr r qs r dr

r r

d LR R i
dt L L

ω
ω ω ωλ

= − λ + − ω−ω λ
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There is a difficulty in solving these equations due to the 
cross-coupling components between the axes. These undesirable 
cross-coupling components can be eliminated when the rotor 
flux linkages are estimated from the rotor reference frame ω=ωr 
using the measured rotor speed ωr as

,
r

r rdr r r
dr m ds

r r

d R R L i
dt L L
λ

= − λ +

.
r
qr r rr r

qr m qs
r r

d R R L i
dt L L
λ

= − λ +

The rotor flux linkages can be obtained from the integral 
of these two differential equations. The knowledge of the stator 
currents in the rotor reference frame is necessary to solve these 
equations.

These currents can be obtained by using the knowledge of 
the rotor speed ωr as

c ,os sinr s s
ds ds r qs ri i i= θ + θ

s .in cos= − θ + θr s s
qs ds r qs ri i i

Finally, the required rotor flux linkage can be obtained by 
transforming back into the stationary reference frame as

c ,os sins r r
dr dr r qr rλ = λ θ −λ θ

.sin cosλ = λ θ + λ θs r r
qr qr r qr r

Besides the knowledge of the rotor speed, this method 
requires the rotor resistance. Thus, the estimation performance is 
largely affected by the variation of the rotor resistance. Because 
of this, online identification and correction of the rotor resistance 
are essential for improving the estimation performance. In 
contrast to the voltage model that is advantageous for high-speed 
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operations, this estimation method based on the current model 
is useful in low-speed regions because it may give an oscillatory 
response in high-speed regions.

5.3.3 Combined Flux Estimation Method. A method 
combining two models was introduced to produce a good 
performance over the whole speed range.

Fig. 5.13 shows the block diagram of this combined method 
that estimates the rotor flux linkages gradually by using the 
current model in the low-speed region and the voltage model in 
the high-speed region.

Fig. 5.13

Fig. 5.13 can be simplified to fig. 5.14. Here, _
s
dqr cmλ  denotes 

the rotor flux linkage estimated by the current model, and 
_

s
dqr vmλ  denotes the rotor flux linkage estimated by the voltage  

model.

Fig. 5.14

The gains are given by

1 ,/p r mK K L L=          
2 ./i r mK K L L=
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In high-speed regions where the back-EMF is large 
enough, the flux estimation technique based on the voltage 
model using an integration of the back-EMF has an advantage 
of accuracy and robustness to parameters variation. However, 
in low-speed regions where it is hard to obtain accurate 
information on the backEMF, the flux estimation based on the 
current model using the rotor speed has an advantage over 
the one based on the voltage model. Therefore, it is desirable 
to estimate the rotor flux linkage by using the current model 
in low-speed regions and the voltage model in high-speed  
regions.

The output of simplified combined estimator can be 
expressed as

2

_ _2 2 .p is s s
dqr dqr vm dqr cm

p i p i

K s Ks
s K s K s K s K

+
λ = λ + λ

+ + + +

This consists of the sum of the second-order, high-pass 
filtered rotor flux linkage _

s
dqr vmλ  based on the voltage model 

and the second-order, low-pass filtered rotor flux linkage _
s
dqr cmλ  

based on the current model.
In this estimator the transition frequency ωc between the two 

models is commonly selected at 10 Hz. The transition frequency 
ωc can be established through the gains of a proportional-integral 
(PI) controller.

By comparing the transfer function of a second-order, high-
pass Butterworth filter with the first term of simplified combined 
estimator , we can see that there exists the following relationship 
between gains and parameters of the filter as

( )
2 2

2 2 22 n n p i

s sG s
s s s K s K

= ↔
+ ζω +ω + + ,

2 ,p nK = ζω     2 .i nK = ω
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In the Butterworth filter, if ζ=0,707, then ωn becomes the 
bandwidth. To set the bandwidth ωn equal to the transition 
frequency ωc, the PI gains are given as

,2p cK = ω        2.i cK = ω

Finally, K1 and K2 needed for the estimator in Fig. 5.13 are 
given as

1 2 ,m m
p c

r r

L L
K K

L L
= = ω     

2
2 .m m

i c

r r

L L
K K

L L
= = ω

This means that the final estimated flux linkage is 
automatically obtained from the current model in the low-
frequency (low-speed) region and the voltage model in the high-
frequency (high-speed) region.

Besides the estimators mentioned here, there are several 
different estimation methods that use the modern control theory 
such as observers using the state equations. The estimated rotor 
flux linkages can be also used for the sensorless vector control 
without using any position/speed sensors.

5.4 Flux Controller of Induction Motors

The estimated rotor flux linkage mentioned previously 
is primarily used to obtain the rotor flux angle. However, this 
estimated rotor flux linkage may also be used for flux control to 
improve the stability of the torque control or to achieve the field-
weakening control for high-speed operations.

The magnitude of the rotor flux linkage can be controlled 
by the d-axis current. However, its instantaneous value is not 
proportional to the d-axis current when the d-axis current is 
changing. Thus when the magnitude of the rotor flux linkage has 
to be changed quickly for the field-weakening control, the rotor 
flux linkage needs to be controlled directly. Moreover, even 
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when an induction motor is driven with a constant flux level, the 
flux control can enhance the stability of the drive system.

In the vector control based on the rotor flux, the magnitude 
of the rotor flux linkage can be controlled by the d-axis current 

e
dsi , so the output of the PI flux controller has to be the d-axis 

current. The block diagram of the flux control system and a PI 
controller can be given as fig. 5.15.

Fig. 5.15

The gains of a PI flux controller can be determined in a 
similar way as those of a current/speed controller for DC motor.

First, we assume that the dynamics of the d-axis current 
controller is fast enough compared to the flux change. The 
open-loop transfer function of the flux control system shown in  
fig. 5.15 is given as

( ) .

ifr r
pfm m

pfifo r r
f pf

r r

r r

KR RK sL LKK L LG s K R Rs ss s
L L

 
+     = + ⋅ = ⋅ 

  + +

The transfer function can be simplified as

( ) .

r
pf m

o r
f

RK L
LG s

s
=

The proportional and the integral gains to obtain the required 
control bandwidth ωf can be given as



155

Системи керування електроприводів. Electric Drives Control Systems

,r
pf f

r m

LK
R L

= ω      

.fr
if pf

r m

RK K
L L

ω
= =

When the bandwidth of the current controller is several 
thousand radians per second, the bandwidth of the flux controller 
is designed generally within several ten to several hundred 
radians per second. This flux controller also needs an antiwindup 
control just like the speed/current controllers. The performance 
of the flux control can also be enhanced by the feedforward 
compensation using the flux command. The diagram of the 
vector control system including speed and flux controllers for an 
induction motor is shown in fig. 5.16.

Fig. 5.16
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5.5 Vector Control of Permanent Magnet Synchronous 
Motors

Due to their superior performance compared to DC motors 
or induction motors, PMSMs have become increasingly popular 
in various high-performance motor drive applications. The 
vector control for PMSMs is relatively simple compared to that 
of induction motors. As shown in fig. 5.17, this is because the 
rotor position itself is the position of the rotor flux, which is 
essential information for the vector control. Therefore, unlike 
for an induction motor, the complicated estimation algorithms 
are not required to obtain the rotor flux for the vector control of 
a PMSM.

PMSMs can be classified into SPM and IPM types. These two 
types differ in the output torque expression and thus are slightly 
different in the way of implementing the vector control. First, we 
will begin with the vector control method for an SPMSM.

Fig. 5.17

The three requirements for the instantaneous torque control 
of a DC motor can be rewritten to apply to a PMSM as follows:

1.	 The space angle between the field flux and the torque-
producing current is always 90 degrees.
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2.	 Both the field flux and the torque-producing current can 
be controlled independently.

3.	 The torque-producing current has to be controlled 
instantaneously.

For a PMSM, the requirement 2 for the instantaneous torque 
control can be inherently fulfilled. In PMSMs the field flux of 
the rotor is produced by permanent magnets, while the torque-
producing current is given by the current of stator windings. 
Thus the field flux and the torque-producing current can be 
controlled independently. In addition, the torque-producing 
current (the stator current) can be controlled instantaneously by 
the synchronous reference frame current regulator and the PWM 
inverter and thus can satisfy the requirement 3.

Likewise, the requirements 2 and 3 are relatively easy to 
fulfill for a PMSM. For the vector control of a PMSM, it is 
important to fulfill the requirement 1, i.e., to maintain the space 
angle between the field flux and the torque-producing current 
at 90 degrees. To achieve this, it is necessary to first transform 
the three-phase abc stator currents into two d-q axes currents, 
just like in an induction motor. When transforming, the d-axis 
is aligned with the position of the rotor flux (i.e., the flux of 
the permanent magnet on the rotor) and then the q-axis current 
becomes the true torque-producing current, which is orthogonal 
to the rotor flux.

In a PMSM, the permanent magnet flux of the rotor is 
rotating at the same speed as the rotor speed ωr as shown in 
fig. 5.17. We have to make the d-q axes rotate at the rotor 
speed ωr. This implies that we need to use the transformation 
of the stator currents into the rotor reference frame (dr-qr 
axis). Such transformation requires the rotor position θr, i.e., 
the position of the permanent magnet. This can be obtained 
from the position sensors such as a resolver or an absolute  
encoder.
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5.5.1 Vector Control of a Surface-mounted Permanent 
Magnet Synchronous Motor. In the vector control of an 
SPMSM, the stator currents are transformed into the rotor 
reference frame (dr-qr axis) where the d-axis is assigned as the 
rotor flux position θr as shown in fig. 5.18.

Fig. 5.18

The torque expression of an SPMSM
3 .

2 2
r

e f qs
PT i= ϕ

The necessary condition for the maximum torque per ampere 
(MTPA) in the vector control of an SPMSM is

0.r
dsi =

In such condition, if we can control the q-axis current r
qsi  

instantaneously, then the torque of the SPMSM can be controlled 
instantaneously like in the DC motors.

In this system
* 0,r

dsi =          
*

* .3
2 2

r e
qs

f

Ti P=
ϕ

Therefore, it is desirable to assign all the stator currents 
to the q-axis current to make a full use of the allowed motor 
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current. In other words, in the vector control of an SPMSM, all 
the stator current Is is used as the q-axis current r

qsi , while the 
d-axis current is zero.

The diagram of the vector control system for an SPMSM is 
shown in fig. 5.19.

If the stator currents of the SPMSM can be regulated 
rapidly to follow these current commands by using a current 
regulator, then the instantaneous torque control can be achieved. 
As a current regulator, a synchronous reference frame current 
regulator is usually adopted due to its excellent current control 
performance. For the synchronous current regulators, we need 
to transform the three-phase stator currents, ias; ibs; ics, of the 
SPMSM into the synchronous dq stator currents r

dsi  and r
qsi  by 

using the rotor flux angle θr.
5.5.2 Vector Control of an Interior Permanent Magnet 

Synchronous Motor. In the vector control of an IPMSM the d-q 
axes currents required for the MTPA are different from those of 
an SPMSM. This is because, in contrast to that of SPMSMs, the 
torque of IPMSMs consists of two terms as

( )3 .
2 2

r r r
e f qs ds qs ds qs

PT i L L i i = ϕ + − 

In addition to the first term of Equation that represents the 
magnetic torque of an SPMSM, an IPMSM has a reluctance 
torque, the second term, which is produced by the difference 
between the inductance values of the two axes.

To produce the reluctance torque, both the d- and the q-axes 
components of the stator current are required. In most commonly 
used parallel topology IPMSMs, the q-axis inductance Lqs is 
typically larger than the d-axis inductance Lds. Thus, the d-axis 
current must have a negative polarity for the reluctance torque 
to be added to the magnet torque, i.e., r

dsi  < 0. Similar to an 
induction motor, the stator current of an IPMSM needs to be 
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divided into d- and q-axes components as shown in fig. 5.20. In 
this case, we need to know how the stator current is divided into 
the d- and q-axes stator currents properly to produce the MTPA. 
These optimal currents can be obtained as follows.

Fig. 5.19

Fig. 5.20
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There are many different combinations of d- and q-axes 
currents that produces the same torque. fig. 5.21 shows the curve 
consisting of these currents. 

Fig. 5.21

Among these combinations, there is an optimal one that 
gives the smallest stator current. This optimal combination is 
the point M, at which the circle with a radius of Iso is tangent to 
the curve. Such operation method with the optimal combination 
of d- and q-axes currents that leads to the smallest stator current 
for producing the given torque command is called the MTPA 
control. The optimal combination of the d-and q-axes currents 
varies with the required torque.

The torque expression and d- and q-axes currents are 
normalized as

,e
en

b

TT
T

=    

 
,

r
ds

dn
b

ii
i

=
        

,
r
qs

qn
b

i
i

i
=

where ( )( )/ ,b f ds qsi L L= ϕ −  3 .
2 2b f b
PT i = ϕ 
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The normalized torque can be rewritten as

( )
( )2 1 .

r r
ds qsr

qs ds qs r r r
f qs qs dse

en qn dn
b b b b

i i
i L L

i i iTT i i
T i i i

 
+ − 

ϕ  = = = − = −

The process of obtaining the optimal stator current for the 
MTPA control is as follows.

First, find the smallest d-axis current idno for producing the 
torque command Ten. The stator current can be expressed as a 
function of idno as

2 2 2 2 .
1

en
sno dno qno dno

dno

TI i i i
i

 
= + = +  − 

Differentiating this Equation with respect to idno and making 
the result equal to zero gives

4 3 2 23 3 0.dno dno dno dno eni i i i T− + + − =

The optimal d-axis current idno can be obtained by solving 
Equation for the given torque command.

Likewise, we can find the smallest q-axis current iqno for 
producing the torque command Ten. After expressing the stator 
current as a function of iqno, differentiating this with respect 
to iqno gives

4 2 0.qno en qno eni T i T+ − =

The optimal q-axis current iqno can be obtained by solving 
this Equation for the given torque command.

Fig. 5.22 shows the optimal current commands for the MTPA 
operation. A look-up table for the optimal current commands is 
commonly used instead of online calculations.
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Fig. 5.22

In a speed controller the command to produce the output 
torque is often given as a stator current. For this stator current 
command *

sI , we can obtain the d-q axes stator current commands 
for the MTPA operation. The torque expression can be rewritten 
as a function of the stator current *

sI  as

( )* *23
sin sin 2 ,

2 2 2

ds qs

e f s s

L LP
T I I

 −
 = ϕ β + β
  

where β denotes the angle between the d-axis and the stator 
current vector *

sI .
The βmax for producing the maximum torque can be obtained 

by solving

	 ( )* *23 cos cos 2 0
2 2

e
f s ds qs s

T P I L L Iδ  = ϕ β+ − β = δβ

( )
( )

22 *2
1

max *

8
cos .

4
f f ds qs s

ds qs s

L L I

L L I
−

 −ϕ + ϕ + − →β =  − 
 

To obtain the optimal currents for the MTPA operation by 
using the methods just mentioned, the exact knowledge of stator 
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inductances and magnetic flux is necessary. The magnetic flux 
varies considerably with the operating temperature. In addition, 
each inductance value of d-q axes depends on the magnitude 
of the current of each axis. Furthermore, it is also known that 
each inductance of d-q axes may change with the current of the 
other axis due to cross-saturation effect between the d-q axes. 
Therefore the exact knowledge of the inductances and magnetic 
flux at various operating conditions is very important for a 
successful fulfillment of the MTPA control.

From βmax, the optimal d- and q-axes current commands are 
given as

( )
( )

22 *2
*

max

8
cos ,

4
f f ds qs sr

dso s
ds qs

L L I
i I

L L

−ϕ + ϕ + −
= β =

−
*

max .sinr
qso si I= β

The diagram of the vector control system for an IPMSM is 
shown in fig. 5.23. For the output torque command, the d-q axes 
stator current commands for the MTPA operation are given from 
the calculations or a look-up table as stated earlier. If the stator 
currents of the IPMSM can be regulated rapidly to follow these 
current commands by using a synchronous reference frame 
current regulator, then the instantaneous torque control of the 
IPMSM can be achieved.

When using this synchronous current regulator, we need to 
transform the threephase stator currents, ias; ibs; ics, of the IPMSM 
into synchronous dq currents r

dsi  and r
qsi  by using the rotor flux 

angle θr.
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Fig. 5.23
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