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ABSTRACT 
Optical spectroscopy methods are widely used in medi-

cal practice for diagnostic purposes  in various diseases. The 
internal biomechanical responses of the brain cannot be 
completely measured by experimental techniques. Analyti-
cal models are limited to problems with regular geometry, 
simple boundary conditions and homogeneous material 
properties. Numerical approaches, on the other hand, ap-
proximate the analytical solution with a numerical proce-
dure. For deep research and visualization of ongoing pro-
cesses, many software systems use the finite element 
method. Geometrically complex material domains of the 
problem can be represented by a collection of geometrically 
simple sub domains called Finite Elements. This paper 
outlines new models of the serendipity finite element 
family for the simulation of the light propagation in biolog-
ical tissue of the human head. 

Introduction 
At present, optical spectroscopy methods are widely 

used in medical practice for diagnostic purposes and occupy 
one of the leading positions next to X-ray, acoustic, nuclear 
magnetic resonance, radionuclide, endoscopic, etc. 

Light visible in near infrared wavelength range is safe 
at low levels of emission density, the human body is well 

adapted to this type of emission. Light of this wavelength 
range penetrates well into biological tissue, interacts with 
various structural and dynamic components of tissues and 
carries information about the structural and dynamic 
changes occurring in tissues in various diseases. Such well-
known phenomena in physics as absorption, diffraction, 
interference, fluorescence, as well as elastic, quasi-elastic 
and molecular scattering, are observed in biological media 
and are sources of information about pathological process-
es[1]. 

Transparency of biological tissues reaches its maximum 
in the near infrared (NIR), which is due to the fact that 
living tissues do not contain strong internal chromophores 
that absorb emission in this region of the spectrum. Light 
penetrates into tissues to a depth of several centimeters, 
which is important for the transmission of voluminous 
human organs. However, biological tissues are characterize 
by the sufficiently strong scattering of NIR emission, which 
prevents clear images of local inhomogeneities arising from 
various pathologies, such as the formation of tumors or 
local growth of blood volume due to hemorrhage or over-
growth of microvessels[2-4]. 

Significant perspectives, from the point of view of safe-
ty, simplicity and reliability of devices, as well as obtaining 
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reliable information about physiological processes, have 
optical diffusion tomography [6,7] and optical coherence 
tomography [5]. 

One of the most common software package with open-
source is Near Infrared Fluorescence and Spectral Tomogra-
phy (NIRFAST), which simulates light propagation in bio-
logical tissue based on the finite element method (FEM). In 
biomechanical studies, Finite Element (FE) customized 
meshes start to be more and more interesting since they 
can integrate both geometry and mechanical properties of 
the patient. 

This paper outlines new models of the serendipity finite 
element family for the simulation of the light propagation 
in biological tissue of the human head. 

LITERATURE SURVEY 
NIR techniques in biomedical sciences are based on two 

important physical observations: (1) Light in the NIR range 
is weakly absorbed by tissue and thus it can penetrate 
several centimeters through tissue and be detected by 
sensors; (2) Different forms of hemoglobin, oxygenated and 
deoxygenated, arc the main chromophores of living tissue 
in the NIR wavelength range, and have distinct absorption 
spectra[9]. The former presents the feasibility of NIR detec-
tion in biological tissue, while the latter lays the foundation 
of NIR measurement to provide enough anatomic and 
functional contrast between soft tissues and directly moni-
tors the hemoglobin changes. Any physiological phenome-
non or disease, such as brain activity, cancer, hemotoma, 
etc., which causes differences in the oxygen content or the 
hemoglobin concentration in normal tissue, can in principle 
be diagnosed by the NIR diffuse optical method with simul-
taneous measurements made at two or more NIR wave-
lengths. Scattering is the dominant interaction mechanism 
of NIR light with biological tissue and helps distinguish 
between tissues, although the associated physiological 
information is still being researched [1,5,6,7]. 

Light propagates in biological tissue, depending on the 
combination of absorption, scattering and reflection prop-
erties of photons. The absorption and scattering of photons 
depend on the wavelength. Dispersion decreases with 
increasing wavelength and at the same time facilitates the 
transmission of near-infrared light photons over long dis-
tances compared to visible light. Reflection also depends on 

the angle of the light beam, as well as the surface of the 
tissue [9]. 

When the absorption of a light beam takes place, its 
energy is dissipated as thermal energy throughout the 
absorber [9,10].  At certain wavelengths, is absorption 
occurs, determined by the molecular properties of materials 
on the light path [8]. 

The basic light-absorbing compounds in biological tis-
sue within the near-infrared range are called chromophores 
[9]. Most chromophores can be considered to have stable 
concentrations during a measurement period (~10 min), 
however, there presence adds to the total light attenuation 
(i.e. melanin, bilirubin, water). The primary chromophores 
of interest are oxyhemoglobin (HbO2), deoxyhemoglobin 
(Hb) and cytochrome c oxidase, because the concentration 
of these chromophores varies with time and oxygenation 
status [8]. 

In this regard, when monitoring oxygenation of tissues 
with NIRS, the chromophores Hb and HbO2 are of interest. 
Hb and HbO2 are responsible for the delivery, transporta-
tion and removal of oxygen (O2) and carbon dioxide (CO2) 
throughout the human body. For enlightenment of brain 
and muscle tissues. 

NIRS devices use light in the wavelength range 700-
1000 nm. This range follows from increased H2O absorption 
bands above 1000 nm and increased scattering and more 
intense absorption bands of Hb below 700 nm. In the 700-
1000 nm range, Hb and HbO2 possess unique absorption 
spectra, which allows the emitted light to propagate 
through the tissue a few centimeters [11]. 

From the optical point of view, the human head can be 
viewed as an inhomogeneous layered structure that con-
sists of a layer of dermis (scalp), a layer of bone (skull), 
irregular and relatively thin layer of cerebrospinal fluid 
(CSF), a layer of gray matter and, finally, a deep region of 
white matter [12].The diffusion of light strongly depends 
on this heterogeneity. In particular, CSF has been the sub-
ject of many studies because of its "light directing" effect, 
depending on its transparency [13] and its reticular struc-
ture consisting of arachnoids that can strongly affect light 
scattering [14-16]. 

A strong knowledge of the optical properties (namely 
the  reduced scattering coefficient and the absorption coef-
ficient) of head structures is undoubtedly fundamental, not 
only for the technical optimization of these techniques, but 
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also for a deeper understanding of their potential. For 
example, the assessment of main parameters like the vol-
ume probed by light, the light penetration depth and also 
the mean optical path length can be made if a prior infor-
mation of both anatomical and optical parameters is avail-
able [17]. 

In addition, knowledge of optical properties over a wide 
spectral range provides additional information about the 
tissue: the scattering spectrum is related to the structure 
and absorption spectrum of the composition [18]. 

In literature there are studies reporting on ex-vivo or 
post-mortem measurements for the characterization of the 
human head optical properties, [19–24] but they are not 
representative of an in-vivo condition. 

In some studies, optical properties are considered in vi-
vo [25-27], but the data presented are preliminary or lim-
ited to several subjects or obtained after approximations 
(for example, the head was modeled as a homogeneous 
medium). In addition, comparative analysis with a different 
methodology is not presented. 

In the finite element method an important role plays 
the finite element serendipity family [28]. Finite elements 
of serendipity family are a useful class of discrete models. 
For the first time these elements were obtained in 1968 
with the help of resourceful recruiting because they did not 
lend any formalization. Finite elements of serendipity fami-
ly are the result of modification of finite element Lagrangi-
an families by eliminating internal nodes. 

For building functions of the form a finite element tra-
ditionally used matrix process [28]. Method a systematic 
generation functions of the form, proposed by Taylor in 
1972, led to the known standard models on the elements 
serendipity family [29]. In the 70s of the last century 
through the work Uachspressa the method of the "product 
of planes" to construct basic functions FE [30]. But this 
method has not been applied to serendipity finite elements 
(SFE). In the early 80's was offered a probability-geometric 
method of constructing bases of finite elements of different 
configurations [31]. The advantages of this method are 
most clearly manifested in serendipity models. For con-
struction of serendipity elements used geometric method 
[32]. This modification method "product of planes", which 
uses the technique of multiplication equations of planes 
and surfaces of second order. New methods greatly simplify 
the process of building functions of the form (there is no 

need to solve a system of linear equations corresponding 
order on the item)  and allow for alternative models SFE. 
The presence of "outside of the nodal" parameters in mod-
els obtained using the new method makes it possible to get 
rid of the shortcomings that are inherent in the standard 
model (eg, negative values of loads in the nodes). 

However construction of the basic functions of these 
methods makes it impossible to build the function form 
with predetermined characteristics. To solve the problem of 
interpolation SFE in [33] proposed a method of constructing 
an analytical hierarchical forms the basis functions [34]. 

METHODS 
From the instrumentation point of view, NIRS, DOT and 

OT are categorized according to the source-detector (re-
ferred to as optode) installation. The past two decades have 
witnessed significant progress in the NIR diffuse optical 
method starting with the development of three main irra-
diation-measurement schemes that use continuous wave 
(CW), frequency domain (FD) and time domain or time-
resolved (TR) techniques respectively. Of these schemes, it 
is generally believed and numerically demonstrated that a 
TR system can provide the most information on local distri-
butions of optical properties in tissue, at the expense of 
increased system complexity, longer data acquisition time 
and higher cost. In recent years, much effort has been de-
voted by an increasing number of relevant laboratories, to 
developing the compact, low noise and high photon count-
ing rate TR systems. 

A NIRS device consists out of a light source (emitting 
optode) to deliver light to the tissues  and a light detector 
(receiving optode), which measures the intensity of the 
exiting light. A computer translates the change in light 
intensity to clinically useful information. The receiving 
optode can be either contralateral (transmission NIRS) or 
ipsilateral (reflectance-mode NIRS) located at the receiver, 
see Fig. 1A and B. Transmission cerebral NIRS, in which a 
near-infrared light source is placed contralateral to the 
receiver, is most frequently used in infants. In adults this is 
not believed to be sensitive enough, primarily because of 
the reduced intensity of the exiting near-infrared light[9] 
and poor signal-to-noise ratio [36]. In reflectance-mode 
NIRS the near-infrared light source is placed ipsilateral to 
the receiver, it has been developed to overcome the prob-
lems of transmission NIRS. This approach assumes that 
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(due to the presence of hemoglobin), the magnitude of this 
effect is proportional to its thickness and chromophore 
concentration. Therefore it is recommended that the thick-
ness of brain tissue illuminated is much greater than that of 
the surface tissues[48]. 

In the brain water and lipids are present together with 
bilirubin, hemoglobin, and cytochrome c oxidase. The aver-
age water content of neonatal brain is 90% [42] and 80% 
[43] for an adult brain. This obviously implies that any 
absorption band of water will have a large optical effect. An 
infant’s brain consists of about 80% of water, lipids consti-
tute about 5% of the total wet weight. This percentage 
increases to 8% of the grey matter and 17% of the white 
matter in adulthood [42]. 

There are several factors influencing the optical path-
length including tissue type, wavelength, scattering coeffi-
cients, optode geometry and blood volume changes. In 
reality there is no unique optical path through a scattering 
medium but rather a distribution of paths[39,48]. 

The internal biomechanical responses of the brain can-
not be completely measured by experimental techniques. 
Analytical models are limited to problems with regular 
geometry, simple boundary conditions and homogeneous 
material properties. Numerical approaches, on the other 
hand, approximate the analytical solution with a numerical 
procedure. The FEM is superior to other numerical methods. 
Geometrically complex material domains of the problem 
can be represented by a collection of geometrically simple 

sub domains called Finite Elements. The approximation 
functions are then derived over each finite element, since 
any continuous function can be represented by a linear 
combination of algebraic polynomials. This can be viewed 
as a piece wise application of the variational methods, in 
which the approximation functions are algebraic polynomi-
als. 

Finite element models are repeatable and reproducible, 
and simulations can be seen as surrogate experiments 
without biological variability. They can also include irregu-
lar geometry, inhomogeneous and nonlinear material 
properties and complex boundary. 

In the biomechanical field, numerical techniques were 
first used to complement experimental car crash simula-
tions. Today, the numerical technique has reached such a 
level that complex structures like the human being can be 
modeled with good accuracy. However, much research 
remains to be done before a complete model of the human 
being can be presented. 

The initial step in developing 3 dimensional finite ele-
ment model of the human head is to obtain some set of 
MRI scanned images of human head. After the Prepro-
cessing of the image data, the set of images are imported 
to software and using suitable developed  algorithm the 
3Dimensional meshed finite element model can be ob-
tained. The important parameters which affect the FEM 
model of the human head is mesh method and mesh quali-
ty, see Fig. 3.  

 

 
Fig.3. Finite element model of the human head. (A) isometric view of the head model with brain exposed; (B) internal view 

of the head model. [44]   
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Using matrix methods to serendipity elements have 
shape functions called standard. Matrix method was devel-
oped in the works of  Vandermonde, Cauchy, Lagrange 
interpolation problems concerning functions of one argu-
ment. In the FEM it is considered the main method of con-
structing polynomial interpolation for functions of two or 
three arguments. For example, the process of building a 
basis for FE with 4 nodes (Fig. 4) begins with the choice of 
4-parametric polynomial with two arguments: 

   4321 , , де 1 ,

1  
(1) 

 

1 2

4

0 


3

 
Fig.4. The element with bilinear basis (FE-4) 

The functions form bilinear interpolation 
   4321iNi ,,,,   which must satisfy the interpola-

tion hypothesis 
  ikkkiN  , ,   41ki ,,  , (2)

where ik − is the Kronecker delta, і – is the number of 
functions and k – is the number of nodes. 

Using (2) leads to a system of linear algebraic equations 
44 with relative parameters j : 

ikkk4k3k21   . (3)
Find the unknown parameters j  and write the 

interpolation polynomial (1) in the form [28]: 
            ii44332211 ФNФNФNФNФN   ,,,,, , (4)

where  iN  – matrix-row basis functions FЕ  
( 4321i ,,, );  iФ  – matrix-column boundary values 
function that interpolates. 

We get bilinear basis functions for the FE-4: 

))((  iii 11
4

1
N  ,    4321i ,,, ;     

1ii  , . 
(5)

The functions of the form (basic functions)   ,iN  
play an important role in the finite element method - ap-
proximate field in the middle of the element. The choice of 
approximating functions and their properties is largely 
dependent on the accuracy of the solution. It was important 
to note that serendipity model is a unique example of sim-
ultaneous interpolation and approximation - they interpo-
late function on the boundary element and approximate 
inside it. 

We will consider finite elements serendipity family bi-
quadratic and bicubic interpolation (Fig. 5, Fig. 6) [28,45]. 
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Using an analytical method for constructing hierarchical 

forms the basis functions, the set of basis functions SFE-8 
may be obtained by adding to the surface of a standard 
basis [34]: 
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hyperbolic paraboloid with coefficient K : 
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N1 (8)
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(due to the presence of hemoglobin), the magnitude of this 
effect is proportional to its thickness and chromophore 
concentration. Therefore it is recommended that the thick-
ness of brain tissue illuminated is much greater than that of 
the surface tissues[48]. 

In the brain water and lipids are present together with 
bilirubin, hemoglobin, and cytochrome c oxidase. The aver-
age water content of neonatal brain is 90% [42] and 80% 
[43] for an adult brain. This obviously implies that any 
absorption band of water will have a large optical effect. An 
infant’s brain consists of about 80% of water, lipids consti-
tute about 5% of the total wet weight. This percentage 
increases to 8% of the grey matter and 17% of the white 
matter in adulthood [42]. 

There are several factors influencing the optical path-
length including tissue type, wavelength, scattering coeffi-
cients, optode geometry and blood volume changes. In 
reality there is no unique optical path through a scattering 
medium but rather a distribution of paths[39,48]. 

The internal biomechanical responses of the brain can-
not be completely measured by experimental techniques. 
Analytical models are limited to problems with regular 
geometry, simple boundary conditions and homogeneous 
material properties. Numerical approaches, on the other 
hand, approximate the analytical solution with a numerical 
procedure. The FEM is superior to other numerical methods. 
Geometrically complex material domains of the problem 
can be represented by a collection of geometrically simple 

sub domains called Finite Elements. The approximation 
functions are then derived over each finite element, since 
any continuous function can be represented by a linear 
combination of algebraic polynomials. This can be viewed 
as a piece wise application of the variational methods, in 
which the approximation functions are algebraic polynomi-
als. 

Finite element models are repeatable and reproducible, 
and simulations can be seen as surrogate experiments 
without biological variability. They can also include irregu-
lar geometry, inhomogeneous and nonlinear material 
properties and complex boundary. 

In the biomechanical field, numerical techniques were 
first used to complement experimental car crash simula-
tions. Today, the numerical technique has reached such a 
level that complex structures like the human being can be 
modeled with good accuracy. However, much research 
remains to be done before a complete model of the human 
being can be presented. 

The initial step in developing 3 dimensional finite ele-
ment model of the human head is to obtain some set of 
MRI scanned images of human head. After the Prepro-
cessing of the image data, the set of images are imported 
to software and using suitable developed  algorithm the 
3Dimensional meshed finite element model can be ob-
tained. The important parameters which affect the FEM 
model of the human head is mesh method and mesh quali-
ty, see Fig. 3.  

 

 
Fig.3. Finite element model of the human head. (A) isometric view of the head model with brain exposed; (B) internal view 

of the head model. [44]   
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Using matrix methods to serendipity elements have 
shape functions called standard. Matrix method was devel-
oped in the works of  Vandermonde, Cauchy, Lagrange 
interpolation problems concerning functions of one argu-
ment. In the FEM it is considered the main method of con-
structing polynomial interpolation for functions of two or 
three arguments. For example, the process of building a 
basis for FE with 4 nodes (Fig. 4) begins with the choice of 
4-parametric polynomial with two arguments: 
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Fig.4. The element with bilinear basis (FE-4) 

The functions form bilinear interpolation 
   4321iNi ,,,,   which must satisfy the interpola-

tion hypothesis 
  ikkkiN  , ,   41ki ,,  , (2)

where ik − is the Kronecker delta, і – is the number of 
functions and k – is the number of nodes. 

Using (2) leads to a system of linear algebraic equations 
44 with relative parameters j : 

ikkk4k3k21   . (3)
Find the unknown parameters j  and write the 

interpolation polynomial (1) in the form [28]: 
            ii44332211 ФNФNФNФNФN   ,,,,, , (4)

where  iN  – matrix-row basis functions FЕ  
( 4321i ,,, );  iФ  – matrix-column boundary values 
function that interpolates. 

We get bilinear basis functions for the FE-4: 

))((  iii 11
4

1
N  ,    4321i ,,, ;     

1ii  , . 
(5)

The functions of the form (basic functions)   ,iN  
play an important role in the finite element method - ap-
proximate field in the middle of the element. The choice of 
approximating functions and their properties is largely 
dependent on the accuracy of the solution. It was important 
to note that serendipity model is a unique example of sim-
ultaneous interpolation and approximation - they interpo-
late function on the boundary element and approximate 
inside it. 

We will consider finite elements serendipity family bi-
quadratic and bicubic interpolation (Fig. 5, Fig. 6) [28,45]. 
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Using an analytical method for constructing hierarchical 

forms the basis functions, the set of basis functions SFE-8 
may be obtained by adding to the surface of a standard 
basis [34]: 
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      ,  11K111
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       





   11K

2

1
111

2

1
N 2

, (9)

where    S
2

S
1 NN , - standard basis functions SFE-8,  

          21 NN , - modified basis functions SFE-8. 
Now we get generalized formula for building alterna-

tive basis functions biquadratic  elements: 

       iiiiiii 11K111
4

1
N  ,

.;;,,, 117531i ii    
(10)

       





   iii 11K

2

1
111

2

1
N

,     162i i   ;, . 
(11)

       





   iii 11K

2

1
111

2

1
N

, 
184i i   ;, . 

(12)

Similarly, using the analytical method for constructing 
hierarchical forms the basis functions receive a multiplicity 
of basis functions SFE-12 added to the surface of a standard 
basis [34]: 

  ))()(( 109911
32

1
N 22S

1   , (13)

  ))()((  9111
32

9
N 2S

2  , (14)

hyperbolic paraboloid with coefficient K : 

       





   11

4

9
K1099

8

1
11

4

1
N 22

1
, (15)

        





   11

4

3
K311

4

3
11

8

3
N2

, (16)

where    S
2

S
1 NN , - standard basis functions SFE-12,  

     21 NN , - modified basis functions SFE-12. 
Now we write generalized formula for building alterna-

tive basis functions bicubic elements: 

  

     ,





 







ii
22

iii

11
4

9
K1099

8

1

11
4

1
N

 

10741i ,,, ;   ;, 1ii   

(17)

  

      ,





 
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



iiii

iii

131
4

3
K9131

4

3

131
8

3
N

 

,,,, 9832i   ,1i    .
3

1
i   

(18)

  

      ,




 







iiii

iii
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4

3
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4
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131
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3
N

 

,,,, 121165i    ,1i    .
3

1
i   

(19)

The resulting basis functions meet all the qualities that 
are inherent for basis functions form the SFE [28,34]. 

New analytical method for constructing hierarchical 
forms of basis functions can be easily extended and to 
three-dimensional finite elements (Fig. 7, Fig. 8). 
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Fig.8. SFЕ-32
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For element SFE-20 from the literature [28,46] only one basis is known. Basic functions for 1 and 9 nods 
recorded in the formulas: 
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      1

1
, , 1 1 1 2

8
N                 , (20)

     2
9

1
, , 1 1 1 .

4
N           (21)

The set of alternative basis functions may be obtained by combining the standard basis functions (formu-
las (20), (21)) with of the surface of the second order with the corresponding coefficient K : 

   

    
1

1
1 1 1

8

2 2 2 2 3 ,

N

K

  

        

    

           
 (22)

        9

1 1
1 1 1 1 1 2

4 2
N K                

 
. (23)

Now we get generalized formula for building alternative basis functions SFE-20: 

   1
1 1 1 ( 2

8
( 2 2 2 3)),

i i i i i i i

i i i i i i i i i

N

K

         

          

         

        

, , 1i i i     ,         1,8i , 

(24)

     21 1
1 1 1 1 2 ,

4 2i i i i iN K              
 

 

, 1i i    ,    і = 9, 11, 17, 19. 

(25)

Other functions we get from (25) by cyclic rearrangement , ,   . 
Similarly, we show the analytical method for constructing hierarchical forms basis functions on three-dimensional ele-

ment, which contains 32 nods with tricubic interpolation [47]. 
For element SFE-32 from the literature [46] also only one basis is known. Basic functions for 1 and 9 nods 

recorded in the formulas: 

          2 2 2
1

1
, , 1 1 1 9 19 ,

64
N                 (26)

       2
9

9
, , 1 1 3 1 1 .

64
N             (27)

The set of alternative basis functions may be obtained by combining the standard basis functions (formu-
las (26), (27)) with of the surface of the second order with the corresponding coefficient K : 

    

   

1

2 2 2

1
1 1 1

8
1 9

9( ) 19 2( ) 3
8 4

N

K

  

        

    

           
 

 (28)

    

      

9

3
1 1 1

16
3 3

1 1 3 1 2 .
4 4

N

K

  

    

    

        
 

 (29)

Now we get generalized formula for building alternative basis functions SFE-32: 
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       





   11K

2

1
111

2

1
N 2

, (9)

where    S
2

S
1 NN , - standard basis functions SFE-8,  

          21 NN , - modified basis functions SFE-8. 
Now we get generalized formula for building alterna-

tive basis functions biquadratic  elements: 

       iiiiiii 11K111
4

1
N  ,

.;;,,, 117531i ii    
(10)

       





   iii 11K

2

1
111

2

1
N

,     162i i   ;, . 
(11)

       





   iii 11K

2

1
111

2

1
N

, 
184i i   ;, . 

(12)

Similarly, using the analytical method for constructing 
hierarchical forms the basis functions receive a multiplicity 
of basis functions SFE-12 added to the surface of a standard 
basis [34]: 

  ))()(( 109911
32

1
N 22S

1   , (13)

  ))()((  9111
32

9
N 2S

2  , (14)

hyperbolic paraboloid with coefficient K : 

       





   11

4

9
K1099

8

1
11

4

1
N 22

1
, (15)

        





   11

4

3
K311

4

3
11

8

3
N2

, (16)

where    S
2

S
1 NN , - standard basis functions SFE-12,  

     21 NN , - modified basis functions SFE-12. 
Now we write generalized formula for building alterna-

tive basis functions bicubic elements: 

  

     ,





 







ii
22

iii

11
4

9
K1099

8

1

11
4

1
N

 

10741i ,,, ;   ;, 1ii   

(17)

  

      ,





 







iiii

iii

131
4

3
K9131

4

3

131
8

3
N

 

,,,, 9832i   ,1i    .
3

1
i   

(18)

  

      ,




 







iiii

iii

131
4

3
K9131

4

3

131
8

3
N

 

,,,, 121165i    ,1i    .
3

1
i   

(19)

The resulting basis functions meet all the qualities that 
are inherent for basis functions form the SFE [28,34]. 

New analytical method for constructing hierarchical 
forms of basis functions can be easily extended and to 
three-dimensional finite elements (Fig. 7, Fig. 8). 
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Fig.7. SFЕ-20 

( 1 , 1 , 1  ) 
Fig.8. SFЕ-32

( 1 , 1 , 1  ) 

For element SFE-20 from the literature [28,46] only one basis is known. Basic functions for 1 and 9 nods 
recorded in the formulas: 
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      1

1
, , 1 1 1 2

8
N                 , (20)

     2
9

1
, , 1 1 1 .

4
N           (21)

The set of alternative basis functions may be obtained by combining the standard basis functions (formu-
las (20), (21)) with of the surface of the second order with the corresponding coefficient K : 

   

    
1

1
1 1 1

8

2 2 2 2 3 ,

N

K

  

        

    

           
 (22)

        9

1 1
1 1 1 1 1 2

4 2
N K                

 
. (23)

Now we get generalized formula for building alternative basis functions SFE-20: 

   1
1 1 1 ( 2

8
( 2 2 2 3)),

i i i i i i i

i i i i i i i i i

N

K

         

          

         

        

, , 1i i i     ,         1,8i , 

(24)

     21 1
1 1 1 1 2 ,

4 2i i i i iN K              
 

 

, 1i i    ,    і = 9, 11, 17, 19. 

(25)

Other functions we get from (25) by cyclic rearrangement , ,   . 
Similarly, we show the analytical method for constructing hierarchical forms basis functions on three-dimensional ele-

ment, which contains 32 nods with tricubic interpolation [47]. 
For element SFE-32 from the literature [46] also only one basis is known. Basic functions for 1 and 9 nods 

recorded in the formulas: 

          2 2 2
1

1
, , 1 1 1 9 19 ,

64
N                 (26)

       2
9

9
, , 1 1 3 1 1 .

64
N             (27)

The set of alternative basis functions may be obtained by combining the standard basis functions (formu-
las (26), (27)) with of the surface of the second order with the corresponding coefficient K : 

    

   

1

2 2 2

1
1 1 1

8
1 9

9( ) 19 2( ) 3
8 4

N

K

  

        

    

           
 

 (28)

    

      

9

3
1 1 1

16
3 3

1 1 3 1 2 .
4 4

N

K

  

    

    

        
 

 (29)

Now we get generalized formula for building alternative basis functions SFE-32: 
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      

 

2 2 21 1
1 1 1 ( 9 9 9 19

8 8
9

2 2 2 3 ) ,
4

i i i i

i i i i i i i i i

N

K

       

            

        

        

, , 1i i i     ,         1,8i ; 

(30)

    

   

23
1 1 1

16
3 3

1 9 2 ,
4 4

i i i

i i i

N

K

   

    

    

      
 

 

1

3i   ,   , 1i i    ,   і = 9, 10, 13, 14, 25, 26, 29, 30. 

(31)

Other functions we get from (31) by cyclic rearrange-
ment , ,   . 

CONCLUSIONS 
In biomedical studies, Finite Elements have been more 

and more interesting since they can integrate both 
geometry and mechanical properties of the patient. This 
paper, we consider new mathematical models of 
serendipity finite elements obtained by the analytical 

method of constructing hierarchical forms of basis 
functions. A promising point for further studies is the 
application of these models in solving problems of 
modeling the propagation of light in the biological tissue of 
the human head. And also the comparative analysis with 
existing models and revealing of those which have the best 
computational properties.      
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1

3i   ,   , 1i i    ,   і = 9, 10, 13, 14, 25, 26, 29, 30. 

(31)

Other functions we get from (31) by cyclic rearrange-
ment , ,   . 

CONCLUSIONS 
In biomedical studies, Finite Elements have been more 

and more interesting since they can integrate both 
geometry and mechanical properties of the patient. This 
paper, we consider new mathematical models of 
serendipity finite elements obtained by the analytical 

method of constructing hierarchical forms of basis 
functions. A promising point for further studies is the 
application of these models in solving problems of 
modeling the propagation of light in the biological tissue of 
the human head. And also the comparative analysis with 
existing models and revealing of those which have the best 
computational properties.      
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ВВЕДЕНИЕ 
При проектировании умных систем [1], начиная от 

«умного» дома, «умного» автомобиля и заканчивая 
бытовыми приборами, закладываются интеллектуаль-
ные информационные технологии для обработки сен-
сорной информации. Для большинства задач, решае-
мых «умными» машинами (Smart Machine, SM), обра-
ботка сенсорной информации сводится к извлечению 
знаний из сенсорных данных, а затем принятию управ-
ляющих решений в реальном времени. Основной про-
блемой, на решение которой сегодня сконцентрирова-
но внимание, по-прежнему, остаётся механизм обоб-
щения для принятия управляющих решений в ситуаци-
ях, которые не были заложены при проектировании 
системы [2, 3, 4]. Один из возможных путей решения 
этой проблемы рассмотрим на примере управления 
«умной» машиной на перекрёстке, который она должна 
проехать. Информацию о ситуации на перекрёстке SM 
получает от ультразвукового или лазерного сканирую-
щего устройства, видеокамеры, направленного микро-
фона, инфракрасного датчика и, возможно ещё некото-
рых сенсоров [5]. SM непрерывно сканирует простран-
ство вокруг себя и на основании сенсорных данных, 
полученных от перечисленных датчиков, по правилам 
принимает управляющие решения: остановиться, по-
вернуть направо, повернуть налево, быстро проехать 

прямо и другие. Получить управляющее решение непо-
средственно на основании первичных сенсорных дан-
ных не всегда возможно. Затруднения вызваны необ-
ходимостью анализа большого числа прототипов ситу-
аций, которые должны быть построены в виде кон-
кретных наборов сенсорных данных [6]. Размерность 
задачи существенно сокращается благодаря использо-
ванию нечётких правил [7, 8]. Кроме нечётких моделей, 
решение указанной проблемы возможно с помощью 
абстрагирования и обобщения сенсорных данных [9-
10]. Абстрагирование и категоризация существенно 
сокращают количество возможных прототипов ситуа-
ций (иерархических классов) и, соответственно, реша-
ющих правил. Примером представления прототипа 
ситуации на перекрёстке, определённого на некотором 
абстрактном уровне, может быть: «слева на большом 
расстоянии медленно приближается объект, прямо 
отсутствуют какие-либо объекты, а справа совсем не-
далеко находится объект, который покоится». Когда SM 
хранит конечный набор таких прототипов, то выпол-
нить классификацию текущей ситуации, представлен-
ной непосредственно множеством сенсорных данных, 
по-прежнему, невозможно. Необходим механизм 
предварительной обработки (абстрагирования) сенсор-
ных данных с целью представления ситуации набором 
абстрактных категорий. 




