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CONSTRUCTING NON-LINEAR REGRESSION EQUATIONS ON THE BASIS OF
BIVARIATE NORMALIZING TRANSFORMATIONS

The techniques for constructing equations, confidence and prediction intervals of non-linear regressions on
the basis of bivariate normalizing transformations for non-Gaussian data are proposed. Application of the
techniques is considered for the bivariate non-Gaussian data set: actual effort (hours) and size (adjusted function
points) from 133 maintenance and development software projects.

Keywords: non-linear regression equation, confidence interval, prediction interval, normalizing transformation,
bivariate non-Gaussian data

C.B.ITPUXOABKO, H.B.ITPUXO/IbKO, I.M.MAKAPOBA, O.0.KY/IH, T.IT.CMHUKO/IYb

HauionansHuii yHiBepcuTeT KopabneOynyBaHHs iMeHi aaMipana Makaposa

HOBYJOBA HEJIIHIMHUX PETPECIMHUX PIBHSIHb HA OCHOBI JIBOMIPHUX
HOPMAJII3YIOUUX NEPETBOPEHbD

3anpononosano memoou nody0osu piGHAHL, O0GIPUUX IHMeEPEANi6 ma IHMepsealie nepeddayeHHs
HeNHIUHUX pespecili Ha OCHO8I OBOMIPHUX HOPMANIZVIOUUX NEPEmBOPeHs Ol He2ayCOBCLKUX OAHUX. 3acmocy8ants
Memooie po3ensi0acmvcs 0k 00HO20 HAOOPY OBOMIPHUX He2ayCO8CbKUX OAHUX: Ol (PaKmuyHoi mpyooMicmkocmi
(200unu) i posmipy (cropueosari QyHxyionanreni mouxu) 3i 133 npoexmie 3 niompumku ma po3pooKu npocPaMHOZ0
3a6e3neuenHs.

Knrouosi cnosa: Heniniline pisHanus peepecii, Oosipuuil Hmepean, IiHmMepsanr nepe0baueHHs, HOPMANiZyIye
NnepemeoperHtsl, 0808UMIPHI He2ayCOBCHKI OaHi

C.B.ITPUXOJbKO, H.B.ITPUXOABKO, I.LHMAKAPOBA, O.A KYJIUH, T.I .CMBIKOAYb

HauunoHanbHbIA YHUBEPCUTET KOPAOJIECTPOSHUSI UMEHHU ajMupania Makaposa

MOCTPOEHUE HEJJMHENHBIX PETPECCUOHHbBIX YPABHEHUI HA OCHOBE JIBYMEPHbIX
HOPMAJIN3YIOHINX TIPEOBPA3OBAHUU

Ilpeonooicenvt  MemoObl  NOCMpOeHUs YpasHeHull, O06EPUMENbHLIX —UHMEPBANos U  UHMEPBAlo8
npeocKkazanus HeIUHelHbIX peepeccuii Ha 0CHO8Ee 08YMEPHBIX HOPMATUVIOWUX NPEOOPA306aHUTl OlIA He2aYCCOBCKUX
Oannuvix. [Ipumenenue memooos paccmampugaemcs Oasi 00HO20 HAOOPA 08YMEPHBIX He2ayCCOBCKUX OAHHbIX: OJiA
gaxkmuyeckoti mpyooemkocmu (4acel) u paszmepa (CKoppeKmuposauHvie @OYHKYUoHdanbHble mouku) u3z 133
NPOeKmo8 no n0O0epI*cKe U paspadbomKe npocpamMMHO20 obecneyeHus.

Knrouesvie croga: Henuneiinoe ypashenue pezpeccul, OO8epUMENbHbIN UHMEDBAN, UHMEPSAL NPeOCKA3aHs,
HOpManuzyioujee npeobpaszoeanue, 08yMepHvle He2dyCco8CKUe OaHHbIE

Problem formulation

A normalizing transformation is often a good way to construct equations, confidence and prediction
intervals of non-linear regressions [1-5], and it is often used for that purpose in empirical software engineering,
information technology, biometry, ecology, finance, etc. However, well-known techniques for constructing
equations, confidence and prediction intervals of non-linear regressions are based on univariate normalizing
transformations, which do not take into account the correlation between random variables in the case of
normalization of bivariate non-Gaussian data. This leads to the need to use the bivariate normalizing
transformations, which take into account that correlation to construct equations, confidence and prediction intervals
of non-linear regressions.

Analysis of recent research and publications

Transformations are an extremely important part of regression analysis, but the use of transformations can
be somewhat tricky [2]. According [2] transformations are made for essentially four purposes, two of which are:
first, to obtain approximate normality for the distribution of the error term (residuals) or the dependent random
variable, second, to transform the response and/or the predictor in such a way that the strength of the linear
relationship between new variables (normalized variables) is batter than the linear relationship between dependent
and independent random variables. Now well-known normalizing transformations are used to construct the
equations, confidence and prediction intervals of non-linear regressions. For that purpose, for example, it is known
the application of such normalizing transformations as the decimal logarithm transformation [1-6], the Box-Cox
transformation [2, 4], the Johnson translation system [7, 8]. However, known techniques for constructing equations,
confidence and prediction intervals of non-linear regressions are based on the univariate normalizing
transformations, which do not take into account the correlation between random variables in the case of
normalization of bivariate non-Gaussian data.
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Purpose of the study

The purpose of the study is to propose the techniques for constructing the equations, confidence and
prediction intervals of non-linear regressions for bivariate non-Gaussian data in general case, when it necessary to
take into account the correlation between the response and the predictor (dependent and independent random
variables) in the case of normalization of that variables.

Presentation of the main research material

We propose the techniques for constructing the equations, confidence and prediction intervals of non-linear
regressions for bivariate non-Gaussian data. As and in [9, 10] the techniques consist of three steps. In the first step, a
set of bivariate non-Gaussian data is normalized using a bijective bivariate normalizing transformation. In the
second step, the equation, confidence and prediction intervals of non-linear regression for the normalized data are
built. In the third step, the equations, confidence and prediction intervals of non-linear regressions for bivariate non-
Gaussian data are constructed on the basis of the equation, confidence and prediction intervals of non-linear
regression for the normalized data and the normalizing transformation.

The techniques. Consider bijective multivariate normalizing transformation of non-Gaussian random

vector P ={Y, Xl}T to Gaussian random vector T ={Zy ,Zl}T is given by

T=y(P) (1)
and the inverse transformation for (1)
P=y}(T). @)

The linear regression equation for normalized data according to (1) will have the form [2]
£ =7y +5(z-2,), ®3)

where fy is prediction linear regression equation result for values of Z; @1 is estimator for linear

regression equation parameter by .
The non-linear regression equation will have the form

Y =W1—1[Z_Y +5(z, —Zl)]. 4)

The technique for constructing of confidence interval is based on transformation (1) and equation

5 2
1 (Z]_' _Zl)
zy =B o+t s, |L ETTV (5)
cl i T o/2N=-274v I N Szlzl
where tO(/2 N_2 is a quantile of student's t-distribution with v degrees of freedom and /2 significance
2 2
N N N
o2 _ 1 =\).7 _1 : _ =
|EVE|, SZY —m- l(ZYi —Zy) ; ZY _W;ZYi y Szlzl __Zl(zli _Zl) .
1= 1= 1=

The technique consists of three steps. In the first step, non-Gaussian data is normalized using a bijective
normalizing transformation (1), and linear regression equation (3) is built on the basis of the normalized data. In the
second step, the confidence interval for linear regression is detected. In the third step, the confidence interval for
nonlinear regression is built on the basis of the confidence interval for linear regression and the normalizing
transformation. The confidence interval for non-linear regression will have the form

1. (Zli —2_1)2

NS (6)
N Szlzl

-1
Yo =vi | &, £y oSz,

The technique for constructing a prediction interval is based on the transformation (1) and equation [2]
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-\
1 (Zl-_zl)
Zipy = By gy 52, It )

Like previously the technique consists of three steps, with the difference that instead of the confidence
intervals, we define the prediction intervals. The prediction interval for non-linear regression will have the form

1 (Zli —21)2

-1
Yo, =1 fyiita/zyN_ZSZY L+ ®)

S 217y

The equations (4), (6) and (8) are used for constructing the equations, confidence and prediction intervals of
non-linear regressions for bivariate non-Gaussian data. The lines of equations, confidence and prediction intervals of

non-linear regressions can also be built by the inverse transformation (2) of the values of variables fy , ZYc| and
ZYm from equation (3), (5) and (7) respectively.

Bivariate normalizing transformations. Some normalizing transformations have been proposed for
normalizing bivariate non-Gaussian data, such as, transformation on the basis of the Box-Cox transformation, the
Johnson translation system and others. However, only a few normalizing transformations are bijective. Such
bijective transformation is the transformation of Sy family of the Johnson translation system. The Johnson
normalizing translation is given by [11]

zzy+nh[r1(X—<p)] ~Np(0p,S), ©

where v, 1, @ and & are parameters of the Johnson normalizing translation; y :(yl,yZ)T ;= diag(nl,nz);
o =(p1,92 )T ; A =diag(ry,%2); h[(y1, y2)]= {M(y1) ha(yz )}T ; hi(.) is one of the translation functions

In(y), for S| (lognormal)family;
In[y/@-vy)], forSg (bounded)family;
Arsh(y), for Sy (unbounded) family;

y for Sy (normal) family;
S is the covariance matrix
2
S— Szl $2,2,
- 2
2,2, 822

Here y = (x—o)/A; Arsh(y)= In(yﬂ/y2 +1).

The inverse transformation for the Johnson normalizing translation (9) is given by [11]
X =(p+Xh_1ln_l(z —y)J. (10)

Example. We consider the example of constructing the equation, confidence and prediction intervals of non-
linear regression for the bivariate non-Gaussian data set: actual effort (hours) and size (adjusted function points)
from 133 maintenance and development projects [12] after the cutoff of12 outliers by the technique for detecting
bivariate outliers on the basis of the normalizing transformations for non-Gaussian data [13]. On Fig. 1 the linear
regression (solid line), the borders of confidence (dot-dash lines) and prediction (dotted lines) intervals (o =0.05)
of linear regression for normalized data (points in the form of circles) from 133 projects are presented.
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Fig. 1. Equation, confidence and prediction intervals of linear regression for normalized data from 133 projects

These data is normalized by Sg family of the transformation (9). In these case the point estimates of
parameters are such: y; =1.881055, y, =2.731134, n;=0.793776, mn, =0.954031, ¢;=23.1890,

@9 =96.5557, Ay =2768.509 and A, =28270.72. The sample covariance matrix of the Z is used as the
approximate moment-matching estimator of covariance matrix S

(0.99248 0.81428
N "10.81428 0.99248)

On Fig. 2 the non-linear regression (solid line), the borders of confidence (dot-dash lines) and prediction
(dotted lines) intervals (o =0.05) of non-linear regression for non-Gaussian data (points in the form of circles)
from 133 projects are presented. That non-linear regression, the confidence and prediction intervals were built on the
bases of transformations (9) and (10). Also the non-linear regression, the confidence and prediction intervals were
built on the bases of the decimal logarithm transformation. For that transformation on Fig. 2 the borders of
prediction interval (dotted lines with short dashes) are also presented. We note, in this case (the decimal logarithm
transformation) at the maximum value of the independent variable the width of prediction interval is higher by 160
percent compared to prediction interval, which constructed on the bases of transformation (9).

60000 - e

50000 Ca
40000 —

30000 —

Effort (Hours)

20000 R 1= —

10000 : -
0 500 1000 1500 2000 2500

Size (Adjusted Function Points)
Fig. 2. Equation, confidence and prediction intervals of non-linear regression for non-Gaussian data from 133 projects

In our opinion, such a big difference is due to poor bivariate data normalization by the decimal logarithm
transformation. We note, Mardia’s multivariate kurtosis [14] B, equals 8 under bivariate normality for our case.
The values of point estimate of kurtosis 8, equal respectively 8.002 and 6.923 for the normalized data on Fig. 1 and

the data, which normalized by the decimal logarithm transformation. These values indicate that the necessary
condition for bivariate normality is practically performed for the normalized data by transformation (9) only.
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At the same time the non-linear regressions, which were built on the bases of transformations (9) and the

decimal logarithm transformation, are approximately similar: the values of coefficient of determination R? equal
0.5664 and 0.5759 respectively.
Conclusions

From the examples we conclude that the proposed techniques for constructing the equations, confidence and
prediction intervals of non-linear regressions for bivariate non-Gaussian data are promising. Application of the
techniques is considered for the bivariate non-Gaussian data set: actual effort (hours) and size (adjusted function
points) from 133 maintenance and development software projects. Accounting the correlation between random
variables in the case of normalization of that bivariate non-Gaussian data leads to reduction of the width of
confidence and prediction intervals of the non-linear regression compared to the same intervals, which constructed
on the bases of the decimal logarithm transformation. In the future, we intend to try other bivariate hon-Gaussian
data sets.
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