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Abstract. The mathematical model and method for the thermal expansion coefficient of solids study using the structural 
units method is presented: theoretical and experimental approach based on the use of potentials of interatomic interaction 
and micro- and macrostructural data: atomic or molecular configuration of the structural unit, known parameters  
( D , ± , r ) of the modified Morse potential for metals (Al, Cu, Fe) and physical parameters of the whole object. This 
method involves the use of mathematical modeling in conjunction with experimental data: in the process of model 
equations computing using empirical data. Purposed method allows theoretical calculation of the microstructural 
dynamic linear (CLTE) and volumetric coefficient of thermal expansion taking into account the pro-cess time in the 
range between structural transitions in a wide temperature range with a known structural unit configuration, taking into 
account the energy characteristics of the polyatomic interaction of the microstructure. Calculations of the theoretical 
dynamic microstructural coefficient of linear expansion for Al, Cu and Fe in a wide temperature range (0–1 500 С) 
according to known initial parameters of the interatomic potential are obtained and compared to experimental data 
of macrostructural coefficient of thermal expansion. The graphs of microstructural coefficient of thermal expansion 
values was obtained with the help of computer modeling compared to macrostructural coefficient of thermal expansion 
varies in range 5–12%. Presented method can also be used in the case of alloys and solid solutions with a known 
microstructural configuration necessary for calculating the parameters of structural unit. The use of this model for 
calculating the parameters of anisotropic materials is possible only with regard to the use of the experimental structural 
unit density dependence on temperature, allows not only to obtain adequate results of calculations for the processes 
occurring in a particular material at the micro level, but also to understand the physical basis of these processes.
Key words: structural unit; thermal expansion; SU method; CLTE; modified Morse potential.

Анотація. Наведено математичну модель і метод визначення коефіцієнта теплового розширення твердих тіл мето-
дом структурних одиниць: теоретико-експериментальний підхід, заснований на використанні потенціалів міжатомної 
взаємодії і мікро- та макроструктурних даних: атомної або молекулярної конфігурації структурної одиниці, відомих 
парамерів (D , ± , r ), модифікованого потенціалу Морзе для металів (Al, Cu, Fe), фізичних параметрів всього об’єкта. 
Даний метод передбачає використання математичного моделювання в сукупності з експериментальними даними: у 
процесі вирішення модельних рівнянь використовуються емпіричні дані. Запропонований метод дозволяє теоретично 
розрахувати мікроструктурні динамічні лінійні (CLTE) і об’ємні коефіцієнти теплового розширення з урахуванням 
часу процесу в діапазоні між структурними переходами в широкому діапазоні температур із відомою конфігурацією 
структурної одиниці з урахуванням енергетичних характеристик багатоатомної взаємодії мікроструктури. За допо-
могою комп’ютерних розрахунків отримано криві значень теоретичного динамічного мікроструктурного коефіцієнта 
лінійного розширення для Al, Cu і Fe в широкому діапазоні температур (0–1 500 С) за відомими початковими параметрами  
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міжатомного потенціалу, порівняно їх із даними експериментального макроструктурного коефіцієнта теплового роз-
ширення. Розрахований мікроструктурний коефіцієнт теплового розширення порівняно з макроструктурним CLTE є 
більш точним, ніж наявні теоретичні моделі та методи, та коливається в діапазоні 5–12%. Представлений метод також 
може бути використаний щодо сплавів та твердих розчинів із відомою мікроструктурною конфігурацією, що необхідно 
для розрахунку параметрів структурної одиниці. Використання цієї моделі для розрахунку параметрів анізотропних 
матеріалів можливе лише з урахуванням використання експериментальної залежності густини структурної одиниці 
від температури, дозволяє не тільки отримати адекватні з погляду експерименту результати розрахунків для процесів 
у тому чи іншому матеріалі на мікрорівні, але й зрозуміти фізичні основи даних явищ.
Ключові слова: структурна одиниця; теплове розширення; метод структурних одиниць; коефіцієнт лінійного 
теплового розширення; модифікований потенціал Морзе.

FORMULATION OF THE PROBLEM
Studying the processes in crystalline materials in 

a wide range of temperatures, close to absolute zero 
and structural transitions, changes the state, in particular 
is a very non-trivial task, even with the current devel-
opment of the measurement methodology. Theoretical 
studying heating or deformation processes` mechanical 
and thermal characteristics in microstructures, taking into 
account the speed of these changes is of practical interest 
nowadays.

ANALYSIS OF RECENT RESEARCH 
AND PUBLICATIONS

The method of structural units (SU) [1; 2] presented 
by us in previous works is based on the following prin-
ciples and assumptions: crystalline solids are composed 
of structural units, close to an absolute zero temperature 
T K0 0= � these structural units volume is V r0 0

3= , where 
r0

�  – interatomic distance at T K0 0= ; the additivity prin-
ciple is the correspondence of the physical properties 
of the structural unit to the physical properties of the mac-
rostructure – the whole solid, consisting of these struc-
tural units; scaling – equations describing physical pro-
cesses retain when all scales and time intervals change by 
the same; the existence of interatomic forces: attraction 
and repulsion, at a temperature T K0 0= � : �F FT T

� �� �
0 0

0 ;  
The SU method makes it possible theoretical calculation 
of mechanical and thermodynamic processes parameters 
occurring in cubic crystal system (cP (sc), cI (bcc), cF 
(fcc)) in certain temperature ranges.

PURPOSE OF THE STUDY
The purpose of this work is to create a method that 

allows theoretical calculation of the dynamic linear 
(CLTE) and volumetric coefficient of thermal expansion 
taking into account the process time in the range between 
structural transitions in a wide temperature range, and this 
method allows to calculate the microstructural CLTE 
and volumetric coefficient of thermal expansion for both 
isotropic and anisotropic solids, with a known SU con-
figuration, taking into account the energy characteristics 
of the polyatomic interaction of the microstructure.

THE MAIN MATERIAL
Generally, the CLTE of the cubic structure can be 

represented as:

�L r
dV
dT

� �
�
�

�
�
�

1
3 3

,                             (1)

where r  – the lattice parameter of the material.
As a potential describing the interaction of atoms in 

a structural unit (elementary structure) it is possible to 
use a modified Morse potential of the form:

Ï r D e er r� � � �� �� �2 2± ± ,                   (2)

where D  – dissociation energy, the well depth, 
±  – substance dependent constant that controls the width 
of the potential.

We assume that the relative values of the energy 
of a structural unit at each point of the volume is a super-
position of all the potentials of the atoms in the structural 
unit, or a cluster consisting of several structural units. In 
more detail, this technique is described in [3], here we 
present only the final equations for calculating the relative 
integral energy density of a structural unit with regard to 
its volume distribution.

�
�

��
�
�

1

N

Ï ,                                 (3)

where � � �1 2, N  – the number of particles (atoms) 
of SU or microstructure taken into account (fig. 1)

Accordingly, using given value of the elementary 
step of deformation ´ ´ �r �� � and the time of the elemen-
tary deformation event, it is possible to calculate the rela-
tive change in energy:

�� � � �
�

�
´ ´ ´ ´r Ï r

N

, ,� � � � �
�
�
1

.                     (4)

Consequently, the increment of the thermodynamic tem-
perature δT  corresponding to the elementary act of thermal 
expansion ´ ´r �� �  of the isotropic structural unit is:

� �
�

� �

�
T r

k
D e e

Á

N
r r

´ ´
±´ ´ ±´ ´,� � � �� �

�

� � � � � ��1 2
1

2 .      (5)

This allows to calculate the sample temperature heat-
ing dependence on time (fig. 2), which makes it possi-
ble to calculate the dynamic microstructural coefficient 
of linear thermal expansion.

From (2–5), we obtain the expression for the micro-
structural coefficients of linear and volumetric thermal 
expansion, respectively:
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Fig. 1. The distribution of the relative integral energy density on the edge of a cubic, bcc and fcc structure, and on the edge of a microstructure 
(cluster) consisting of 4 cubic and bcc structural units

 

 
Fig. 2. Temperature dependence of the heating time for 8 structural units with a difference in temperature 
of the sample and the external environment of 100 K
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DISCUSSION OF THE OBTAINED RESULTS
As a result of the calculation using this method, 

the values of the dynamic coefficient of linear expan-
sion for pure metals were obtained in a wide tempera-
ture range with known initial parameters of the modified 
Morse potential. Table 1 presents the known parameters 
of the modified potential that were used in the calcula-
tions, the results of the computational experiment αL  
and the comparison with known experimental data αL EXP� �

[7]. Figures 3–4 presents the dependences of the calcu-
lated microstructural and experimental macrostructural 
linear expansion coefficient (CLTE) of Al, Cu, Fe in 
the temperature range 0–1 500 C.

Since the parameters of the interatomic Morse poten-
tial are known for a wide range of solids, the proposed 
method for calculating the dynamic coefficient of thermal 
expansion, being rather difficult for analytical calculation, 
makes it possible accurate theoretical calculation of the lin-

Table 1. Parameters of the modified Morse potential (D, α, r), calculation results of microstructural ±L   
in comparison with knows experimental data of ±L EXP�

Ï  parameters Al Cu Fe
D, eV 0,2703 0,3429 0,4174
α 1,1646 1,3588 1,3885
r 3,253 2,866 2,845

Т, С
αL

10−6K−1

αL EXP�

10−6K−1

αL

10−6K−1

αL EXP�

10−6K−1

αL

10−6K−1

αL EXP�

10−6K−1

0 20,25 22,8 14,02 16,70 10,57 11,30
100 27,23 23,7 18,05 17,06 14,53 12,15
200 28,23 24,5 18,83 17,42 14,81 12,70
300 28,55 25,4 19,05 – 15,13 –
400 29,10 26,2 19,45 18,14 15,45 13,80
500 29,66 27,1 19,63 – 15,51 –
600 30,27 27,9 20,05 18,86 15,86 14,50
700 24,06 – 20,36 – 16,05 –
800 18,52 – 20,55 19,58 16,19 14,80
900 14,58 – 20,86 – 16,35 –

1 000 11,51 – 20,15 20,30 16,56 –

 
Fig. 3. Calculated dynamic microstructural CLTE ±L  and its known experimental values ±L�EXP   
in the temperature range 0–1 500 C for Al
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ear coefficient of thermal expansion, and in the case of isot-
ropy, the volumetric coefficient of thermal expansion using 
(7). It can also be used in the case of alloys and solid solu-
tions with a known microstructural configuration neces-
sary for calculating the parameters of SU.

CONCLUSIONS
Analysis of the calculated results allows us to con-

clude some discrepancy of calculated micostructural 

CLTE with the known experimental data of macrostruc-
tural CLTE (about 5–12%), this is due to the need for 
some correction of the interatomic potential parameters 
and imperfect empirical measurement techniques, which 
can also have significant error. The presented method 
allows to calculate the coefficient of temperature expan-
sion in the temperature range from 0C to the melting 
point in the case of Cu and Al, however, in the case 

 
Fig. 4. Calculated dynamic microstructural CLTE ±L  and its known experimental values ±L�EXP  in 
the temperature range 0–1 500 C for Cu

 
Fig. 5. Calculated dynamic microstructural CLTE ±L  and its known experimental values ±L�EXP  in 
the temperature range 0–1 500 C for Fe
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of Fe, the model can be correctly used only up to 906 C, 
since it needs to be modernized, by taking into account 
the adjustment from bcc to fcc. The use of this model for 

calculating the parameters of anisotropic materials is pos-
sible only with regard to the use of the experimental SU 
density dependence on temperature.
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