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INTRODUCTION

The tutorial is developed for lectures from the section “Multiple,
Curvilinear, Surface Integrals”. The teaching material is given in the
form of seven lectures. The examples of solving of more than 100
tasks from this section are represented.

The provided tutorial is developed to meet the current
requirements for an essential increase in the level of basic mathematical
training and to strengthen the applied orientation of the course and
aims to help students in self~-mastery with theoretical knowledge and
necessary practical skills. The tutorial will be useful for students who
are comfortable studying higher mathematics in English.

The given number of examples of solving tasks not only satisfies
the needs of students in the practical training of the corresponding
topics of the section, but also gives the teacher the opportunity to
diversify the choice of'tasks within the presented section.



BCTYII

HapuansHuii mociOHUK po3poOIeHO TSt MPOBEACHHS JISKITIN
3 po3ainy «KpaTHi, KpUBOJIIHINHI, TOBepXHEBi iHTErpanmn». Ha-
BYAJIBHHUI MaTepiall MOAaHo y BUIISAL ceMu Jiekuii. HaBeneno
MIPUKIIAIU PO3B’A3yBaHHS OLTBII HIXK CTa 3a/1a4 3 JAHOTO PO3JILTY.

[Ipencrarnennii HaBYAIBHHUIA TTOCIOHUK CTBOPEHO 3 OTIISTY
Ha CyJacHi BAMOTH MIOJI0 ICTOTHOTO MiBUIIICHHS PiBHS (hyH/Ia-
MEHTaJIBHOI MaTeMaTHYHOI MATOTOBKH 1 MOCHJICHHS MPHUKIIAI-
HOT CITPSIMOBAHOCTI KypCy Ta Ma€ Ha METi JOMIOMOT'TH CTYJICHTaM
y CaMOCTiIfHOMY OBOJIO/IIHHI TEOPETUYHUMH 3HAHHSMH Ta HEOO-
XiTHUMH TIPaKTUYHUMU HaBUYIKamHu. [1ociOHUK Oyre KOprucHUM
CTyEHTaM, SIKUM 3pYYHO BHBUATH BHIIly MaTeMaTUKy aHIJIIICh-
KOO MOBOIO.

HaBenena kinpKicTh MPUKIAIIB PO3B’SA3yBaHHS 3a/1a4 HE
JIMIIE 33JJ0BOJIbHSAE IOTPEOU CTYIEHTIB Y MPAaKTHUYHOMY 3aKpil-
JICHHI BIAIMOBITHUX T€M PO3JLTY, a i HaJa€ MOXKJIMBICTh BUKJIA-
Ja4eBi Ypi3HOMAHITHUTH BUOIp 3a/1a4 B MEXax MPECTaBICHOTO

po3iny.



Lecture 1. DOUBLE INTEGRAL:
DEFINITION, PROPERTIES, CALCULATION

Tasks leading to the definition of double integral
Task 1. (About the volume of a cylindrical solid)
The given solid is bounded by the area z = f (x, y) > ( above,

by the closed bounded domain D < Oxy below, and by the
cylindrical area on the sides, the generatrix of this cylindrical
area which are parallel to the axis Oz (Drawing 1).

V4

Drawing 1 Drawing 2

We arbitrarily divide domain D into 7 parts D, that do not have
any common inner points, and the areas of which are AS,
(i=1,2, ..., n). We choose an arbitrary point P.(&;;m,)e D;, the
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function in this pointis £ (P.)= f(&,;m, ). We calculate the product
(&, ) AS;, which is equal to the volume of cylindrical column
with generatrix parallel to the axis Oz, to the base D, and to the
altitude f(P, ) The general number of these columns is 7, and the
sum of their volumes is approximately equal to the volume of
a cylindrical solid:

V¥, =Y flein)as,. n

We designate the biggest diameter of domains D, as

A =max d(D,); a diameter of a domain is its biggest chord. The

1<i<n
volume of the given cylindrical solid is calculated as limit of the
sum(1)when L = 0:

V_lxlg(}V —llme&,l,n )

Task 2. (About the mass of a material plate)

We have a flat inhomogeneous material plate in the shape
of domain D (Drawing 2). Continuous function y =1y(x, y) in
domain D determines the density of the plate at the point (x; y) .

We arbitrarily divide domain D into parts D, that do not
have any common inner points, and the areas of which are equal to
AS, (i = , n). We choose an arbitrary point P.(,;1,)e D
and calculate dens1ty in this point y(P,)= (&l,n ). Then the
mass of the part D, is equal to the product y( )-AS, , and the mass

m ofthe whole materlal plate is approximately equal to the sum of:

m=m, =iv(&i;m)-ASi- )

We calculate the exact value of the mass as equal to the limit
ofthe sum (3) when A — 0, 1.e.:

6



Multiple, curvilinear, surface integrals

m = limm, =gigrg;v(ai;ni)-ASi : (4)

So, different tasks lead to calculating limits ofthe same kind.
Each of' such limits is called double integral. In such case occurs
the need to learn properties of these limits, regardless the content
of'the task.

Definition of double integral

Let us assume that function f(x, ) is determined in a closed
bounded domain D « R?. We arbitrarily divide domain D into n
parts D, the areas of which are equal to AS; (i=1,2,..,n);

A = maxd(D, ) is the biggest diameter of domains D, We choose an

1<i<n

arbitrary point P,(&,;;n, ) in each domain D, and calculate the sum

[n :if(amnz)ASz > (5)
i=1

which we will call the integral sum for function f(x, y) indomain D.

If A —> 0, and the integral sum (5) has the finite limit, that
depends neither on the way we divide domain D into parts D, nor
on the choice of the points P, then this limit is called double

integral of function f(x, y) in domain D:
[/ y) dxdy =lim 37 f(E;5m;)- AS; (6)
D =Yz

Function f(x,y) is called integrable in domain D; D is an

integrating domain; x,y are integrating variables; dxdy is an element
ofan area.
Geometrical meaning of double integral:

V= _[ _[ f (x, y) dxdy — volume of a cylindrical solid.
D
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Mechanical meaning of double integral:

m= _[ _[ y(x, y) dxdy — mass of a material plate.
D

Theorem (sufficient condition of integrability of a function)

If function f(x,y) is continuous in a closed bounded
domain D, then it is integrable in this domain.

Later on we consider the function f(x,y) that is being
integrated in the domain D as a continuous one.

Properties of double integral
L. ”C-f(x,y) dxdy = C-”f(x,y) dxdy> C—const-
D D

2. ﬂ xy) dxdy = ﬂfxy dxdy+ﬂgxy dxdy .

The property is valid for a finite number of functions.

3. ”f(x,y) dxdy > 0,if f(x,y)> 0 indomainD.
D

4. ([ flx,y) dxdy > [[ g(x, ) dxdy if f(x,y)> g(x,»)
indgmainD ’

5, ﬂfxy dxdy = [[ f(x,y) dxdy + [[ f(x,y) dxdy,

where domains D, gz are the partsD;f the divided integrating

domain D.
6. mSS”f(x,y)dxdySMS,
D
where S is the area of domain D; m, M are respectively the least and

the biggest values ofthe function that is being integrated in domain D.
8
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Calculation of double integrals

1) Integrating domain D is bounded by the lines x = a and
x=b (a<b) on the left and on the right, and continuous
curves y = ¢,(x) and y = ¢, (x) (¢,(x) < @, (x)) below and above
(Drawing 3).

Ay Ly

o.(x) ¢

vi() v

Drawing 3 Drawing 4

In this case calculation of the integral (6) means calculating
repeated integral according to the formula:

b 9y(x)
[[ £ (e, p) dxdy = [dx [ f(x,y)dy. (7
D

a P (x)

2) Integrating domain D is bounded by lines y =¢ and y =d
(¢ < d) below and above, and by continuous curves x =y, (y)
and x=vy,(y) (y,(y)<wy,(y)) on the left and on the right
(Drawing 4). For such domain double integral (6) is calculated
according to the formula:

d w(»)
[[ f(x,p) dxdy = [y [ f(x,y)dx. (8)
D ¢ vy

9



N. O. Romanchuk, M. V. Ushkats, O. V. Maiboroda, I. V. Petkov

Task 1. Calculate double integrals of rectangular domains.

a) ﬂe“ydxdy,D: 0<x<1,0<y<l;
D

1 1
ge“y dxdy =J!ex e’ dxdy=£exdx£eydy =e" (1) -ey‘(l) =(e—1)2.

b) gxzy-cos(xyz)dxdy,D: OSxSE, 0<y<2;

1 /2 2
ﬂxzy - cos(xyz)dxdy =— sz dx - J2ycos(xy2)dy =
D 25 0

/2 2
:l sz dx-lsin(xyzi =
25 X 0
1 ™2 xX=u, dx =du,
=—_[x-sin4xdx= . 1 =
2 sin 4x dx = dv, v:—Zcos4x

1
= —| —Zcosdx
2 4

75/2 175/2
+— _[cos4x dx | =
0 4%

1
=— —£c0s2n+Lc0s4x
21 8 16 0

:l —£+L(c0s2n—cos0) =T
2 8 16 16

10
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Task 2. Calculate repeated integrals.
1 2x 1

a) _[dx_[(x—y+l)dy:_[dx{(x+l)-y—y72]

0 X 0

1 2 1 2
:_[ 2x%2 +2x—2x% - x2+x—x— dx:_[ —x—+x dx =
0 2 0 2

==

2

4 2 ' 4 2 4

4 y 3 4 y dx 4 1 xy
) Idyj zy 3 dx=jy3dy'[ > Z:Iy3dy-—arctg— =
2 oX Y 2 oX"+Yy 3 y Yo
T 2 T y34 TC(3 3) 147

= arctgl —arctg0)dy=—-—| =—\4° -2 |=—
ly (arctg g0)dv == T T

Task 3. Change the order of integration of the following integrals:

5

1y
a) [, :jdy'[f(x,y)dx.
U

11
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y We represent the integrating domain
1t determined by the lines y =0, y=1,

x=y, x=4/y (Drawing 5). Having
changed the order of integration, we

x getnew limits:

0 1 .
x=0, x=1, y:xz, y=x, le.
Drawing 5 1x
I ={dx | f(x.y)dy.
0 i
y 0 Vi-x?
F b)Izzjdx '[f(x,y)dy.
-1 x+1
The initial limits are x=-1, x =0,
y=x+1, y=+1-x* (Drawing 6);
¥ we express the new limits of integration:
-1 0
x=y-1, )Cz—\ll—y2 ,y=0,y=1,
Drawing 6 consequently

1 e
y=0,y=1,x=e", x=e,thatis why /, :de'[f(x,y)dx.

0 ¢

12
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Integrating domain is represented
on Drawing 7, out of which we find
new limits:

y:(),yzl,x:ey’xze,

that is why

Iy =[dy [ f(x.y)dx.
0 ¢

A

Ay

N

1 2 e

Drawing 7

Task 4. Changing the integrating order, rewrite the given

expression in the form of twofold integral.

a)/, :J.dx_)lif(x,y) dx+_[dx rf(x,y) dy -

0 0 1 0

Integrating domain is represented on
Drawing 8. We change the order of
integration and rewrite the given integral
as one twofold.

3—x

b) 1, = jdxiff(x,y) dy+jdx jf(x,y) dy.

Drawing 8

The given integrating limits 0<x<1, 0<y<x” and

0<x<3,0<y< 3_Tx (Drawing 9) may be represented in the

followingway:\/;ﬁxé3—2y, 0<y<l1,s0

13
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1 3-2y

L=[dy [ f(x.y)dx

,«m n

Task 5. Calculate double integrals in
the given domains:

a)”xdxdy’D x=2,y=x,
y Dx+y

Drawing 9

24 x =2y (Drawing 10).

x dxdy % dy
x dx =
gx2+y { xLx2+y

X

2
1
= I(arctgl - arctg—] de=| T _ arctgl * X
0 2 2

1 5

1
—_[x dx - —arctgy =
] 0 b x|x
Drawing 10 2

2

1
=——2arctg—’
0o 2 2

4

2
b) I_[x—zdxdy; D:x=2,y=x,
DY
xy =1 (Drawing 11).

X

R R
DY 1

14
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X

=

c) Hylnxdxdy; D : xy=1, ¥
D

y=+x, x=2 (Drawing 12).

”ylnx dxdy :_Z[IHx dxfy dy =
D 1

1/x

0 1 >

2 yZ*/; Drawing 12
:_[lnx dx-— =
1 L
1
12 1 Inx =u, du = —dbx,
——_[lnx (x——zjdx = 1 xzx 1=
! * [x——zjdx:dv, v:?+—
X

15



N. O. Romanchuk, M. V. Ushkats, O. V. Maiboroda, I. V. Petkov

2 2
_1 ilnz—j(i+i2) e |= 1 2oL
212 2 X 212 4 x

:l(flnz—i):é(zmz—l),
202 4) 8




Lecture 2. CHANGE OF VARIABLES
INDOUBLE INTEGRAL. POLAR COORDINATES.
APPLICATION OFDOUBLE INTEGRAL
TO GEOMETRICALAND MECHANICAL TASKS

Ifthe given function f(x, y) is continuous in closed and bounded
domain D, then there is a double integral

1={[ £(x,y) dxdy. (1)

Let us assume that in the integral (1) we can make a transition
to new variables u and v with the help of formulas

x= x(u,v), y= y(u,v), (2)
out of which the variables u and v are uniquely expressed:
u=ulx,y), v=vlxy). (3)

In this case every point M (x, y) e D corresponds to the
point M * (u,v). The set of all such points A * (u,v) forms closed
and bounded domain D*.

Theorem. If the change (3) turns closed bounded domain D
into closed bounded domain D* and is one-to-one correspondent,
and if functions (2) in domain D* have continuous partial first-order
derivatives and nonzero determinant

17
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o o
J(”’V):g;l g, 4)
o ov

and if function f(x,y) is continuous in domain D, then the
following formula of the change of variables is valid:

”f(x,y) dxdy = ”;f(x(u,v),y(u,v))-|J(u,v)| dudv. (5)

Functional determinant (4) is called the Jacobian determinant or
Jacobian.

Let us consider the change of Cartesian coordinates x, y into the
polar ones — p,¢ — connected by relations x =pcos@, y =psin@.

cosQ —psin

Since Jacobian J(p,¢)=| .
sing  pcose

:p,

J(pa(PX =p,

then formula (5) turns into:
[[ £Cx,) dxdy = [[ f(pcose,psing)pdpdp,  (6)
D D*

where domain D is set in Cartesian coordinate system Oxy, and D*
is its corresponding domain in polar coordinate system.
If domain D (Drawing 13,a) is bounded by rays, that make with

polar axis angles o and B (o < B), and by curvesp = p,(¢) and
p=p,(9) (p,(¢)< p,(9)), then polar coordinates of domain D*

change in limits p,(¢)< p < p,(¢), o < @ < B (Drawing 13,b). Then
formula (6) may be presented as follows:

18
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B P2 (‘P)
”f(xy dxdy = Id(p prOS(p,pSin(p)pdp. (7)
D o (o)
y p
p.(9) p.(0)
I Pl((P)
A )
"\\1\(1 X
0 p 0 o g @
Drawing 13,a Drawing 13,b

Tasks. Make a transition to polar coordinates and calculate
double integrals:

a) ], = ”1/)52 +y” dxdy; D is the first quarter of a circle
D
x*+y*<a’;

w2 a
I =ﬂx/l?p dpdo = [[p* dpdo = [do[p’dp =
Ty D* 0 0

ra
2 3

b) 1, :”1/4—)52—)/2 dxdy; D:x +y><4;
D

19
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21 2
1, = [[p4—p* dpde = [do[py4—p* dp =
D* 0 0

LT 2, e 2 2)_ l6m
- (Po 3(4 ) 0 (O 432) 3
0 I, —” dxdy :D: y=+1-x, y = 0 (Drawing 14);
x* 4y’ +1’
dpdep 17 1
el ]

ntin2

:g(ln2—ln1):

d) I, 2”\/)62 +y2 dxdy; D: x* er2 =2x, x* +y2 =4x
D
(Drawing 15);
D*: p* =2pcosp = p=2cosQ;
p> =4pcosp = p=4cosQ;
2 4cos @

I—Idcpjp dp——jdcpp\

-m/2  2cos¢

/2
1
25 j 64 cos’ ¢ —8cos’ (p)d(p =
-7/2

20



Multiple, curvilinear, surface integrals

72 .3
:? I(l—sinz(p)d(sin(p):?(sin(p—sm (p]

-n/2

56( . m . ) 1{ .sm .5 = 56 2 224
=—|sin——sin| —— |——| sin” ——sin’| —— | | |[=—| 2—— |=——
3 2 2) 3 2 2 3 3 9

Drawing 14 Drawing 15

Application of double integral to geometrical and mechanical
tasks

In the plane Oxy there is a
material plate in the shape of closed Y
bounded domain D (Drawing 16),

in every point of which density is \\
determined by continuous function \
v =y(x,y). Then the area of the
figure, that has the shape of domain \
D, is calculated according to the
X

formula:

S = || dxdy. 8
-[3[ e ®) Drawing 16

21
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Mass of a material plate, bounded by domain D, with density y
is calculated with the formula:

m={[v(x,y) dxdy. 9

D
Parameters

M :_Uy-y(x,y) dxdy and M | :”x-y(x,y)dxdy (10)

are respectively called static moments of a plate about axes Ox
and Oy.

Coordinates of center of mass of a plate are calculated with
the formulas:

M M
xc: y’ yc: = (11)

3
3

Parameters

I, :”yzy(x,y) dxdy, I = ”xzy(x,y) dxdy ,
D

D

I, = _U(x2 +y2)y(x,y) dxdy (12)

are respectively called moments of inertia of a plate about axes Ox,
Oy and origin of coordinates.

The volume of the cylindrical solid, generatrix of which are
parallel to axis Oz and which is bounded by domain D of the plane
Oxy below, and by surface z = f (x, y) above, where function
f (x, y) is continuous and nonnegative in domain D (Drawing 17), is
calculated with the formula:

V:_Uf(x,y) dxdy . (13)

22



Multiple, curvilinear, surface integrals

If surface o, represented by “

equation z = f (x, y), is projected
on the plane Oxy in domain D,
and if functions f(x,y), f/(x,»),
fy’(x,y) are continuous in this

domain, then area Q of surface o
is calculated according to the < N
formula: X

Drawing 17

0= [[ 1+ (Fer)P + (1) dedy.  (14)

Task 1. Calculate areas of figures, bounded by the lines:

a) y:xa yzsxa x:1-
The given figure is represented on Drawing 18. We calculate
the required area with the formula (8):

1 sx 1 5x \y

S:dedy:jdxjdyzjdx.y _ 51

D 0 X 0 X

1 1

J. 4x dx =2x* _2(sq.un.)

0
b) y=2-x, y’ =4x+4. 1]
We calculate common points of the lines: — X
y=2-Xx

2 .

y? =4x+4 = (2—x) =4x+4, Drawing 18

23



N. O. Romanchuk, M. V. Ushkats, O. V. Maiboroda, I. V. Petkov

P 2 -8x=0 = (0;2), (8-6);
and make a sketch (Drawing 19).

X

-1%2 A 8 2 2y
S = ”dxdy = jdy jdx =
D -6 y?

R

Drawing 19

2 1
=4-—+18=21—
3 3(sq.un.)

c) p=acosQ, p=bcos@, 0<a<b (Drawing 20).
Taking into consideration

symmetry of the figure, bounded
by the given lines, its area is
equalto:

0

p=acoso " >7 2££pdpd$ )
n/2  bcos@
=2 jd(p jpdp =
Drawing 20 v
n/ /
= (b2 - az)fcos2 odp = b -a’ J.2(1+ c0s20) do =
0 0

24
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/2
b —a’ 1. (bz—az)n
- +sin2 =-——" . (sq.un.
2 [‘P 2 ‘Pjo ;- (squn)
d) (x2 +y2)2 = Zazxy. ’
To calculate the area of the p'=a’sin2¢

figure, bounded by a closed line
(lemniscate), we apply formula (6)
of'transition to polar coordinates and 0
take into consideration its symmetry
(Drawing 21), then

/2 a,/sin2¢ /2
/ 2
S=2£d(p {p dp=a {stcp do = Drawing 21

2 /2

a
=——cos2¢ =a’ (sq.un.)
2 0

Task 2. Calculate volumes of solids, z
bounded by the given surfaces: z=4-x-y

a)y:xz,yzl,x+y+Z=4,Z=0.

The given solid is a vertical cylinder
y =x",boundedbyplane z=4—x—y
above, and by apart of plane z = 0 below

(Drawing 22); its projection on the plane /\ I y

Oxy is a figure, bounded by parabola
y=x’ and line y =1. Volume of the
solid is calculated with the formula (13): Drawing 22

25
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2

szjf(x,y)dxdy=jdxj[(4—x—y)dy=jdx((4—x)y—y7 =

1 4 5 4 3 2 !
1 4 1
=J G SV C RIS SR [ g [ A A Tl
2 2 2 2

:Z(L_i+3l)_ ﬁ:68( )

10 3 2 15

b) z=y"—-x*,z=0, y=+2.

Hyperbolic paraboloid z = y* — x* crosses plane Oxy (z = ()

on the lines y = £x. Along with the planes =0, y =42, this
paraboloid bounds a solid, symmetric to

z planes Oxz and Oyz. Taking into account the
, symmetry, volume V| of a quarter of the
z=y’—x
d solid, situated in the first octant (Drawing 23),
is equal to:
y=2 2 7
V, = [[ £ e.y) dxdy = [dy[(y* - x*) dx =
0 _ D 0 0
2.
2 ¥ Y
_ 2 X
Drawing 23 B _([dy(y o 3 ]
0
2} 2 8
3
=—|y dy=—-=— == (c.un)
39 3 4 3

Then the volume ofthe given solid V' = 4V, = % (c.un.).



Multiple, curvilinear, surface integrals

Task 3. Calculate area of a part of a surface of paraboloid

2z = x>+ y*, cutout by cylinder x* + y*> =1 (Drawing 24).

Out of equation of paraboloid z = %(x2 + yz) We express

ZL=Xx,2,=).
Integrating domain D is a circle

x> +y° =1. According to the

formula (14) we calculate:

Q:.” L+x? +y2 dxdy =
D
- .” 1+p° p dpdop = Drawing 24
D*

27 (1+p2)3/2‘
. 32

- %ﬂ(z\/?_ 1) (sq.un.)

Task 4. Calculate the coordinates of center of mass of upper

half of homogeneous (y = 1) circle x* + y* =9.
Due to the symmetry of a figure about axis Oy x, =0. To

calculate y_we apply formula (11), s0 y_ = My , where according
m
to the formulas (9) and (10):

M, :”yy dxdyzﬂpzsin(p dpd(pz]zsin(p d@ipzdp:
D D* 0 0
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3

T 3
:(_COS(P% L =(cos0—cosn)-9:18,

0 3 0

(I i p23 on
m= [y dxdy = [[p dpdo =[do[pdp =g/ = =", then
D D* 0 0 0 0
_ 18 _4
Ve In/2 =

Task 5. Calculate moment of inertia about the origin of coordinates

of'a homogeneous figure, bounded by the lines X +% =1,x=0,

a
y=0.
According to the formulas (12) we calculate:
y tla=x)
Iy :”(xz +y2)dedy=fdx j(x2 +y2)dy -
D

0 0

bla-x)

a

a 3
:_[dx x2y+y—
0 3

0

:i(§x2(a_x)+§.b_3(a_x3)] dx =

28
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Task 6. Calculate mass of a circular ring, built on circles with
radiuses 7, and 7, (r; <r,), if in every point surface density is
inversely proportional to the square of its distance to the center
ofaring.

According to the task, density y(x, y) = % , wWhere kis a
X“+y

proportionality coefficient, so by the formula (9) the mass ofthe ring
will be equal to:

m= Hy(x,y)dxdy = '[3[

D

k pdpdp °F . "rdp
didy = k [[PPYP _ k(g [P =
N DJ:* p’ g(p{p

2n
.]np

0

k¢ = 2mk(inr, —Inr)=2mkIn 2

n

n

Task 7. Calculate moment of inertia of homogeneous ellipse

2

+ y_2 =1 (a > b)about its bigger axis.

b

Since a > b, we calculate:

Q|><
[ NS B S

a bvl_ii a 3 ém
Ixznyzdxdy=4fdx Iyzdy=4fdx-y—a
D 0 0 0 3

0

a3
:ij'bi(ﬁaz_xz)de:
304

x=asinz,

dx=acosz dz,
3 3 n/2

_ x| _4b [2 2.2 d—4b 4 ost 2 ds =

=| z=arcsinZ, |=T3 a”—a“sin"z| -acoszdz=— |a cos” zdz=

a 3a’ 3a” %

T
z,=0, z, =—
2
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4 n/2 1 2 2 3 n/2
:§ab3 I [-‘_C;SZ) dz:% (1+2cos2z+cos22z)dz =

0 0

n/2

3 m/2 3
:ab (1_‘_2008224_“00342}&:% z+sin22+l z+lsin4z
3 ! ) 3 2 4

0

ab®*(n . 1(m 1 . ab*(n n ab® 3n  nab®
=——|—=+sing+—| —+—sin2n | |[=—| —+— |=— —=
312 2(2 4 312 4 3 4 4 -




Lecture 3. DEFINITION AND CALCULATION
OF TRIPLE INTEGRALS

Function u = f(x, y, z) is determined ina closed bounded domain
G < R’. We divide domain G by a set of surfaces into n parts G,
that do not have any common inner points and the volumes of
whichare AV;,i=1,2, ..., n.Ineach part G, we take an arbitrary

point P.(&,;m,; 1, ) and calculate the sum
Zf(ii;m;ui)'AVi > (D
i=1

which is called an integral sum for function £ (x, y,z) in domain G.

A =maxd (Gl. ) is the biggest diameter among domains G..

I<i<n

Definition. If A — 0, and integral sum (1) has a finite limit, that
depends neither on the way we divide domain G into parts G,, nor
on the choice of points P, then this limit is called triple integral

of function f(x, y,z) indomain G:
[] /(e 3.2) dvdydz=1im Y f(g,5n;3m,)- AV, (2)
G i=1

where f (x, y,z) is a function, integrable in domain G; G is an
integrating domain; x, y, z are integrating variables; dxdydz (or dV)
is an element of volume.
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Mechanical meaning of triple integral. If mass with bulk density
v =v(x, y,z) in the point (x, y,z)e G is spread over the solid G,
then mass m of'this solid is calculated with the formula:

m= ”Jy(x, y,z) dxdydz . (3)

Geometrical meaning. If everywhere in domain G y(x, y,z)=1,

then the formula (3) is followed by the formula of calculation
volume V of solid G:

v = [[[ dxdydz. (4)

Theorem (sufficient condition of integrability of function). If
function £ (x, y,z) is continuous ina closed bounded domain G, then
it is integrable in this domain.

Properties of triple integrals
1. Constant factor may be factorized out of the sign of triple
integral

[[[c: fly.z)av =c[[] flx.y.2)av .

2. Triple integral of sum of integrable functions is equal to the sum
of triple integrals of addends:

(0020l = [ o) [ ko)

3. Iffunction f(x,y,z)> 0 indomain G, then

”Jf(x,y,z)dVZO.
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Multiple, curvilinear, surface integrals

4. Iffunctions f (x, v, z) and o(x, y,z) are determined in domain
Gandif f(x,y,2)2 ¢(x,y,z), then

JI] Geyz)av = [[[olx.v.2) av .

5. (Additivity of triple integral). If we divide integrating domain G
into parts G, and G,, that do not have common inner points, then

[[] fGer.2)av = [[[ £(e.p.2) av + [[] f(x,2.2) av .

6. (Triple integral evaluation). If function f(x, y, z) is continuous
in a closed bounded domain G that has volume V, then

mVS_[”f(x,y,z)dVSMV,

where m and M are respectively the minimal and the maximal values
of function f(x, y,z) indomain G.

7. (Mean value ofa function). If function f(x, y, z) is continuous
in a closed bounded domain G that has volume ¥, then a certain point

(x5 ¥0520 ) exists in this domain:

I_Uf(X,y,Z) dv :f(xo;yo;zo)'V-

Parameter f(x,;y,:2,)= %_m. f(x,v,2) dV iscalled a mean
G
value of function f(x, y, z) indomain G.
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Calculation of triple integrals
Integrating domain G is
bounded by surfaces z = z,(x, y)
and z=z,(x,y) below and
above, and on the sides by a
cylindrical area, the generatrix of
which are parallel to the axis Oz
(Drawing 25). Domain G is called
regular in the direction of the axis
Oz, if domain D (which is a
Drawing 25 projection of G on the area Oxy,
bounded by curves y =g, (x)
and y =¢,(x) and lines x=a and x=b) is regular. Then
calculation of triple integral means calculating three determined
integrals, i.e.:

b el w()
[[[ #Ce.p.2) dxdydz = [dx [dy [f(x.y.z)dz. ()

(Pl(x) Zl(x’y)

The order of integration may also be different, for example, if
domain G is regular in the direction of the axis Okx, i.e.

G={x0.z)<x<x,(n2) v, (y)<z<y,(p) e<y<d},

where x,(v,z), x,(v,2), w,(y), v, () are continuous functions,
then

j” f(x,y,z) dxdydz = .Tdy\vz.iya)’zxz??(x,y,z) dx
G

e ) x0)
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Multiple, curvilinear, surface integrals

Task 1. Calculate triple integrals:
h

va—y)dy[dx=

0

“ 3 3
A N S WP
2 3 6 -

0 0

a) j.ydyjldxardz = j.ydyjldx -z .
0 0 0 0

0

O ey

3

2
[,y

b) Idxfydyzf&z—_[dx_[ydy z :j.(l—x)dxj.ydy:
I-x 0 0

1-x 0

c) dejdyf\/ﬁ—%[dxjdy m

zzidxj(\/x+y+2 —\/x+y+1)dy:
0 0

1

= 2jdx

| (@+y+2ﬁz_@+y+U”J

3/2 3/2

0
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36

wl-b

1
'[(x+33/2 +2)3/2—(x+2)3/2+(x+1)3/2)dx=
0

30 52 5/2 5/2

4((“3)5/2 2. (x+2)" +(x+1)5/2]1 )

0

=§(45/2 —2.3%2 4292 352 1 2.29? —1):
15

:%(32_3.35/2 +3.252 —1):%(31—27\/§+12\/§).

1-x  l-x—y 21*)6*)/
d) de de _[xyzdz—_[xdx _[ydy — =
0 0 0 0 2 0
:—dexl_[xyl X— y) dy =
29 0
1-x

:_dex fy(l x)? =2y(1-x)+y° )dy

1-x,

:%'l[xdx j((l—x)zy—zyz(l—x)+y3)dy =




Multiple, curvilinear, surface integrals

llx(ﬂ_%(l_x)u@]dx:

2y 2 3
1 =-x) 1}
=—'[x-( x) dx=—fx(l—4x+6x2—4x3+x4)dx=
23 12 24
1!
=—'[(x—4x2 +6x° —4x* +x5)dx=
247
1
1 (x? 4x% 3x* 4x° x°
24( 2 3 2 5 6 .
_ 43 4 1) 1 1 1
24\2 3 2 5 6) 24 30 720

- e—x—1 x+y+e

In(z-x-y) ,
_[dx _[dy '[ (x—e)x+y- e)dz_

e

T ej[” b Hﬁ;(z—x—y) dz =
0 e

Il
=
=3
~
3
Il
~
~~
=3
~
[—
+

Q,
|
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(e(lne~1)=(e~x~y)in(e—x~y)-1))=

e—1 d e—x—1
=T Fie—x— )1 -
0o X~€ o
e—1 d e—x—1
X
- (e-x-y)n(e-x-y)-1)-y) =
0 X—e 0
e—1 dx
= -(—(lnl—l)—e+x+1+(e—x)(ln(e—x)—l))=
0 X—e
el dx
= -(l—e+x+l+(e—x)(ln(e—x)—l)):
0 X—e
“12—e+x e

dx — '[(ln(e—x)—l)dx =

o X—¢€ 0

e—1 e—1 e—1
= J'( 2 +1]dx— _[hl(e—x)dx+ _[dx:
0 xX—e 0 0

e—1

:(2ln|x—e|+2x+(e—x)(1n(e—x)—l)*
0
=2Inl1+2e—2+In1-1-(2Ine+0+e(lne—1))=2¢-2-1-2=2¢-5.
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Multiple, curvilinear, surface integrals

Example 2. Calculate triple integrals:
) 1, = [[[x+3y - 2) dydydz ;
G

a

G :

X+Yy

32

x:()a y:()a Z:()a Z:3a
= 2 (Drawing 26).

y<

0 — 2
2-x 3 xX+y=2

llzidxjdyj(zxwy—z)dz: 2
0

2
:_[dx
0

.

Drawing 26

ziizy {(2x +3y)z - éj

dxzjx[6x+9 —2]61 —de [6x—2] 42y
0 yoy )=l SP+ay
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b) 12 _ JJJ dxdydz

x+y+z=1 x+y+z+1)

G:x=0,y=0,z=0,x+y+z=1
J  (Drawing 27).

1-x  l-x-y

1= Jac [ | -

0 x+y+z+l)

Drawing 27

1 1-x I=x—y

1
=——|dx |d
I x{ 4 (x+y+z+l)2‘0

1 I-x 1
=—ljdxj[l—;2de=—lJ‘dx[ly+ 1 -
20 0 4 (x+y+l) 20 4 x+y+l 0
1511 1 1 1(3 x? 1
=—— (———x+———] dx =—— —x———1n|x+l| =

20 4 4 2 x+1 21 4 8

! ——l—ln2 :l ln2—é .
4 8 2 8

c) /I, :.[.[.[(4+Z) dxdydz ;G : y =x2,
G

y=1,z=0, z=2 (Drawing 28).

I, = _ll.dxj.dy_z[(4+z) dz =
-1 %20

Drawing 28



Multiple, curvilinear, surface integrals

2

1 1 1
10 dx [dy=10[(1-x>) dx =
3 02 e

11 2
= J.dx_l.dy{4z +7]

-1 X2 0 ¥

3 1
10 x= ) —ro{1—2o[—14 L) |=201-1] =20
3 ) 3 3 3) 3

d) szﬂxydxdydz; G:z=xy,x+y=1,z=0.
G

1, ijdxljxyddeZZj'xz dxlj.xyz dy:lj'xz dx-(l—x)3 _
0 0 0 0 0 30

zéj;xz(l—3x+3x2 —x3)dx:%:[(x2 —3x +3x4 —xs)dx:

303 4 5 6

0
_yr 3 3 1y 1t
33 4 5 6) 360 180°

e) I :Jﬂycos(z+x)dxdydz; G: y=\/;, y=0,z=0,
G

T
X+z=—.
2
2 Wx m/2-x w2 Jx m/2-x
I = _[dx _[ydy _[cos(z+x)dz: _[dx _[ydy-sin(z+x =
0 0 0 0 0 0
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42

2 Jx - /2 Vx
- Idx J.ydy-(SiIIE—Sile]: J(l—sinx)dx_[ydy:
0 0 0 0

12 . xX=u, dx =du,
=— _[ X — xsin x)dx = =
25 sinxdx=dv, v=-cosx

1( 2 /2 /2
:—{—+x-cosx] -— _[cosxdx:
21 2 . 0
/2




Lecture 4. CYLINDRICAL
AND SPHERICAL COORDINATES.
APPLICATION OF TRIPLE INTEGRAL

Closed bounded domain G is one-to-one mapped onto
domain G* with the help of continuously differentiable functions

x=x(u,v,w), y = y(u,v,w), z = z(u,v,w), JacobianJ is nonzero
in domain G*:

ou Ov Ow
Sl 3 Bl
ou oOv oOw
& &
ou oOv oOw

and if f(x, y, z) is the function, continuous in G, then the following
formula is valid:

JI1 1. .2) dxdyaz =
= J bl ] . (1

While making a transition from rectangular coordinates x, y, z to
cylindrical p, @, z (Drawing 29), connected with x, y, z by relations
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7 X=pcosQ, y=psingQ,
z z=12z;
M(x;y;2) 0<p<+mw, 0L¢p<2m,
— 0 <z <40 .
. v Jacobian of transition:
N —psing cosg 0

J=|pcosp sinp 0 =-p.

Drawing 29 0 0 !

Then out of formula (1) we express triple integral in cylindrical
coordinates:

”_[f(x,y,z) dxdydz = ”_[f(pcosq),psin (p,z)-p dpdodz . (2)
G G*

While making a transition from

N rectangular coordinates x, y, z

. M(xyz)  to spherical p, ¢, 6 (Drawing 30),
connected with x, y, z by formulas

o /P x=psinOcosQ,
0 | Y ) .
R y=psinBsing, z=pcosH;
AR N 0§p<+oo, OS(p<2TC,
X
. 0<0<m.
Drawing 30 Jacobian of transition

sinBcos@ pcosOcosp —psinOsin @
J =|sinBsing pcosOsing psinOcosp [=p’sin6.

cosO —psin® 0
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Out of formula (1) we calculate triple integral in spherical
coordinates:

mf(x,y,z) dxdydz =

= J.ﬂf(psin Ocos,psin Osin (p,pcose)-p2 sin 0 dpdpd6 . (3)
G*
Task 1. Calculate [ = 'm (x2 +y? ) dxdydz , where domain G
G

is bounded by areas z = %(xz + yz) and z=2.

The projection of integrating domain G on the area Oxy is

a circle x> + y*> =4, the equation of which in polar coordinate

systemis p = 2. We apply formula (2) of transition to cylindrical
coordinates, then

2n

2 2
3 P
o>
2

2 5 4 6
zzn;{szp_] dpzzf{f’__f’_] _
! 2 2 12

2n 2 2
I:_mp3 dpdodz = _[d(p_l.p3 dp _[dZZ(P
G* 0

0 p%/2 0

=27 8—ﬁ =27 8—E :2n-§:16—n .
12 3 3 3
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Task 2. Calculate [ = jﬂ% dxdydz , where domain G is set in
G Z

the first octant and is bounded by cone 4z = x* + y* and areas
x=0,y=0, z=1.

/2
] = Md dodz — d d
J‘J‘J' 7 pdopdz = _[smcpcoscp (pz[p ppj/‘Z&

/2
= _[sm2(pd(p_[p dp{ \/E]:
p/2 2

T2 3 1o 9p
JIp =P |dp=
g

TE/ 2

=— Ism2(p d(p_[p dp- 2\/_

1
=——co0s2
> ¢

Task 3. Calculate [ = 'm dxdydz , where domain G is a sphere
G
x> +y* +z° <R*.

We apply formula (3) of transition to spherical coordinates:
2 m R
1= ﬂjpz sin O dpdedb = '[d(p'[sine de'[p2 dp =
G* 0 0 0
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Multiple, curvilinear, surface integrals

2n n 3R
=0 -(—cose* i -
0 0 30
R’ R 4
2271:(COS0—COS71:)-—:471;-—:_ R> .
3 3 3

Task 4. Calculate [ = j j j (x2 + yz)dxdydz, G is determined
G
by inequalities z > 0, r* < x> + y* +z> < R”.
1= 'm(pz sin? O cos® @+ p? sin? Osin (p)p2 sin O dpdedb =

G*

:'mp4 sin® 0 dpddd =

G*

2n w2 /2 5

—Jd(pjsm Gdejp dp = 27c'[sm6(1 cos G)de s

T

E( —r )/z(cos 0- 1) d(cos0) =

M 0891
)5

_ 2 RS ( - ——1 2n
5 B

/2

)2 )
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Application of triple integral to geometrical
and mechanical tasks
If a given solid is a closed bounded domain G, which has
volume ¥, then according to geometrical meaning of triple integral:

v = ([ dxdyd: . 4)
G

If G is a closed bounded domain of space R ;, occupied by
material solid with density y = y(x,y,z), where y(x,y,z) is

a function, continuous in domain G, then according to mechanical
meaning of triple integral, the mass of this solid is equal to:

m:jijde. (5)

Moments of inertia of a solid about axes Ox, Oy, Oz are
respectively equal to:

I, =I£I(y2 e2avs =I£I(x2 w2l ar

L =[[[(*+ )y ar. (6)

Moments of inertia about coordinate planes Oxy, Oxz, Oyz are
respectively calculated with the formulas

L, =[[[zyavs 1. =[[[y*vav;1, =|[[x>ydv. D
G G G
Moment of inertia of a solid about origin of coordinates:
1=l 452422 av. ®)
G

48



Multiple, curvilinear, surface integrals

Coordinates of a center of mass of a solid are calculated with the
formulas:

Xe=—"", ye=—%, Zc= =, ©)
Where

=([[zvav, M. =|[[wav, M, =[[[xyaV (10)

G G G

are respectively static moments of a solid about coordinate planes
Oxy, Oxz, Oyz.

Task 1. Calculate volume of a solid, bounded by cylinders
z:4—y2, z:y2 +2 and areas x=-1, x=2.
Cylinders z =4 —y* and z = y* + 2, generatrix of which are

parallel to the axis Ox, cross onthe lines: 4 — y* = y> +2 = y* =1

= y = 1. Then the required volume is found with the formula (4):

4-y

V= mdxdydz_jdxjdy jdz_

-1 -1 y 20

3
o

Task 2. Calculate volume of a solid, bounded by paraboloids

21

-2y )ay =

-1 -1

1

:6-2-(1—%}:8(011&)

-1

z:x2+y2, z:x2+2y2 and areas y=x, y=2x, x=1.

Volume of a given body, according to the formula (4), will
be equal to:
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2 22yt 32’“

V= Iﬂdxdydz—fdﬂdy Idz—fdxfyzdy Id’C?

X x+y 0

X

4!

j8x —x =
0

w |

X 7
70 = E (C.ul’l.) .

Task 3. Calculate volume of a solid, bounded by areas
=\/x2 +y2 , Z=x2+y2.

The given solid is bounded by cone z = /x* + y* below and

by paraboloid z = x? + y? above, they cross on the area, which
projection on area Oxy is circle x” +y> =1 (p=1 is a polar
equation). Let us calculate volume of a solid according to the
formula (4), making a transition to the polar coordinates:

14 zfydxdydz z_gjpdpd@dz -

1 2 g
= [do[pdp [d==g| -[plp—p>)dp
0 p? 0o O

:2n(l—1]:2n-i:£ (c.un.).
. 3 4 12 6

Task 4. Calculate mass of a cube 0<x<a, 0<y<a,
0 < z <a, ifits density in each point is y(x,y,z) =x+y+z.
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Multiple, curvilinear, surface integrals

m= _m y(x,y,z)dxdydz = _m (x+ v+ z)dxdydz =

a a a

:Idx'[dy'[(x+y+z)dzz

0 0 0
zj‘dxj‘dy-((x+y)z+§] Z_def(ay+ax+i]dy=
0 0 o 0 0

Task 5. Calculate mass of a solid,
bounded by cylindrical area x* =2y Az
and areas y+z=1, 2y+z=2, if its
density in each point is equal to the ordinate
ofapoint.

The projection ofthis solid (Drawing 31)
on the area Oxy is a part of parabola

x? :
y= - cut by line y =1, consequently

Drawing 31

—J2 < x <+/2- Then, according to the
formula (5), we calculate mass of a solid:
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m= '[i'[ v dxdydz = '[i'[ ydxdydz =

V2 2-2y V2
'[dx '[ydy jdz— de Jy y)dy =
x2/2 -y 2 )2

V2 2 3! V2 4 6
_ 2 3 2h V2 2 3 8 24
2
V2 1 x* x® x x> x’
= I ———+—|dx = ——4—+@ =
_3 6 8 24 6 0 3

V2 42 82 1 1. 2) 802
‘4?‘? m}zﬁ&?ij:?'

Task 6. Calculate moment of inertia of a cube 0<x<a,

0<y<a,0<z<aq aboutits edge.
Moments of inertia of'a cube with an edge equal to a about each
of'its edges will be equal. Let us calculate, for example, 7, with the

help of formula (6):

1, = [[[( + 2y dvdydz = [dx [ay [ (1 + 22 )z =

0 0 0

el -
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a 3 a 4 a 5
:Idx{%+—y] J.{—+—]dx—2%-x :2%.
0 0 0
Task 7. Calculate moment of inertia /—_Z\
of circular cylinder with the height %
0,0, = h and radius a of a base, about 1
the axis, which is the diameter of a — a i B T
cylinder.
The height of cylinderis 0,0, € Oz x)/ R
(Drawing 32), then the diameter belongs ~—t
to axis Oy. So, we calculate moment Drawing 32

ofinertia of the given solid about axis Oy:

I, :_UJ.()C2 +zz)ydxdydz:” (p2 cos’ (p+zz)-pdpd(pdz:
G G*

= Td@jpdp}(pz cos” @+ zz)dz =
0 0 0

h

2n a 3 2n a 3

h
= [do[pdp| p>zcos’ o+ | = [do[pd, 2hcosch+—J=
Jaofop|pzcost o 5| = faofoano :

0

2n

a h3 2n p4 h3 pz “
= |d *heos’ @+—p |dp = |do| —hcos® ¢+ — —
I(PI(P CS(P3P]P.!.(P(4CS(P32

0 0 0
2n 4 3.2
a ) ha
= || —hcos” o+ do =
I(4 9o+ ] 0

0
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232n

44 2m
_a th+cos2¢d(P+a h

4 4 2 6 o
a4h[ 1. jzn na’h®  a'h na’h’
=—|o+—sm2p| + = 2+ =
8 2 o 3 8 3

4 213 2
_Ta h+nah _Ta h(3a2+4h2),
4 3 12

x+2z =3 (Drawing 33).

Task 8. Calculate coordinates of a
center of mass of a homogeneous

(y =1) prismatic solid, bounded by
areas x=0, z=0, y=1, y=3,

Drawing 33 We apply formulas (9) and (10) to

calculate:

32 3-2z

m= jjjydxddeZ jdyjdz jdx =
G 1 0 0

=Y

332 3/2
\B-2z)dz=23z-2"] = .9 :2.2:2.
j( ) ( 4 2

10

3-2z 3/2 2

3 3
M, = J£Jdedde = !dyldz _([xdx = 2£dz-%

0

32
= J(9—l2z+zz)dz=

0
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ANEE
= 9z-622+ 2 :£—ﬁ+2:2‘
3), 2 4 2 2
3 32 3-2z 23 3/2
M . Jﬂyydxdydz—_[ydy_[dz de— 5 J(3—2Z)dz:
1 0

32

9 1 2 9 9 9
=|——-=1|3z~-z =4 ———|=4-—=9;
[2 2j( *0 (2 4] 4

3/2 3-2z

M, ”Jzydxdydz—jdy_[zdz_[dx 2[ (3-2z)dz =

2 3\¥2
_,[327 227 _2(2_2.2]_2.1_2‘
2 3 ), 8 3 8 4 3 4

Task 9. Calculate coordinates of center of mass of a solid,
bounded by areas z* =xy, x=5, y=5, z=0.

We calculate mass and static moments ofa given body:

s s o 5 5
mzjjjdxdydz=_[dx_[dy sz:J\/;de\/;dy:
G o 0 0 0 0

5
3/2
x7

:3/—20

323

P
32,

_3 5w 5w =i-125;
9 9
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5 5

Myzzj”xdxdydz:jx\/;dxj\/;dy:%,xsm .g.ym _
G 0 0 0 0
21.55/2,53/221.54;
15 15
M, = [[[ ydvdydz = j\/;dxjy\/;dy =
G 0 0
:%.xwz.%.)ﬁﬂ::%.y;

5 5 22\/7)’ 15 5
Mxy:_[”zdxdydz:_[dx_[dy-— :—_[xdx_[ydy:
G 0 0 2 0 2 0
S N
2 20 2 o 8

According to formulas (9) we calculate the coordinates of center
of mass:
45

Xe=Ye=3; zc_3—2.
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Lecture 5. CURVILINEAR INTEGRAL
OF THE FIRST KIND:
DEFINITION AND CALCULATION

A smooth curve AB (Drawing 34) is given in domain Oxy,
a bounded function f/(x, y) is determined on this curve.

Continuous curve x = x(r),
y =yl(r) is called smooth on
segment o <t <, if functions
x(t) and y(r) have on [o;p]

continuous derivatives x’(t) and

y'(¢), that are simultaneously

non-zero. Drawing 34
We divide curve 4B with the

points A=A4,, 4, ..., 4, 4;, ..., 4,_,, A, = B into n arbitrary

parts. On a certain arc A4, 4, we choose an arbitrary point

M, (E,,-;n,-), i=1,2, ..., n and calculate the sum

n

Zf(ii;m)'Ali, (D

i=1

where A/, is length ofanarc 4,_ 4, .
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Sum (1) is called integral sum for function f(x,y) on the
curve AB. )\ = max Al is the biggest length of separate arcs 4, 4, .

1<i<n

Definition. If A — 0 and the integral sum (1) has limit that
depends neither on the way we divide curve AB nor on the choice
of points M, then such limit is called curvilinear integral of the

first kind (about the length of an arc) of function f(x, y) on the
curve AB, i.e.

[ f(ey)di =lim 3 £(&m, A7, @
AB =l

If there is limit (2), then function f'(x, y) is called integrable on

the curve AB; AB is a contour of integration; 4 is the starting point
ofintegration, and B is the finishing point of integration.
Geometrical meaning of curvilinear integral of the first kind:

L j =d[ —is the length of arc AB.
AB

Physical meaning of curvilinear integral of the first kind:

m= Jy(x, y) dl— is the mass of inhomogeneous material
AB

curve AB with linear density y(x, y).

Basic properties of curvilinear integral of the first kind
1. Curvilinear integral of the first kind does not depend on the
direction of integration:

[fGey)di= [ flxy)dl;
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2. [(filey)t fo(ey)) dl =] fi(x.p) dl + ] f(x.p) di

L
3. '[C-f(x,y) dlzC'[f(x,y) dl, C—const;
L L

4. If contour of integration L is divided into two parts L,
and L,, then

[rGey)di=[fxy)di+[f(xy)d.

L L L,

Calculation of curvilinear integrals of the first kind
1. If curve AB is represented by equation y = y(x), a<x<b,
where function y(x) is continuous along with its derivative y'(x)
on [a;b], then:

b

[fGey)dl =] flx,y(x)-\1+ (/) ax. 3

a
2. If curve 4B is represented by equation x = x(y), c<y<d
and functions x(y) and x'(y) are continuous on [¢;d |, then:

d

[fley)al=[ () NI+ dy. @)

3. Ifcurve 4B isrepresented parametrically by equations x = x(t),
y=y(t), t e[a;B] and functions x(¢), y(z), x'(c), y'(c) are
continuous on [ot; B ], then:

B

JA AN +( O ar. (5)

o

[/, y)dl =
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4. In case of'spatial curve 4B, represented by equations x = x(t),
y = (), z=z(t) (o < ¢t < B) are functions, continuous along with

their first derivatives about parameter ¢ on segment [(x; B], then:

[ FGeyiz)di = [ £(le) ek NG + 00+ e (6)

Task 1. Calculate I(x — y)dl, where L is a segment of line
L

from the point 4(0;0) to the point B(4;3).

. . 3
Let us work out an equation of line AB: y = Zx ,then y' = %;

we use formula (3):
4 4
_[(x—y)dl = J‘[x—ix}/1+idx _2 X dx zix2
; 0 4 16 165 32

Task 2. Calculate curvilinear integral [ = _[ (43\/; —3\/; )dl
L

between the points £(—1;0) and H(0;1):
a) about the line EH,

b) about the arc of asteroid x = cos’ ¢, y =sin’ 7.

a) Equation of line EH: x=y-1, x'=1, then according
to the formula (4):

1

1:}(43 y—1—3\/;)-\/§dy=\/§(4(y_1)4/3 —3y3/2]

43 3/2

0
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Multiple, curvilinear, surface integrals

=\/5(33\/W—2\/y73)

| =\2(-2-3)=-5/2.

b) If x=cos’t, y=sin’t, then x] =3cos*¢-(~sint),

V= 3sin? ¢-cost. Then according to the formula (5) we first
calculate:

dl = \/90054 tsin’ ¢ +9sin* rcos® ¢ dt = 3sintcost dt
then

/2

1=3 I (4%/cos3 t —3\/sin3 t)sint-cost dt =

/2 /2
=12'[coszt-sintdt—9'[sin5/2t-cost dt =
/2 /2
=-12 jcosztd(cost)—9 _[sins/ztd(sint):
/2 . 7/2 /2
= 4cos’s -9 d .
. 72,
= 4| cos® = —cos’ n 18 sin”>Z _sin"? 1t | =
2 7 2
1
=—4(0+1)——8(1—0):—4—§=—4—2f=—6i
7 7 7 7
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Task 3. Calculate j‘(x2 +y2)ndl, where L is a circle
L

X=acost, y=asint.

Since x; =—asint, y; = acost,

dl = \/a2 sin” t + a” cos” t dt = adt , then according to the
formula (5):

2n 2n

'[(xz +y2)ndl = '[(az cos®t+a’sin’ t)nadt = '[(az)n ~adt =
L 0 0
2n 27
:a2n+l J'dt:aZnH .t :2n_a2n+l.
0
Task 4. Calculate I = _[ %, where L is the first

Lx +y +Zz
turn of helical line x =acost, y = asint, z = bt.

We calculate x; =—asint, y; =acost, z, =b,

dl = \/a2 sin? 7 +a’*cos’* t +b* dt =\a® +b* dt, then according
to the formula (6):

I T \/az+b2 dt \/Tbj

a’cos’t+a’sin’ t+ bt a +bt
-1 bt|”" Na*+b? 27h
=+a’ +b’> -—arctg—| = arctg
ab al, ab a
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Task 5. Calculate curvilinear integral ny dl, where L is a

L
2 2

quarter of ellipse x_2 + g—z =1, set in the first quadrant.
a
We express variable x from the equation of ellipse:
2

x* = R ngw/bz—yz ,

b’
then

O T

We calculate integral according to the formula (5):

b() bZ_bZ
b bt _p2y2 442
:b!)‘y \/ Z +a’y d _bizgy'\/b4+(a2 bz)yzdy—
1 b
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(b))

3b%a® -b

a ab’\a® - b°
:3bzia2—b2i(a3b3_b )- 357 i‘a —bz;

ab(a—b)(a2 +ab+b2) B ab(a2 +ab+b2)
a—b)a+b) - 3a+b) '

Application of curvilinear integrals of the first kind
In plane Oxy is represented a smooth curve 4B, on which

a continuous function f(x,y) is determined, then area P of

cylindrical surface, represented by function z = f(x,y), is
calculated with the formula:

P=[f(xy)dl, (7)

formula for length L of curve AB is as follows:

L:jdz. (8)

If lengthwise inhomogeneous curve L mass with linear
density y(x, y) is spread, then mass of curve L is calculated according
to the formula:

m=[y(x.y)dl. ©)

L

Coordinates of center of mass of curve L are calculated with
the formula:
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M, M,
xc :7, yC = . 5 (10)
where
M, ={w(oy)dl, M, =[xf(xy)d (11)
L L

are static moments of curve L about axes Ox and Oy respectively.
Moments of inertia of curve L about axes Ox, Oy and the origin
of coordinates are respectively equal to:

I = Iyzy(x,y) dl; I, = _[xzy(x,y) dl;
L L

1, = [ + 2 W(x.y) dl. (12)

L

Task 1. Calculate the area of a side surface of parabolic cylinder
yz%xz,boundedbyplanes z=0,x=0,z=x, y=6.

Let us consider cylindrical surface with generatrix parallel
to axis Oz; base — contour of integration — is arc AB of parabola

y:%xz, that connects points A(O;O) and B(4;6); and with

heights equal to the function being integrated. So, according to the

formula (7):
2 4
X- l+[§x] dx:_[x 1+2x2 dx =
4 0 V' 16

4

:%_[x\/16+9x2 dx =

0

P=[flxy)d=

S e
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2%118x-\/16+9x2 dx :%I(l6+9x2)l/zd(l6+9x2):

1 2 !
L 20y -

0

1 eV 1) L a3 1)
_108((16+916) 16“)_108 1672(10%2 -1)=

:ﬁ-ﬂ(lox/ﬁ—l) =%(10\/E—1)= (tovio-1),

16
27
Task 2. Calculate the length of cardioid x = 2a cost —acos?2¢,
v =2asint —asin2t .

We calculate x] =—2asint+2asin2t¢,

y; =2acost —2acos2t,

then dl =Y +(y!) dt =

:Za\/sinzt—25intsin2t+sin2 2t+cos’t—2costcos 2t +cos’ 2t dt =

= 2a\/2 —2(sin¢sin2¢ +cost cos2t) dt =

=2a~2 —2cost = 2a\/2(l —cost)dt =

—2a,[4sin> L dr =4a-sin Ldr ;
2 2

then according to the formula (8) the length of cardioids is
as follows:
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2n 2n
L= Idl = 4ajsin£ dt = —8acos£ = —8a(cosm—cos0)=16a.
5 2 2

AB 0

Task 3. Calculate the length of arc 4B of curve
ezy(ezx —l):ezx +1;x, =1, x,=2.
We differentiate the equation of a given curve, having

previously taken the logarithm of'it:

Ine® +In(e* —1)=1In(e> +1); 2y =In(e* +1)~In(e> —1);

1 e +1
=—-In .
4 2 (e“ — 1] ’
1 e —1 2e™ (e“ — 1)— 2e* (e“ + 1) B
Yy e (1)
11 2t —2e* —2e™ —2e*
2 e™+1 e’ —1
_ 1 —de™  2e™
2 e* -1 e™ -1
We apply formula (8):

¥ —2e* +1+4e*
dx =

]
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2

+1,=1+1,;

1

2 4x 2
e +1 2
= de=||1+ dx =Xx
j 4x_1 ![ e4x_1j

1 €

et —1=t; e¥ =t+1;

2
1, =2 dr__ 4x:ln(t+l);x:%1n(t+l);

L A, B 4y e
tt+1) ¢ t+1
1 1 1

81

19 (1 1 1 °
1 —5 J (;—mjdt—a(hl|t|—ln|t+lqe41 =

=%(ln(e8 —1)—lne8 —ln(e4 —l)+lne4)=

:l(m e -1 —8+4] :%(ln(e4 +1)-4),

2 et —1
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We calculate the length ofan arc of the curve:
1 4 1 4 1 4
L=1 +Eln(e +1)-2= E1n(e +1)-1= E1n(e +1)-lne =

:%ln(e4 +1)—%lne2 =%ln eljl =%ln(e2 +ei2).

Task 4. Calculate the mass of an arc of a circle x =cost,
y=sint (0<z<m), if linear density in each point is equal to
the ordinate of'a point.

According to the task y(x,y)=y, then with the help of
formula (9) we calculate:

m=_[Y(x,y) dl=_[y dlz_[sint-\/sinzt+cos2t dt:—cost7T =
L L 0 0

=cosO—cost=2.

Task 5. Calculate the mass of an arc AB of a curve y =Inx,
if in every its point linear density is proportional to the square of
abscissa of the point: x, =1, x, =3.

3 3
m= IY(X,Y) dl = Ikxz dl = ijz ~J1+L2 dx = /cj)cx/)c2 +1 dx =
s s 1 x 1

3

_k(ovr _p2)
_3(1032 232)_

=5i\/1+x2 d(1+x2)zﬁ-£l+—xzﬁ

24 2 32

=§(10Jﬁ—2ﬁ).
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Task 6. Calculate coordinates of center of mass of a semi-arc
ofcycloid x = a(t —sint), y=a(l-cost), 0<t <.

According to the formulas (11) we calculate static moments
about axes Ox and Oy respectively, having first calculated d/:

dl :\/az(l—cost)2 +a’sin’t dt = a2 -2cost dt =

= 2a,fsin® L dr =2asin L dr;
2 2

T

t
M, = dl=al(l- -2asin— dt =
. Jy(x,y)y a_[( cost) asm2 t

L 0

= J(l 2 cos? —+l] sinidtz
0 2

= 4a2jsini dt—4a2jc0szi-sin£ dt =
2 2 2

0 0

t
=—8a’ cos—

+ 8azjc0s2 s d(cosiJ =
0 0 2 2

2

M, :Jy(x,y)x dlzaj(t—sint)-2asin% dt =

L 0

:2azjt-sm£ dt—4azjsm2£cos£ dt =
JEos PR
70



Multiple, curvilinear, surface integrals

i

:2512-11—8azjsinzia’(sinijz&lz—8czz-lsin31 =
0 2 2 3 0
2 2
_8a2_8a :16a ,
3 3
where
n t t:u, dt:du,
. :J.t.smgdt: sinidt:dv, v:—2c0s£ -
0 2 2
=—2tcos£ +2Icos£dt:4sin£ =4.
0 0 2 2|,
Mass ofthe line:
m=jy(x,y)dl=2ajsin£dt=—4a-cos— =
L 0 0

= —4a(cosg —cos Oj =4a.

Then, with the help of formulas (10), we calculate coordinates
of center of mass of'the line:

164> 4a
xC:yC: = —.

3-4a 3

Task 7. Calculate moments of inertia about coordinate axes of

the first turn of helical line x = acos?t, y = asint, z = 2it.
T
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We calculate moments of inertia according to the formulas (12),
taking into consideration that

h? varta® + h?
> dt=———dt,
4r 2%

dl = \/a2 sint+a’cos’t+
then

/ 2 2 2 2n 2
4Tfa—'i'hj‘ azsin2t+ h2t2 dt:
2n 4

0
B Nanta® + h? zn[az h® -tszt _

o .! 7(1—(:0s2t)+4th

I, :jy())2 +zz)d1 =
L

2n

27 4r?

Narlat +h? ( a? 1. /S
= —|t——sin2t |+ c—
2 2 3

0

_Namla’+h’ (a® W 8¢’
2 3

B 27 4r?

2 2
=+4n’a® + h’ -(a—+h—];

2 3
/ 2 2 2 2m 2
Iy:Iy(x2+zz)d12%a—ﬂlj[a2cos2t+ h thJdtz
7 2n 0 4n

2n

_Nanld? + 0’ a2[ 1. t]+ h*
2 3

- 2n 4n?

0
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2 2
=+4n’a’ +h’® -(a?+h—];

3

jyx +y —WT(M cos’ t +a’ sin’ t)dtz
L T 0

27
2 2 .2 2
aA4n‘a - +h
= {| =a’-VJarnta® +h* .

21

0




Lecture 6. CALCULATION AND APPLICATION OF
CURVILINEAR INTEGRAL OF THE SECOND KIND.
GREEN’S FORMULA. INTEGRATION
OF ORDINARY DIFFERENTIAL

In the plane Oxy is represented a smooth curve 4B (Drawing 35),
on which a bounded function P(x,y) is determined. We divide
curve AB by points A=A4,, 4,,...., 4, ,, A, ..., 4,,, A, =B

into n arbitrary parts; on each

i1 n—1°

A

partial arc 4, ,4; we choose point

M.(:m), i=12,...n and
calculate the sum

> PEm)-Ax ()

£
Y=

0 X %, where Ax, is a projection of a

Drawing 35 vector A, A, onthe axis Ox.

If A =maxAx, — 0, and integral sum (1) has finite limit,

I<i<n
that depends neither on the way we divide curve 4B nor on the
choice of points M., then this limit is called curvilinear integral

of function P(x, y) by coordinate x lengthwise the curve 4B:
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J P y) de = lim > PE i, )- A, @)

By analogy curvilinear integral of function Q(x, y) about
coordinate y:

_[Q(xvy) dy:y{giQ(gi;ni)'Ayia 3)

where Ay, is the projection of a vector 4, , 4, on the axis Oy
(Drawing 35).

Sum J P(x,y) dx+ Q(x,y) dy (4)is called curvilinear integral
AB
about coordinates or curvilinear integral of the second kind.

Calculation of curvilinear coordinates
of the second kind
Let us assume that curve AB is represented by parametric

equations x = x(¢), y = y(¢), a <1 < B, where functions x(¢) and
y(¢) on the segment [a1; B] are continuous along with their derivatives
x’(t) and y’(t) ; point 4 ofa curve corresponds to the parameter o,
and point B corresponds to the parameter B; functions P(x, y),

O(x, y) are continuous on the curve 4B, then:

_[P(x, y)dx+Q(x,y) dy =

= T(P(x(t),y(t)) 2(0)+ 0 y(0)- y () . (5)
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If curve 4B is represented by equation y = y(x), a<x<b,

where function y(x) and its derivative y'(x) are continuous on [a; 5],
then
[P(x.y) dx+0(x,y) dy =

AB

(P(e, y(x))+ s, y(x))- y'(x)) .. (©)

Q C— >

By analogy, if curve AB is represented by equation x = x(y),

¢ < y <d ,where functions x(y) and x'(y) are continuous on [¢;d],
then

d

[ P(x,y) dx+O(x,y) dy = [ (Px(y),y)- ¥'(v)+ Q(x(¥), ») dy. (7)

c

The notion of curvilinear integral of the second kind may be
broadened in case of spatial curves. Let us assume that functions

P(x,y,z), O(x,y,z), R(x,y,z) are determined and continuous
on the spatial curve 4B, represented by equations
xzx(t), y zy(t), Z:Z(t), a<t<f,

where functions x(¢), y(¢), z(¢) and their derivatives x'(r), y'(r),
z'(t) are continuous on the segment [o; 3], then the following formula
is valid:

Ide+Qdy+Rdz =

AB

(P(x(e). (). 2(1))- x'(e) + Qo). y(e). 2(e))- (o) +

R
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+ R(x(e), y(t).2(t))- 2'(¢)) dlt (8)

Curvilinear integral of the second kind depends on the direction
of integration path, and reverses sign due to the change of direction:

[Pdx+Qdy=-[Pdx+Qdy. (9)

Curvilinear integrals, in which the starting and the finishing
points of contour of integration coincide (closed contours without
points of self-intersection), are integrals about a closed contour.
There are two directions of path tracing for a closed contour:
counterclockwise (positive orientation of a contour) and clockwise
(negative orientation of a contour). Curvilinear integral of the
second kind about the positive-oriented contour L is denoted in the
following way:

§P(x,y)dx + Q(x,y)dy .

Application of curvilinear integral of the second kind
Regular domain is represented
on the plane (Drawing 36): Ay

D= {)ﬁ(x)s y< J’Q(x)a asx Sb}' 1
We designate the limit of
domain D, i.e. curve PNOM, as L,
and consider it as positive oriented.
Then area S of the regular
domain D, bounded by the curve L, ‘
is calculated with the formula: : L

1
S=§§xdy—ydx. (10) Drawing 36
L
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If force F = P(x, y)-lT + Q(x, y)]_ performs work A during

the movement of material point lengthwise curve L, functions

P(x, y) and Q(x, y) are continuous on the curve L, then

A :JP(x,y)dx+Q(x,y)dy. (11)

Task 1. Calculate curvilinear integral of the second kind

_[ (x2 —2xy)dx+ (ny + yz)dy, where AB is an arc of parabola

AB

y =x" fromthe point A(1;1) to the point B(2;4).

We apply formula (6), then:

2

I(xz - 2xy)dx + (2xy +y? )dy = I((xz —-2x° )+ (2)63 +x* ) 2x)dx =

AB

1

:_2[(x2 —2x% +4x* +2x5)dx:(———+
1

3 2 5 3

81612864(1141]

= — - -

_T0_ 15 124 1219019
30

3 2 5 30

Task 2. Calculate integral _[ y*dx + x*dy , where L is an upper
L

halfofanellipse x = acost, y = bsin ¢, the direction of path tracing
is clockwise.
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Since x'(t)=-asint and y'(f)=bhcost, according to the
formula (5):

_[yzdx+x2dy :j(l?2 sin’t-(—asint)+a’ coszt-bcost)dt =
L 0

= —abz]z(l—cos2 t)-sint dt+azb‘|7£(l—sin2 t)-cost dt =
0 0

= —aszsint dt—abz_l‘cos2 t d(cost)+
0 0

+a’bfcost dt —a’b|sin’ t d(sint)=
0 0

T T

T
2
—ab’ -
0

cos’t L, sin’ ¢
—ab-

0 3

= ab’ cost +a’b-sint =

0 0

2
=—2ab’ +gab2 _ _fab .
3 3

Taking into account that path tracing is clockwise, i.e. in
negative direction, we reverse sign, that is why

4ab’
J.y2dx+x2dy S
L
(m;2m)
Task 3. Calculate j— xcosy dx+ ysinx dy lengthwise the
(0:0)

segment that connects points (O; 0) and (r; 2n).
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The equation of'the line that connects points (0;0) and (r;27)

x
is as follows: P % or y=2x, then y'=2; according to the

formula (6):
(m;2m)
j—xcosy dx+ ysinx dy =
(0;0)

—x-cos2x +(2x- smx) )dx:11+12 =4m,

o'-—.:l

where
i X=u, dx = du,
[1:_.([)6'(:082)6 D= os2x dx = dv, v:%sinzx -
X . o1t 1 i
=—| Zsin2x ——Ism2x dx |=——cos2x| =0;
2 0 2o 4 0
T X=u, dx = du,
[2:4‘[xs1nx dx=| . =
0 sinx dx=dv, v=-cosx
:4(—x-cosx + | cosx dxj=4((—75005“)+smx ]:4“'
o % 0

Task 4. Calculate curvilinear integral lengthwise the given
(1:1)
lines: I = jxydx+(y—x)dy; a) y=x; b) y=x?; ¢) y* =x.
(0:0)
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We apply formula (6) in assignments a) and b), and formula (8)
in assignment c).
‘ 1

a) Since y = x, dy = dx, then: [:szdng;
0

b) Inthis case y = x*, y' = 2x, then:

1

(=}

c) We represent function x = y”, then dx = 2y dy , so:

1
_2

1 5 2 3
2y y y 17
I: 3-2 + — 2 d = -4+ — - g
‘([(y yry-=Jy )y [ 5 5 3j0

1 1
=4 = .
5 2 3 30

x> dy—y*dx

, where L is a quarter of
FCEn y5/3

Task 5. Calculate [ = J.

L

astroid x = Rcos® ¢, y=Rsin’¢ from the point (R;0) to the
point (O;R).

The value of the parameter 0 < ¢ < g corresponds to the given

points, then taking into account that x’(t) =-3Rcos’t-sint,
y’(t) =3Rsin’ ¢ - cost , according to the formula (5), we calculate:
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T 3R*sin’t-cos’ t+3R>sin’ t-cos’t

1= dt =
0 (Rcos t) (R n t)/
3R® "sin®fcos’ ¢ (c0s5t+sin5 t)
Y j 5 5 dt =
R 0 cos t+sin’ ¢t
4/3 /2 /2
= 3R j4sin2tcoszt dt ZER“/3 jsinz 2t dt =
0 4 0
3 /2
=R j(l—cos4t) dt =
8 0
3ol 1. Y 3 o 3
=R t—=sin4r| =2R".Z="nRIR.
8 4 L8 216

Task 6. Calculate [ = dex +ydy+ (x +y- l)dz , where L is
L
a segment of a line from the point (1; L; 1) to the point (2; 3; 4) .
Let us work out an equation of the line that crosses the
x—1_ y-1_ z-1
2

then dy =2dx and z=3x—2, dz=3dx; so according to the
formula (8):

given points ; we express y=2x-1,

I=[(x+(@2x-1)-2+(x+2x-2)-3)dx =

_c._‘.\)

.2[14x de 7x —8x1 =13.
1
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Task 7. Calculate [ = _[ xydx+ yzdy + zxdz , where OA is a

0OA
quarter ofa circle, represented by parametric equations x = cosf?,
y =sint, z =1; the direction of path tracing is the growth of

parameter ¢.

T(sin t—sin’ t)d(sin t)=

/2
I= I(—cost-sinzt+sint-cost)dt =
0 0

C(sine s U1 sm 1 oam 1 11
2 3
0

Task 8. Calculate the area of the figure, bounded by cardioid

X =2cost—cos2t, y=2sint—sin2¢t.
We use formula (10) to calculate the area:

1
S =Efxdy—ydx =

2

((2cost —cos2t)2cost —2cos2t)—

1
2 0
- (2 sin ¢ —sin 2t)(— 2sint + 2sin 2t))dt =

1 2n
:5.2}!‘
(

—|—2sin? £ + 2sin¢sin2¢ +sinzsin2¢ —sin’ 2t))dt =

(2cos2 t—2cost-cos2t—cost-cos2t+cos® 2t —
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2n
= I(Zcosz t —3costcos 2t +cos” 2t + 2sin’ ¢ —3sin £sin 2¢ + sin” Zt)dt =
0

2n
= J.(3 —3(cos ¢ - cos 2¢ +sin ¢ - sin 2¢))dt =

0

2n 2n
= 3J.(1 —cos t)dt = 3(t —sin t* =6m.

0 0

Task 9. In each point of a plane force F performs an action on
a material point; the projections of F on the coordinate axes Ox and
Oy are correspondingly equal to P(x, y) =xy and Q(x, y) =x+y.
Calculate the action of the force F during movement of the point
from the origin of coordinates (0; 0) to the point (1; 1) : a) about
the line y = x ; b) about the parabola y = x.

To calculate the action of the force F = P(x, y)-i +O(x, y)- /.
we use formula (11):

(1) 1 3
a) A= _[xydx+(x+y)dy:_[(x2 +2x)dx:(%+x2]
(0;0) 0

(1) 1
b) A= J.xydx+(x+y)dyzj.(x3+(x+x2)-2x)dx:

(0;0) 0

1 3)c4 2x° 1 17
J. 3x° +2x —_— | =—.
0 4 3 0 12
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Task 10. Calculate the action of a force field, in each point (x; y)
of'which the intensity (force that performs an action on a mass unit)
isequalto p = (x+ y)-i — x- j , whena point with the mass m moves
clockwise around the circle x = acost, y = asint.

Since the point moves clockwise around the circle, i.e. in negative
orientation, then formula (11) is represented in the following way:

A= fP(x,y)dx + Q(x,y)dy = fm(x + y)dx —mxdy =
—L -L
-2n
= j(m(acost+asint)-(—asint)—ma cost-acost)dt =
0
-2n

= —ma* j(l+sint-cost)dt =
0

27
1. 1
=—ma2J 1+ —sin 2¢ |dt =—ma*| t — —cos 2t
2 4

0

-2n

2
=2nma’.

0

Green’s formula
Green’s formula connects double integral about domain D with
curvilinear integral about the limit Z ofthis domain.
Let us assume that D is a certain regular domain, bounded by the

closed contour L (Drawing 36), and functions P(x, y) and Q(x, y)

0
are continuous along with their partial derlvatlves — and Q

oy 6x
this domain. Then Green’s formula is valid:

”(a—g—%]dxdy=§de+Qdy. (12)
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Task 1. Calculate I = §2(x2 + yz)dX+ (x + y)2 dy according
L

to the Green’s formula, if L is a contour of a triangle LMN with
vertices L(l;l), M (2;2), N (1;3), the direction of path tracing is
counterclockwise. Check the result with the help of direct integration.

: o oP
We calculate the partial derivatives P _ 2(x + y); —=4y.

ox oy
Integrating domain D is a triangle LMN, the equations of its sides
are as follows: y =x for LM, y=-x+4 for MN, and x =1

for NL. According to the formula (12):
§2(x2 +y? )dx +(x+y)dy= ” (2(x + y)—4y)dxdy =
L D

4—x

= 2” (x— y)dxdy = 2jdx j(x ~y)dy =

D 1 x
2[ yz
=2 xy——j
|5

:4j(4x—x2 —4)dx = 4(2)& —%—M]

4-x

2
dx:2j.(x(4—x)—%(4—x)2 —x’ +%x2jdx=
1

X

2

1

We calculate the integral directly — about the contour of the
triangle LMN, then [ =1, +1, +15:

2

56

b

I, = j2(x2 +x2)dx+(x+x)2dx = 8jx2dx =§x3

LM 1

1
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I, = j2(x2 +(4—x)2)dx+(x—x+4)2(—dx)=

MN

=jl(4x2 —16x+16)dx =
2

I, = (1+y)2a’y:J.(1+y)2dy:§(l+y)3

Task 2. With Green’s formula, calculate curvilinear integral

j;— x*ydx + xy*dy , where L is a circle x> +” = R’; the direction
L
of path tracing is counterclockwise.

We calculate Y =y?, 8_P =—x?, then according to the

ox

formula (12):

§—x2ydx+xy2dy =Jj(x2 +y2)dxdy =_Up2 -pdpde =
L D D*

2n R

P
4

2n R
= [do[p’dp =0
0 0

0 0
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Task 3. With the Green’s formula, calculate the integral
jgw/xz +y°dx + y(xy + ln(x +q/x7 + 2 »dy,whereL is a contour
L

ofarectangle 1<x<4,0<y <2,

o0

) 1 X
Since —=y|y+ J1+ _
Ox [ x+4x7+ 7 [ JxX*+y? JJ
1 x2+y2+x
AT,

x+\/x2+y2 . \/x2+y2

1 2 Yy
=Yyt —— =)t ——
{ x*+y° } Jxi+y?
d@P y
and — = ——,
oy \/x2+y2
then

%/xz +y? dx+y(xy+ln(x+1/x2 +y? ))dy =
L

— 2 y _ y dd —
g{y +\/x2+y2 \/x2+y2} o

2

3.3,
3

ty
1

= ijzdxdy = jdxjyzdy =X
D 1 0

0
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Conditions of independence of curvilinear integral
from the shape of integration path

The value of a curvilinear integral, as demonstrated, depends
on the curve that connects extreme points of integration path.
However, there are integrals, the value of which does not depend
on the shape of integration path. Let us observe the conditions,
under which the value of integral remains constant about all the
possible curves that connect extreme points of integration curve.

Theorem. Functions P(x, y) and O(x, y) are determined and
continuous along with their partial derivatives op and %€ in

a certain closed singly connected domain D. Then the folloifving
four conditions are equivalent, i.e. the fulfillment of one of them
implies the other three:

1) for an arbitrary closed smooth curve in domain D,

dex+Qdy =0;
L

2) for two arbitrary points M and N of domain D the value of
the integral

_[ Pdx+Qdy
MN
does not depend on the shape of integration path, that lays in
domain D
3) expression P dx + Q dy isan ordinary differential of a certain
function, determined in domain D, i.e. there is a certain function
F(x,y), determined in domain D, that dF = Pdx + Qdy ;
4) in all points of domain D the following equality is valid
o _%Q (13)
oy ox
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It follows from the equivalence of conditions 1-4 of the
theorem, that conditions 3 and 4 are necessary and sufficient,
under which curvilinear integral does not depend on the shape of
integration path. However, equality (13) is the most suitable
necessary and sufficient condition.

The theorem is valid in the case of curvilinear integral of second
kind lengthwise spatial curves.

Task. Calculate curvilinear integral _[ (x2 - yz)dx—ny dy

AB
about the arbitrary curve that connects points 4(0;0) and B(1;1).
Since equality (13) is valid for the given integral:
oP_0_

y o

then the value of integral does not depend on the shape of
integration path, but only on the points 4 and B. We calculate
integral about the line y = x that connects these points, then

J.(x2 —y2)dx —2xydy = J:((x2 —x2)—2x2)dx =

AB

1

1 2
= —2J.x2dx =-=x
0 3

_2
7

0

Integration of ordinary differential
In a certain singly connected domain D functions P(x, y) and

oP

. . . 0 .
O(x,y), and their partial derivatives a and 5 are continuous,
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and besides 2 - Z_Q We choose point M| (xo; yo) and consider
X
function
(x:p)
F(x,y)= J.de +Qdy,
(x030)

then the ordinary differential of this function is as follows:
dF = Pdx+Qdy . (14)
However, there is a limitless quantity of functions of two variables,
for which (14) is an ordinary differential. All the functions of this

kind are determined by the formula u(x, y) +C, where u(x, y) is
any of the antiderivatives, and C— const.

Each of'these functions is called antiderivative of an ordinary
differential (14):

(x;)
Ide+Qdy = u(x,y)+C.

(x0530)
We assume that x = x,, » = y,, and calculate C =u(x,;y,),
SO
(x:5)
[Pax+Qdy=u(x,y)-ulx,.»,).

(xn;YU)
Inparticular, if x = x,, y = y,,then
(xl;yl)
J.de+Qdy=u(x17y1)_u(x07y0). (15)

(x[, 5o )
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Expression (15) is called Newton-Leibniz formula for
curvilinear integral of ordinary differential.

Since curvilinear integral does not depend on the shape of
integrating path, then to calculate
antiderivative (x, y) itis sufficient to

P ¥) calculate integral about an arbitrary

line that connects points M, and M.

However, the most suitable way is to

integrate about the polygonal line that

connects points M, and M in such

a way that the sides of the polygonal

line are parallel to the coordinate

axes (Drawing 37).

Then on the segment M N

M(x00) N(x;p,)
X

Drawing 37

Y=1Y,, dy =0, and on the segment NM x = const, dx =0, so

u(eoy)= [Pleyo e+ ol v)ay+C. (6)

X0 Yo
where the first determined integral is calculated under the constant
value y = y,, and the second is calculated under the constant value x.

By analogy while integrating about polygonal line M PM
(Drawing 37):

lxoy)= [ Pley)as+ [0l p)v+C. ()

X0 Yo
Formulas (16) and (17) are applied to calculate antiderivative;

the starting point (xo; yo) should be chosen in such a way that
expressions being integrated are the most simplified.
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Task 1. Calculate the integral

(1)
1= J.(x2 +2xy —yz)dx+ (x2 —2xy +y2)dy .
(0;0)

Since equality (13) is valid for the given

oP 00
integral, i.e. 5 = a =2x-2y , then it 1 B

does not depend on the integration path. A’
We integrate about the polygonal line OAB -
(Drawing 38).
On the segment OA: Drawing 38
y=0,dy=0,0<x<2;
onthe segment AB: x =2, dx=0, 0 < y <1, then:

3
+(4y—2y2 +y?]

0 1 2

2 1

2 1 3

I:Ixzdx+‘[(4—4y+y2)dy:%

0 0

0 0

:§+4—2+l:5,
3 3

(2:3)
Task 2. Calculate I = J.(x + 3y)dx +(y+ 3x)dy .
(1:1)
The given integral does not depend on the integration path,

oP 0 . .
because a = aQ =3. We integrate about the polygonal line, the

segments of which are parallel to the coordinate axes; on the first
segment y =1, dy =0, 1< x <2 ;onthe second segment x =2,
dx=0,1<y<3,s0
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2 3 2 2 2
1ZI(X+3)dX+I(y+6)dy=(%+3x] {%%y]
1 1 1

:2+6—l—3+2+18—l—6:201,
2 2 2 2

3

1

Task 3. Calculate antiderivative function u(x, y), ifits ordinary
differential is as follows:

a) du = (4x +2y)dx +(2x - 6y)dy;

b) du=(y+In(x +1))dx+(x +1-¢€’ )dy;

c) du :(l+1]dx+(g—%]dy.
XY yoy

oP 0
a) Condition (13) is fulfilled: a =aQ =2; we take x, =0,

¥, =0, then
x y
u(x,y)z j4xdx+j(2x—6y)dy+c =2x" +2xy-3y°+C
0 0
or

y X
U(X,y)zj—6ydy+j(4x+2y)dx+c =3y +2x* +2xp+C.
0 0

b) Sincea_P =a_Q =1, then let us assume that x, =0, y, =0,

and antiderivative function is equal to:
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X

u(x,y) = jln(x + 1)dx+ .T(x +1-¢” )dy =

0 0

:(x.ln(x+1)—x+ln(x+l))|; +(xy+y—ey1 _

y
0

:(x+l)ln(x+l)—x+xy+y—ey +1+C.

c) We calculate 9P _9Q _ 1 We cannot take the origin of

oy Ox y’
coordinates (0; 0) as the starting point, because functions P(x, y)
and Q(x, y) are not determined in this point, and that is why let

us take point (I;1) as the starting point, then antiderivative is
equalto:

x y
u(X,y)Zj(l+1)dx+j(z—i2]dy:lnx+2lny+£—1+C.
1\ X iy oy y
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Lecture 7. SURFACE INTEGRAL.
OSTROGRADSKY-GAUSS FORMULA.
STOKES FORMULA

Let us assume that a closed function f(M)= f(x,y,z) is

determined in the points of a certain smooth surface c. We divide
surface o into n arbitrary parts o, without common inner points

(Drawing 39). Ao, is an area, and
diam(c, ) is a diameter of a part of

surface 6, i =1, 2,..., n. In each
part 6, we choose an arbitrary point

M. (&,;m,;1,) and calculate the sum

n

0 Zf(ai;ni;“i)'AGi’ (1)

y i=1

X which we will call the integral
Drawing 39 sum for function f (x, v, z) about

surface G.
If there is a finite limit of the integral sum (1) when

A = max diam (o, ) — 0, that does not depend neither on the way

1<i<n
we divide surface o into parts ¢, nor on the choice of points M,
then this limit is called the surface integral of the first kind.:
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J[ £ y.2)do =tim > f(einan, ) Ao, @)

Function f(x, y,z) is called integrable about the surface o,
and surface o is called the integrating domain. If function f (x, ¥, z)
is continuous on the surface o, then it is integrable about c.

Smooth surface o, represented by equation z = z(x, y) is
projected on the plane Oxy into the domain D. Let us assume that

function £ (x, y,z) is continuous on the surface o, and functions

z(x,y), Z.(x,»), z,(x,») are continuous in domain D, then the
surface integral (2) is calculated with the formula:

_foy, dc _foy, xy \/1+ )dedy (3)

Formula (3) expresses the surface integral of the first kind
through the double integral about the projection of surface G on
the plane Oxy.

By analogy, if surface o is represented by equation y = y(x, z)
or x = x(y,z), then

_foy, do = _foyxz \/1+Jﬁ +(v1 ) dndz,

or

_foy, )do = Hf x(,2),y,z \/1+ (x! ) dydz,

where D_, Dyz are respectively the projections of surface ¢ on
the coordinate planes Oxz and Oyz.
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Let us assume that in formula (2) f(x, y, z) = 1 onthe surface G,
then integral P = ‘[ _[ do (4) expresses the area of surface o.
If the mass with surface density y = y(x, y, z) is spread on the

smooth surface o, then:
a) mass of material surface

m=[[1(x.y,2)do; (5)
b) coordinates of center of mass of the surface:
Myz M, Mxy
xC = D yC = , ZC = D (6)
m m m

where
M, =[[xdo, M_=[ydo, M, =[[zvds (1)

are respectively the static moments of surface o about coordinate
planes Oyz, Oxz, Oxy;

c) moments of inertia of surface about coordinate axes and the
origin of coordinates:

I, :”(y2+zz)y do, I, :”(x2+zz)y do,

IZ:”(x2+y2)ydc,10:”(x2+y2+zz)ydc. (8)

(o3

Task 1. Calculate ”(z +2x+ g y} do, o is a part of the plane

Zidi i t in the first octant
5 3 4 , S€t I the nrst octant.
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AABC (Drawing 40) is the
integrating surface, the projection of
which on the plane Oxy is AAOB:

z
44C

OSySS[l—gj, 0<x<2.Letus

calculate do:
X
z= 4[ _5_§] = z. =2,
Drawing 40
, 4
Zy = — 5 ;
do 1+4+%dxd —£dxdy
We apply formula (3):

H[z+2x+§y] d0=@££[4—2x—§y+2x+§yj dxdy =

C

2

\/— %j 2 X
=4—*/a£dxdy=%j J;d 361£3(1—5]dx=
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Task 2. Calculate ‘[ J xyz do , where o is a part of the plane

x+ y+z =1, set inthe first octant.
Equation of the surfaceis z =1— x — y , weexpress z, =z, = -1,

then do = v1+1+1dxdy = 3 dxdy, consequently
_nyz dozﬁjjxy(l—x—y)dxdyz
c D,,

1-x

=\/§ij dxj((l—x)y—yz)dyz

0

=\/§ix dx((l—x)-y?z—yg]

1 2 4 5
zg_[(x—&cz +3x° —xﬁdxz%(%—)f +3L—x—]
0

Task 3. Calculate ‘[ J (x2 + yz) do , where o is a part of conic
surface z> =x” + )", set between the planes z=0 and z =1.
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Multiple, curvilinear, surface integrals

Since the equation ofthe surface is z = 1/x” + y* , then

' X ' Y

sz—z ; Z, ==
X +y 11x2+y2 ’

2

2
and do = \/1+ al T > dxdy = V2 dxdy , sothe surface

x*+y: x4y

integral is equal to:
J.J.(x2 + yz)dc = J.J.(x2 + yz)ﬁ dxdy = \E”p3 dpde = \ETd(pj.ﬁ dp =
o D, D, 0 0

4

2

0

2n
0

4

Task 4. Calculate J. J. x do , where o is a part of the sphere

x” +)* +2z° = R?, set in the first octant.

Out of the equation of the sphere z = \|R* — x> — y*> we
calculate z/ = FORaa \/—2 , then

B x° y B Rdxdy .
do= [l+——F——+—5——5 dxdy——2 —
R =x"-y" R —-x" -y R —x"—y

consequently

J-J-x do = R,U xdxdy _RJ-J-pcoscp pdpd(p _

g JR—p
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/2
=R |cospdp =
feosa] %
p=Rsinz, z= arcsin%,

dp=Rcoszdz, z,=0, z,=mn/2

/2 2 .
"2 R%sin? z- Rcosz dz

0 ‘([ NR?> —R’sin’ z

/2 3 /2

=R-R’ ‘[sm zdz——Jl cos2z) dz =

3
R z—lsm2z
2 2

Task 5. Calculate the moment of inertia of hemisphere

=R -sin

n/2

n_mk
2 4

R3
2

0

= \a> —x* —y* aboutaxis Oz.

102
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Multiple, curvilinear, surface integrals

-ajjJ_Lx V) ixdy= aﬂp P‘P_am Pdp

-t
2 2 _ _
~ Ja —p°=t, a’p——2 - dt, ~

= 2naj'(a2 —tz)dt = 2na(a2t—§J

0

¢ 3
=2na|a® -2 zina4
0 3 .

Task 6. Calculate coordinates of center of mass of a part of the
plane z = x, bounded by the planes x+ y =1, y =0, x=0.
We apply formulas (6) and (7):

z=x = z.=1, z,=0, do =2 dxdy,

then
m= ”dc = ”\/dedy = ﬁjdxl]xdy = \/Ej.(l—x)dx =
2\ V2
ﬁ(?} 3

M, = ”xdc = \/E_I[xdxl_rdy = \/E_I[x(l—x)dx =
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1

2 3
:ﬁ(x__x_]
2 3
0
2

M, =[] ydo =2 e [ vy =2 - 2
o 0 0 0

V2,

- b

6

1-x

0

M, = [fedo= 5o =
Asaresult, x, =y, =z, ==

Task 7. Calculate center of mass of homogeneous surface
ofthe cone ¢’z° :192(x2 +y2), 0<z<b.

Cone z = 21/)& +y? is projected on the plane Oxy in the
a

circle with radius a:
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Multiple, curvilinear, surface integrals

then

b2 x2 b2 y2
do = 1+—2 2 5 +_2’ ) P dxdy:
a X +y a X +y

a

m:‘[yj.dcs:b[:[

1\/(a2+b2Xx2+y2) dxdyzmdxdy;

x* 4y’ a

[ 2 2 [2 ;2
a a+b dxdy a a+b J'J'p dpde =
Dy,

2 b2 27 a
=22 [do[pdp =
0 0
[ 2 2 2n | [ 2 2 2
_Na +b % _va+b -2n-%=na\/a2+b2;
a a

M :”xdcs: a’+b’ J.J.pzcoscpdpd(p:

a D

*
Xy

a 0

coscpdcp_[p2 dp=0;
0

M, =[[ydo= o’ b [[p?sinpdpde =
Dy,

a

[ 2 2 2n a

= aa+b _[sin(pd(p_[pzdpzo;
0 0
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o, = [zdo =X ([ =

Xy

bm ”

dpde =

2 27 a 3
_ba’ bt jdj 2 gp = DA+ 2. 2T aba® + b7
0

Xe=y.=0; z, :%b.

Task 8. Calculate the moment of inertia of a part of a side

surface ofthe cone z = /x> + y* , 0 < z </ about axis Oz.

X

According to the task z = /x? + y? ,then z/ =

’: y
N P ’

2 2

do = |1+ 2x =+ 2y 2a’xa’y:\/Ea’xa’y.
X“+yT x4y

z SO

The required moment of inertia is equal to:

1= [+ 22 )do =2 [[(<* + 12 )axdy =2 [[p* dpde=

2n h 2n k 4
=ﬁjd@jp3dp= V2.9 -2 =\E-2n-h4=\/2§nh4.
0 0 0 0
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Task 9. Calculate the area of a part of the surface of the cone

z* =2xy, set in the first octant between the planes x =2, y = 4.
We apply formula (4):

]2 16 1 (¥ 16 ’
:3-[{4\/;4-%}61)6:3(4‘3/—24‘?‘2\/;}

0
L)

J2\3

2
:L(E\/E.Fgﬁ) _ 8 _16 sq.un.
A 3 3

Task 10. Calculate the mass of a hemisphere, if in each its
point the surface density is equal to the distance from the point to
the radius, perpendicular to the base of a hemisphere.

The equation of the hemisphere is z = \/R* —x* — y* , we

express z. = z, =

/Rz_xz_yz’ y - /Rz_xz_yz’
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then

2 2
R
dcz\/1+ 5 xz ~+— yz > dxdy = drdy
R°—x"-y" R —x"-y R*—x*—y* "

We calculate the mass with the formula (5):

m= ”ydc,where densityis y = {/x* + y* , so

m= ”W do = R” Ji‘\/’;z”dxdy ” Pprd@

0

R2 _pZ 2
then
R 2 p = Rsint, t:arcsinB,
I p dp _ R |_
O\IRz—P2 dp = Rcostdt, t =0, tzzg
_”J/~2R2sin2t~Rcost dt
o VR?>—R*sin’t
n/2

nR?

/2 _ 2
= R? J' I=cos2t =R—(t —lsinth
)7 22

0
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Multiple, curvilinear, surface integrals

Surface integrals of the second kind

Let us consider the notion of'the side of surface. On a smooth
surface 6 we choose an arbitrary point M, draw in it normal 7 with
a certain direction, and consider on the surface o an arbitrary closed
contour that leaves point M and comes back to the point M without
crossing the limits of surface . If we come back to the arbitrary
point M of surface ¢ with the initial direction ofnormal 7 , after path
tracing of arbitrary closed contour on the surface o, that does
not cross its limit, then this surface is called bilateral; if the direction
of a normal reverses, then a surface is called unilateral.

Bilateral surface is called oriented, and the choice of'its certain
side is called the orientation of a surface. Later on we will consider
bilateral surfaces.

Let us assume that o is an
oriented surface, bounded by contour z
L that does not have any points

of self-intersection. The positive / \

n

direction of path tracing of contour L L

is that one when the direction of a /
normal coincides with the direction \

from the feet to the head of the

observer in movement, who leaves 0 y

the surface back on the left side
(Drawing 41). The opposite direction
ofpath tracing is called negative. If
the orientation of the surface is changed, then the directions of path
tracing of contour L reverse as well.

Let us assume that G is a smooth surface, represented by equation

Drawing 41

z= f(x,y),and R(x, y, z) isa bounded function, determined in the

points of surface 6. We divide o into n arbitrary parts. We denote D,
as a projection of a part i of surface o, on the plane Oxy, and AS,
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is an area of D, with positive sign «+» if the outer side of surface o is
chosen, and negative sign «—», if the inner side is chosen.

In every part 6, we choose an arbitrary point M, (&i;ni;pi) and
calculate the sum

iR(éi;ni;ui)ASi : 9)

which we will call the integral sum. Let us assume that A = max d(c,)

1<i<n
is the maximum diameter of surfaces ..

If A — 0, and there is the limit of integral sums (9) that does
not depend neither on the way we divide surface o, nor on the choice
of points M,, then this limit is called the surface integral of the
second kind.

JJR(x,y,z)dxdy=y;g;R(aimi;ui)AS,~. (10)

Integral reverses sign when a side of a surface is reversed, because
AS, reverses sign.

If surface o is projected on the coordinate planes Oxz
and Oyz, then we get two more surface

integrals ”P(x,y,z) dxdz and

ﬂQ(x,y,z) dydz, where P(x,y,z)

and Q(x,y,z) are the functions,

% determined in the points of surface .

Since dxdy = cosy do ,

dxdz = cosP do, dydz =cosa do,

Drawing 42
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Multiple, curvilinear, surface integrals

(Drawing 42) where do is an element of the area of surface c; a,
B, vy are the angles between a normal to surface ¢ and the axes Ox,
Oy, Oz respectively, then the following formulas are valid:

”P(x,y,z) dydz = ”P(x,y,z)cosoc do,
”Q(x,y,Z) dxdz = ”Q(x,y,z)cosﬁ do,

”R(x, y,z) dxdy = ”R(x, y,z)cosy do .

The following formula is also frequently applied in practice:

”P dydz + Q dxdz + R dxdy =

:”(Pcosoc+QcosB+Rcosy) do. (11)

To calculate general integral (11) surface o is projected on all the
three coordinate planes, then the following formula is applied:

”P X, V,Z ) dydz + Q(x,y,z) dxdz + R(x, y,z) dxdy =

” x(.2) 3.2 dyd2+”Qxyxz) z) dxdz *

D,

+ ”R(x,y,z(x,y)) dxdy , (12)

where Dyz, D_, ny are respectively the projections of surface G on
coordinate planes Oyz, Oxz, Oxy. Sign «+» in formula (12) is taken
when a normal to the surface makes acute angle with axis Ox, Oy, Oz
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respectively; sign «—» is taken when angle is obtuse. The correct
choice of signs of double integrals in formula (12) can be checked
with the help of'the following formula:

o QL I+Q, -+l k
V@, )+, f + ()

that is applied to calculate unit normal vector to the surface

(p(x, v, z) = 0. Double sign in this formula corresponds to the two
sides of surface c. It follows from formula (11) that a sign of a
double integral coincides with a sign of a corresponding direction
cosine ofnormal 7 :

AN

A _ — _
cosoczcos(ﬁ,Ox]zﬁo-i; cosB:cos(ﬁ,Oy]=ﬁo-j;
AN ____ —
cosy=cos| n,0z |=ny-k.

Task 1. Calculate the surface integral ‘[ J (y2 +2° ) dydz , where

o is an outer side of a paraboloid x=a”—y* -z, cut off by the

plane Oyz.
The projection of paraboloid on the plane Oyz is a circle

y*+z=a’or p=a,then

c

”(yz +2°) dydz =bf[(y2 +2%) dydz = bf!p3 dpde =
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Multiple, curvilinear, surface integrals

2n 4|9 4 4

e

2n a
= [do[p*dp =10
0 0

4
4 2

0
Task 2. Calculate 1 = _[ _[ x> dydz + y® dzdx + z* dxdy , where

o is an outer side of a surface of a hemisphere x° +y* +z* =a’
(z=0).
Since the equation of the plane Oxy is z =0, then

” 2% dxdy = ” 0 dxdy = 0 ; the projections of the hemisphere on
c D,,

the planes Oyz and Oxz are the semicircles with radius a, then

sz dydz = U(az —y’ - 22) dydz = H(az —p’ )p dpdp =
c D, D

T oa azpz p4” a4 na’
do|la dp=m- —— | =1 —=——-—|= ;
S G e I e

J.J.y2 dzdx = J.J.(az —x* - zz)dzdx = J.J.(az - pz)p dpde =nTa4;
P D, D%,

4
a na4

a
consequently 1 = + +0= .
ey =TTy 2

Task 3. Calculate [ = ‘[ _[ 2 dxdy + y dxdz — x*z dydz, where

o is an outer side of a part of an ellipsoid 4x* + y* +4z° =4, set in
the first octant.
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We calculate the projections of the part of the ellipsoid on
the coordinate planes:

2,
D, ={03yé 4-4x°; OSxél},
* T
DXZ:DXZ:{OSpSI; Og(pg_}’

Dyz :{()SyS\/4—422; OSZSI},

\9}

then

1 Jacax? 1
I, = [[2 dxdy =2[dx [dy=4[V1-x*dx=
c 0 0 0

X =sint, t = arcsin x, ]

_{dx—cost dt, 1, =0, t, =

/2 /2 /2
1+ cos2t
4| =" de=
0

:4j N1—=sin’ ¢ -cost dt=4jcoszt dt =
0 0

/2
T
:2-—:7‘[;
2

0

/2
=2 j(l + cos2t) dt = 2(1‘ +%sin2t]
0

I, = ”y dxdz = ”\/4—4x2 —4z* dxdz = Z”wll—pz p dpdop =
o D, D

1
1

/2
= [do[(-2pN1-p* dp=—¢
0 0

114
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Multiple, curvilinear, surface integrals

I, = ”xzz dydz = ”[1—%—22} dydz =
D,

(o}

=iz dz[(l—zz) —%J
:j;z dz (2(1—22)\/?—5(2\/?)’}
z.(i;z dz(2(1—22)3/2 —%(1-%)”} _

1

_ 2 (1=2) 4
3 52 |15

So,integral / =1, +1, -1, :n+E_i:4_n_i.
4 15 3 15

Task 4. Calculate [ = ‘[ J x dydz + y dxdz + z dxdy , where &

is a positive side of a cube, bounded by the planes x =0, y =0,

z=0,x=1, y=1,z=1.
Three cube faces are the coordinate planes Oxy, Oxz, Oyz the
equations of which are z=0, y=0, x=0; dz=0, dy=0,
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dx =0, so the surface integral about these three cube faces is equal
to zero. We calculate integral about three cube faces: x =1 (dx =0,
y=0, z=0); y=1(dy=0, x=0, z=0); z=1 (dz=0,
x=0, y=0),then

I, ='Ux dydz = dedz=jdyjdz=l,byanalogy
o D,. 0 0

I, =J.J.y dxdz = J.J.dxdz =1, I,= ”z dxdy = ”dxdy =1.
o D, o D,

Consequently / =1+1+1=3.

Task 5. Calculate [ = ‘[ _[ z dxdy + x dxdz + y dydz , where ©

is an outer side of a triangle, built as the intersection of a plane
x — y + z =1 withthe coordinate planes.
The integrating domain ¢ and its projections on the coordinate

planes Oxy, Oxz, Oyz are depicted respectively on Drawing 43 and

- Drawing 44 a-c.

1 —
We calculate a normal vector 7, to

o} the surface o:

olx,y,z)=x-y+z-1; ¢ =1,

¢, ==l ¢, =1;

1 _ 1 - 15 1

X y=—=1——=] +—=k.
. 3 3 3
Drawing 43
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X
a b
Az
i
C
Drawing 44
Since
cosoc—cos(ﬁAac)—r_z i= ! >0
- ) — Iy _T )
3
cosB—cos(r_zAO_y)—r_z j= ! <0
- D — My __T D
3

cosy:cos(ﬁ?@):ﬁ k=—>0,
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then the signs of the first and the third integrals are «+», and of sign
the second integralis «—»,i.e. [ =1, —I, +1,, where

0

1, 2”2 dXdy=”(x—y—l) dxdy:jdxj(x—l_y) dy =

x—1

Il
O C—y —
&
7 N\
—
=
|
=
<
|
|‘<
Il

1

I, :”x dxdz = ”x dxdz:jx dxl_[xdz:_[x(l—x) dx =
o D, 0 0 0
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Ostrogradsky-Gauss formula
Ostrogradsky-Gauss formula connects surface integral about
a closed surface and triple integral about the spatial domain, bounded
by this surface.
Let us assume that o is a closed smooth surface that bounds

volume G, and functions P=P(x,y,z), 0=0(x,,z2),

R = R(x,y, z) are continuous along with their partial first-order

derivatives in a closed domain G, then Ostrogradsky-Gauss formula

is valid:

op 8Q R dxdydz. (13)
oy 8

Calculate the following surface integrals according to
Ostrogradsky-Gauss formula:

Hdedz+dedz+Rdxdy m(

Task 1. I = ﬂxzdydz + y2dxdz + z*dxdy , where o is an outer
[¢)

side ofa cube surface 0 <x<a,0<y<a,0<z<a.

Here we have P=x?, Q=y*, R=z", then Z—Pzzx,
x
8_Q =2y, 6_R =2z.
oy 0z
We apply formula (13):

I = [[[(2x+2y +2z)dxdydz = 2_de_Tdy_T (x+y+z)dz =
G 0 0 0

a

= 2T de dy ((x +y)z+ éj =

0 0

0
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a

_zjdxj[ ax+y +7de 2Idx[[““72Jy+%Jo

a 3 3 2.2 a 4
:2J. a2x+a—+a— dx="2 ax +a3x :2a—+a4 :3614.
] 22 2 ;L2

Task 2. I = ﬂxdydz + ydzdx + zdxdy , o is an outer side of

the pyramid, bounded by the planes x+ y+z=a, x=0, y =0,
z=0.
0P _0Q _ R

Since — == =1, then according to the formula (13):
z

a—x a—x—y

I= 3jjjdxdydz_3jdxjdy _[dz-3_[dxara x—y)dy =
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Task 3. I = ﬂ x*dydz + y’dzdx + z>dxdy , where G is an outer
[¢)

part of a sphere x4y +zi=adt.

Since 2L = 3x?, 9 =3y, OR 5,2 , then according to the

0x Oy "oz
formula (13):

1=3[[ (> + y* + 22 )dxdydz = 3[[[ p* sin 0 dpdipd =
G G*

= 32f d(pT sin 6 d0 Tp4dp =
0 0 0

27 I 5

(= cos0) P
(cos% s

0

a4 5 5
:3-2n-(cos0—cosn)-a?: 12755a

:3-(p

0 0

Task 4. 1 = ﬂxdydz + ydxdz + z dxdy , where o is an outer

o3

part of a surface ofa cylinder x* + y? =a?, —h<z<h.
According to the formula (13):

2n 2

I:3”'[dxdydz:32fd(pil[pdp']|zdz:3-(p
G 0 0 —h

0

2
a

:3-2n-7-2h:6na2h.
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Stokes formula
Stokes formula connects surface integrals and curvilinear
integrals. Let us assume that ¢ is a surface, represented by equation

z = z(x, y), functions z(x,y), z.(x,»), z,(x,»), continuous in
domain D, are projections of surface ¢ on the plane Oxy; L is

a contour that bounds o, / is a projection of contour L on the plane
Oxy, i.e. [ is alimit of domain D.

§Pdx+Qdy+Rdz =
L
R _001, oP R oQ _or
_”(8)/ 82] (82 ax)dd (ﬁx ay]dmy'(m)

Formula (14) gives opportunity to calculate curvilinear integrals
on closed contours with the help of surface integrals.

It follows from Stokes formula that under the condition of
fulfillment ofthe following equalities

80 o OR_3Q OP _0OR

ox a oy o’ 0z ox
curvilinear integral about an arbitrary spatial closed contour L is

equal to zero: j?de +Qdy+ Rdz =0, ie. curvilinear integral

does not depend on the shape ofintegration contour, and expression
Pdx + Qdy + Rdz is an ordinary differential of a certain function

u (x, ¥, z) , that may be calculated with the formula:

X y
u(x, y,2)= [ Plx, vy, 20 )dx+ [ O(x, v, vo )y +

X0 Yo

122



Multiple, curvilinear, surface integrals

+ 'Z[R(x,y,z)dz. (15)

20

Calculate the following integrals according to Stokes formula:

Task 1. I = j;yzdx +z°dy + x*dz , where ABCA is a contour
ABCA

of AABC with the vertices A(a;O;O), B(O;a;O), C(O;O;a).

Here we observe P = )2,

0=z, R=x?,then a
a—R—@=0—22=—22,
oy Oz
9P _OR o9y =ax,
0z Ox
X+y=a
Z—Q—a—P=0—2y=—2y
x Oy Drawing 45
We apply formula (14):

I = ” — 2z dydz — 2xdxdz — 2 ydxdy =

= —2” zdydz — 2” xdxdz — 2” vdxdy
D, D, D,

where Dyz, _» D are respectively the projections of surface o on
the coordinate planes Oyz, Oxz, Oxy (Drawing 45). Then
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a— —X

1 :—Z_Z[dy Jyzdz—Z_Txdxaj)bz—z_deaJydy:
0

0 0 0 0 0
a 2|47y
:—2_([dy-%a —2_([x(a—x)dx—
a 247 a a
_22|;dx-y7 _—_([(a—y) dy—2_(|;(ax—x )dx—_([(a—x)zdx
0

Task2. I = §x2y3dx+dy+zdz,whereLisacircle

L

x2+y?=r?, z=0.
Since P =x*y*, 0 =1, R=z,then

R_0Q _ P _OR _ 8_Q_8_P:_3x2y2.

o o6z oz ox | ox oy
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According to the formula (14):

I :—3”x2y2dxdy:—3”p2 cos’ ¢-p’sin’ @-pdpde =
pt D,

2n r
= —% J4sin2 @cos’ (pa’(p‘[psdp =
0 0

r 27

2n 6 6

. 1—-cos4
Z—%Jsmzhpdtp'% - lososte
0

0

0
re 1 . i e 6

=——| @——sin4 =——2n=——.
T G R 16 8

0
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