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Представлено навчальний посібник для проведення лекційних та практич-
них занять з розділу «Кратні, криволінійні, поверхневі інтеграли». Матеріал
подано у вигляді семи лекцій, кожна з яких містить основні означення, власти-
вості, теореми та приклади розв’язування задач. Наведено приклади розв’язків
більш ніж ста задач з даного розділу.

Призначено студентам, аспірантам та викладачам для підготовки до лекцій-
них і практичних занять. Також буде корисним студентам, яким зручно вивча-
ти вищу математику англійською мовою.

The tutorial is developed as material for lectures and practical lessons from
the section "Multiple, curvilinear, surface integrals". The teaching material is
presented in seven lectures, each containing key definitions, properties, theorems
and examples of calculations as well as the examples of solving more than
100 tasks from this section.

The tutorial is designed for students, postgraduates and university teachers to
prepare for lectures and practical lessons. The tutorial will be useful for students
who are comfortable studying higher mathematics in English.
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Multiple, curvilinear, surface integrals

INTRODUCTION

The tutorial is developed for lectures from the section “Multiple,
Curvilinear, Surface Integrals”. The teaching material is given in the
form of seven lectures. The examples of solving of more than 100
tasks from this section are represented.

The provided tutorial is developed to meet the current
requirements for an essential increase in the level of basic mathematical
training and to strengthen the applied orientation of the course and
aims to help students in self-mastery with theoretical knowledge and
necessary practical skills. The tutorial will be useful for students who
are comfortable studying higher mathematics in English.

The given number of examples of solving tasks not only satisfies
the needs of students in the practical training of the corresponding
topics of the section, but also gives the teacher the opportunity to
diversify the choice of tasks within the presented section.
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ВСТУП

Навчальний посібник розроблено для проведення лекцій
з розділу «Кратні, криволінійні, поверхневі інтеграли». На-
вчальний матеріал подано у вигляді семи лекцій. Наведено
приклади розв’язування більш ніж ста задач з даного розділу.

Представлений навчальний посібник створено з огляду
на сучасні вимоги щодо істотного підвищення рівня фунда-
ментальної математичної підготовки і посилення приклад-
ної спрямованості курсу та має на меті допомогти студентам
у самостійному оволодінні теоретичними знаннями та необ-
хідними практичними навичками. Посібник буде корисним
студентам, яким зручно вивчати вищу математику англійсь-
кою мовою.

Наведена кількість прикладів розв’язування задач не
лише задовольняє потреби студентів у практичному закріп-
ленні відповідних тем розділу, а й надає можливість викла-
дачеві урізноманітнити вибір задач в межах представленого
розділу.
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Lecture 1. DOUBLE INTEGRAL:
DEFINITION, PROPERTIES, CALCULATION

Tasks leading to the definition of double integral
Task 1. (About the volume of a cylindrical solid)
The given solid is bounded by the area   0,  yxfz  above,

by the closed bounded domain OxyD   below, and by the
cylindrical area on the sides, the generatrix of this cylindrical
area which are parallel to the axis Oz (Drawing 1).

 

      

 

      Drawing 1                                   Drawing 2

We arbitrarily divide domain D into n parts Di that do not have
any common inner points, and the areas of which are iS
( ni ,...,2,1 ). We choose an arbitrary point   iiii DP  ; , the
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function in this point is    iii fPf  ; . We calculate the product
  iii Sf  ; , which is equal to the volume of cylindrical column

with generatrix parallel to the axis Oz, to the base Di and to the
altitude  iPf . The general number of these columns is n, and the
sum of their volumes is approximately equal to the volume of
a cylindrical solid:

 



n

i
iiin SfVV

1

; .                        (1)

We designate the biggest diameter of domains Di as
 ini
Dd




1
max ; a diameter of a domain is its biggest chord. The

volume of the given cylindrical solid is calculated as limit of the
sum (1) when 0 :

 





n

i
iiin SfVV

1
00

;limlim .                 (2)

Task 2. (About the mass of a material plate)
We have a flat inhomogeneous material plate in the shape

of domain D (Drawing 2). Continuous function  yx,  in
domain D determines the density of the plate at the point  yx; .

We arbitrarily divide domain D into parts Di that do not
have any common inner points, and the areas of which are equal to

iS  ( ni ,...,2,1 ). We choose an arbitrary point   iiii DP  ; ,
and calculate density in this point    iiiP  ; . Then the
mass of the part Di is equal to the product   ii SP  , and the mass
m of the whole material plate is approximately equal to the sum of:

 



n

i
iiin Smm

1

; .                        (3)

We calculate the exact value of the mass as equal to the limit
of the sum (3) when 0 , i.e.:
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 





n

i
iiin Smm

1
00

;limlim .                  (4)

So, different tasks lead to calculating limits of the same kind.
Each of such limits is called double integral. In such case occurs
the need to learn properties of these limits, regardless the content
of the task.

Definition of double integral
Let us assume that function  yxf ,  is determined in a closed

bounded domain 2RD  . We arbitrarily divide domain D into n
parts Di, the areas of which are equal to iS  ( ni ,...,2,1 );

 ini
Dd




1
max  is the biggest diameter of domains Di. We choose an

arbitrary point  iiiP  ;  in each domain Di  and calculate the sum

 



n

i
iiin SfI

1
; ,                          (5)

which we will call the integral sum for function  yxf ,  in domain D.
If 0 , and the integral sum (5) has the finite limit, that

depends neither on the way we divide domain D into parts Di, nor
on the choice of the points Pi, then this limit is called double
integral of function  yxf ,  in domain D:

   



n

i
iii

D
Sfdxdyyxf

10
;lim, .             (6)

Function  yxf ,  is called integrable in domain D; D is an
integrating domain; x,y are integrating variables; dxdy is an element
of an area.

Geometrical meaning of double integral:

 
D

dxdyyxfV ,  –  volume of a cylindrical solid.
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Mechanical meaning of double integral:

  
D

dxdyyxm , –  mass of a material plate.

Theorem (sufficient condition of integrability of a function)
If function  yxf ,  is continuous in a closed bounded

domain D, then it is integrable in this domain.
Later on we consider the function  yxf ,  that is being

integrated in the domain D as a continuous one.

Properties of double integral

1.     
DD

dxdyyxfCdxdyyxfC ,, , constC .

2.          
DDD

dxdyyxgdxdyyxfdxdyyxgyxf ,,,, .

 The property is valid for a finite number of functions.

3.   0, 
D

dxdyyxf , if   0, yxf  in domain D.

4.     
DD

dxdyyxgdxdyyxf ,,  if    yxgyxf ,, 

in domain D.

5.       
21

,,,
DDD

dxdyyxfdxdyyxfdxdyyxf ,

where domains D1, D2 are the parts of the divided integrating
domain D.

6.   MSdxdyyxfmS
D

  , ,

where S is the area of domain D; m, M are respectively the least and
the biggest values of the function that is being integrated in domain D.
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Calculation of double integrals

1) Integrating domain D is bounded by the lines ax   and
bx   ( ba  ) on the left and on the right, and continuous

curves  xy 1  and  xy 2  (    xx 21  ) below and above
(Drawing 3).

 

      

 

Drawing 3                                 Drawing 4

In this case calculation of the integral (6) means calculating
repeated integral according to the formula:

   
 

 







x

x

b

aD
dyyxfdxdxdyyxf

2

1

,, .                  (7)

2) Integrating domain D is bounded by lines cy   and dy 
( dc  ) below and above, and by continuous curves  yx 1
and  yx 2  (    yy 21  ) on the left and on the right
(Drawing 4). For such domain double integral (6) is calculated
according to the formula:

   
 

 







y

y

d

cD
dxyxfdydxdyyxf

2

1

,, .                (8)
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Task 1. Calculate double integrals of rectangular domains.

а)  

D

yx dxdye , D: 10  x , 10  y ;

 21

0

1

0

1

0

1

0
1   eeedyedxedxdyeedxdye yxyx

D

yx

D

yx
.

b)   
D

dxdyxyyx 22 cos , D: 2
0 

 x , 20  y ;

     
 2

0

2
2

0

222 cos2
2
1cos dyxyydxxdxdyxyyx

D

   
 2

0

2
2

0

2 sin1
2
1 xy

x
dxx

 















 

 2

0
4cos

4
1,4sin

,,
4sin

2
1

xvdvdxx

dudxux
dxxx











 

 2

0

2

0
4cos

4
14cos

42
1 dxxxx

 4cos
16
12cos

82
1 2

0
























x

  
16

0cos2cos
16
1

82
1 







 


 .
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Task 2. Calculate repeated integrals.

а)              







 

1

0

2221

0 2
11

x

x

x

x

yyxdxdyyxdx

22
222

1

0

21

0

2
222 



























  dxxxdxxxxxxx

3
1

2
1

6
1

26

1

0

23











xx .

b)  





 








 

2

1

2

1

2

1

2

1
2

22

1

11 x
x

dxx
y

dxxdy
y
xdx

x

x

x

x

   
2

1

3 dxxx  4
12

2
1

4
124

24

2

1

24







 










xx
.

c) 



 

yyy

y
x

y
dyy

yx
dxdyydx

yx
ydy

0

4

2

3

0
22

4

2

3

0
22

34

2
arctg1

   
3

1424
1234

0arctg1arctg 33
4

2

34

2

2 






 

ydyy .

Task 3. Change the order of integration of the following integrals:

а)  
y

y
dxyxfdyI ,

1

0
1 .
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We represent the integrating domain
determined by the lines 0y , 1y ,

yx  , yx   (Drawing 5). Having
changed the order of integration, we
get new limits:

0x ,  1x ,  2xy  ,  xy  ,  i.e.

 
x

x

dyyxfdxI
2

,
1

0
1 .

b)  





21

1

0

1
2 ,

x

x
dyyxfdxI .

The initial limits are 1x , 0x ,

1 xy , 21 xy   (Drawing 6);
we express the new limits of integration:

1 yx , 21 yx  , 0y , у = 1,
consequently

 





1

1

1

0
2

2

,
y

y

dxyxfdyI .

c)  
xe

dyyxfdxI
ln

01
3 , .

0y , 1y , yex  , ex  , that is why  
e

e y

dxyxfdyI ,
1

0
3 .

 

Drawing 5

 

Drawing 6
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Integrating domain is represented
on Drawing 7, out of which we find
new limits:

0y , 1y , yex  , ex  ,

that is why

 
e

e y

dxyxfdyI ,
1

0
3 .

Task 4. Changing the integrating order, rewrite the given
expression in the form of twofold integral.

а)    



xx

dyyxfdxdxyxfdxI
2

0

2

10

1

0
1 ,, .

Integrating domain is represented on
Drawing 8. We change the order of
integration and rewrite the given integral
as one twofold.

 



y

y
dxyxfdyI

22

1
1 , .

b)    



2

3

0

3

10

1

0
2 ,,

2
x

x

dyyxfdxdyyxfdxI .

The given integrating limits 10  x , 20 xy   and

30  x , 
2

30 xy 
  (Drawing 9) may be represented in the

following way: yxy 23 , 10  y , so

 

Drawing 7

Drawing 8
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 



y

y

dxyxfdyI
231

0
2 , .

Task 5. Calculate double integrals in
the given domains:

а)  D yx
dxdyx

22
;   D : 2x , xy  ,

yx 2  (Drawing 10).





 

2
22

2

0
22

1
yx

dydxx
yx

dxdyx x

xD

 
2

2

0
arctg1

x
y

x
dxx

x

x







  

2

0 2
1arctg1arctg dx

2
1arctg2

22
1arctg

4

2

0










 


 x ;

b) 
D

dxdy
y
x

2

2

;   D : 2x , xy  ,

1xy  (Drawing 11).

 
1

2

2

1

2
2

2

y
dydxxdxdy

y
x x

xD

Drawing 9

 

Drawing 10

 

Drawing 11
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  





 








 

2

1

3
2

1

2

1

2

1

2 11 dxxx
x

xdxx
y

dxx
x

x

 
4
12

2
1

4
124

24

2

1

24











xx
.

c) 
D

dxdyxy ln ; D :  1xy ,

xy  , 2x  (Drawing 12).

 
1

2

1

lnln dyydxxdxdyxy
x

xD

  
1

22

1 2
ln ydxx

x

x







  

2

1
2

1ln
2
1 dx

x
xx

 


























 


 2

2

1
2

,1

,1,ln

x
xvdvdx

x
x

dx
x

duux

   































 

2

1

22

1

2 11
2

ln1
22

1 dx
xx

xx
x

x

Drawing 12

 



16

N. O. Romanchuk, M. V. Ushkats, O. V. Maiboroda,  I. V. Petkov

1
4

2ln
2
5

2
11

2
2ln

2
5

2
1

2

1

22

1
2 




































   x

xdx
x

x

 12ln2
8
5

4
52ln

2
5

2
1







  .
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Lecture 2. CHANGE OF VARIABLES
IN DOUBLE INTEGRAL. POLAR COORDINATES.

APPLICATION OF DOUBLE INTEGRAL
TO GEOMETRICAL AND MECHANICAL TASKS

If the given function  yxf ,  is continuous in closed and bounded
domain D, then there is a double integral

 
D

dxdyyxfI , .                              (1)

Let us assume that in the integral (1) we can make a transition
to new variables u and v with the help of formulas

 vuxx , ,     vuyy , ,                         (2)

out of which the variables u and v are uniquely expressed:

 yxuu , ,      yxvv , .                        (3)

In this case every point   DyxM ,  corresponds to the
point  vuM ,* . The set of all such points  vuM ,*  forms closed
and bounded domain D*.

Theorem. If the change (3) turns closed bounded domain D
into closed bounded domain D* and is one-to-one correspondent,
and if functions (2) in domain D* have continuous partial first-order
derivatives and nonzero determinant
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 
v
y

u
y

v
x

u
x

vuJ













, ,                                      (4)

and if function  yxf ,  is continuous in domain D, then the
following formula of the change of variables is valid:

         
*

,,,,,
DD

dudvvuJvuyvuxfdxdyyxf .    (5)

Functional determinant (4) is called the Jacobian determinant or
Jacobian.

Let us consider the change of Cartesian coordinates x, y into the
polar ones – , – connected by relations  cosx ,  siny .

Since Jacobian   




cossin
sincos

,J ,   ,J ,

then formula (5) turns into:

    
*

sin,cos,
DD

ddfdxdyyxf ,        (6)

where domain D is set in Cartesian coordinate system Oxy, and D*
is its corresponding domain in polar coordinate system.

If domain D (Drawing 13,а) is bounded by rays, that make with
polar axis angles  and  (  ), and by curves   1  and

  2  (     21 ), then polar coordinates of domain D*
change in limits     21 ,   (Drawing 13,b). Then
formula (6) may be presented as follows:
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   
 

 











2

1

sin,cos, dfddxdyyxf
D

.     (7)

 

      

 

   Drawing 13,а                                  Drawing 13,b

Tasks. Make a transition to polar coordinates and calculate
double integrals:

а)  
D

dxdyyxI 22
1 ;  D is the first quarter of a circle

222 ayx  ;

0

2
2

0*

2

*

2
1 ddddddI

a

DD






6323

33

0

32

0

aa
a












.

b)  
D

dxdyyxI 22
2 4 ;     D : 422  yx ;
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  
 2

0

2
2

0*

2
2 44 ddddI

D

  
 2

0

22
2

0

44
2
1 dd

    
3

1640
3
24

3
2

2
1 23

2

0

232
2

0






.

c)  


D yx
dxdyI

1223 ;  D : 21 xy  , 0y  (Drawing 14);

    1ln
2
1

1
1

2
1

1
1

0

2

0

1

0
2

2

0*
23 












ddddI

D

 
2

2ln1ln2ln
2





 .

d)  
D

dxdyyxI 22
4 ;     D : xyx 222  , xyx 422 

(Drawing 15);
D* :  cos22      cos2 ;

 cos42      cos4 ;

 
















2

2

cos4

cos2

3
cos4

cos2

2
2

2
4 3

1 dddI

   




2

2

33 cos8cos64
3
1 d
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     






 











2

2

32

2

2

3
sinsin

3
56sinsin1

3
56 d

9
224

3
22

3
56

2
sin

2
sin

3
1

2
sin

2
sin

3
56 33 






 






















 










 



 .

 

             

 

 Drawing 14                              Drawing 15

Application of double integral to geometrical and mechanical
tasks

In the plane Oxy there is a
material plate in the shape of closed
bounded domain D (Drawing 16),
in every point of which density is
determined by continuous function

 yx, . Then the area of the
figure, that has the shape of domain
D, is calculated according to the
formula:


D

dxdyS .         (8)

 

Drawing 16
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Mass of a material plate, bounded by domain D, with density 
is calculated with the formula:

  
D

dxdyyxm , .                             (9)

Parameters

  
D

x dxdyyxyM ,  and   
D

y dxdyyxxM ,     (10)

are respectively called static moments of a plate about axes Ox
and Oy.

Coordinates of center of mass of a plate are calculated with
the formulas:

m
M

x y
c  ,     

m
My x

c  .                         (11)1)

Parameters

  
D

x dxdyyxyI ,2 ,         
D

y dxdyyxxI ,2 ,

       
D

dxdyyxyxI ,22
0                      (12)

are respectively called moments of inertia of a plate about axes Ox,
Oy and origin of coordinates.

The volume of the cylindrical solid, generatrix of which are
parallel to axis Oz and which is bounded by domain D of the plane
Oxy below, and by surface  yxfz ,  above, where function
 yxf ,  is continuous and nonnegative in domain D (Drawing 17), is

calculated with the formula:

 
D

dxdyyxfV , .                             (13)
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If surface , represented by
equation  yxfz , , is projected
on the plane Oxy in domain D,
and if functions  yxf , ,  yxf x , ,

 yxf y ,  are continuous in this
domain, then area Q of surface 
is calculated according to the
formula:

      
D

yx dxdyyxfyxfQ 22 ,,1 .           (14)

Task 1. Calculate areas of figures, bounded by the lines:
а) xy  , xy 5 , 1x .
The given figure is represented on Drawing 18. We calculate

the required area with the formula (8):
51

0

51

0

  ydxdydxdxdyS
x

x

x

xD

224
1

0

2
1

0

  xdxx (sq.un.)

b) xy  2 , 442  xy .

We calculate common points of the lines:









44
,2

2 xy
xy

      442 2  xx ,

 

Drawing 17

Drawing 18
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082  xx      2;0 ,   6;8  ;

and make a sketch (Drawing 19).








2

1
4

2

6 2

dxdydxdyS
y

yD













2

6

2

1
4

2 dyyy













2

6

32

122
3 yyy

3
12118

3
24  (sq.un.)

c)  cosa ,  cosb , ba 0  (Drawing 20).
Taking into consideration

symmetry of the figure, bounded
by the given lines, its area is
equal to:

 
*

2
1

ddS
D

 




 cos

cos

2

0

2 dd
b

a

   
 2

0

222 cos dab   


 
 2

0

22

2cos1
2

dab

Drawing 19

Drawing 20
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 

4
2sin

2
1

2

222

0

22 







 





abab

. (sq.un.)

d)   xyayx 2222 2 .

To calculate the area of the
figure, bounded by a closed line
(lemniscate), we apply formula (6)
of transition to polar coordinates and
take into consideration its symmetry
(Drawing 21), then

 
 2

0

2
2sin

0

2

0

2sin2 daddS
a

2
2

0

2

2cos
2

aa




 (sq.un.)

Task 2. Calculate volumes of solids,
bounded by the given surfaces:

а) 2xy  , 1y , 4 zyx , 0z .

The given solid is a vertical cylinder
2xy  , bounded by plane yxz  4

above, and by a part of plane 0z  below
(Drawing 22); its projection on the plane
Oxy is a figure, bounded by parabola

2xy   and line 1y . Volume of the
solid is calculated with the formula (13):

Drawing 21

 

 

Drawing 22
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      







 



121

1

11

1 22 2
44,

xxD

yyxdxdyyxdxdxdyyxfV























1

1

23451

1

4
32

2
13

23
4

4102
4

2
13 xxxxxdxxxxx

15
68

15
342

2
13

3
4

10
12 






   (c. un.)

b) 22 xyz  , 0z , 2y .
Hyperbolic paraboloid 22 xyz   crosses plane Oxy ( 0z )

on the lines xy  . Along with the planes 0z , 2y , this
paraboloid bounds a solid, symmetric to
planes Oxz and Oyz. Taking into account the
symmetry, volume V1 of a quarter of the
solid, situated in the first octant (Drawing 23),
is equal to:

     
y

D

dxxydydxdyyxfV
0

22
2

0
1 ,









 

y
xxydy

0

3
2

2

0 3

3
8

43
2

3
2

2

0

42

0

3  
ydyy   (c. un.)

Then the volume of the given solid 
3

324 1  VV  (c. un.).

Drawing 23
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Task 3. Calculate area of a part of a surface of paraboloid
222 yxz  , cut out by cylinder 122  yx  (Drawing 24).

Out of equation of paraboloid  22

2
1 yxz   we express

xzx  , yz y  .

Integrating domain D is a circle

122  yx . According to the
formula (14) we calculate:

  221
D

dxdyyxQ

 
*

21
D

dd

    
23

1
2
111

2
1

1

0

2322

0

2

0

1

0

22 


  





dd

 122
3
2

  (sq. un.)

Task 4. Calculate the coordinates of center of mass of upper

half of homogeneous ( 1 ) circle 922  yx .
Due to the symmetry of a figure about axis Oy 0cx . Too

calculate yc we apply formula (11), so 
m

M
y x

c  , where according
to the formulas (9) and (10):





3

0

2

0*

2 sinsin dddddxdyyM
DD

x

Drawing 24
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   


 3

0

3

0 3
cos   189cos0cos  ,

2
9

2

3

0

2

0

3

00*









 dddddxdym
DD

,  then







4
29

18
cy .

Task 5. Calculate moment of inertia about the origin of coordinates

of a homogeneous figure, bounded by the lines 1
b
y

a
x , 0x ,

0y .
According to the formulas (12) we calculate:

   
 





xa

a
b

a

D
dyyxdxdxdyyxI

0

22

0

22
0

 














xa

a
b

a yyxdx
0

3
2

0 3

    
3
1

0

3
3

3
2 dxxa

a
bxax

a
ba









 

   
124343

22

0

4

3

3
43 baabxa

a
bx

a
bxb

a











 
 .
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Task 6. Calculate mass of a circular ring, built on circles with
radiuses r1 and r2 ( 21 rr  ), if in every point surface density is
inversely proportional to the square of its distance to the center
of a ring.  

According to the task, density   22,
yx

kyx


 , where k is a

proportionality coefficient, so by the formula (9) the mass of the ring
will be equal to:

  










 

 2

1

2

0*
222,

r

rDDD

ddkddkdxdy
yx

kdxdyyxm

 
1

2
12

2

0

ln2lnln2ln
2

1
r
rkrrkk

r

r




.

Task 7. Calculate moment of inertia of homogeneous ellipse

12

2

2

2


b
y

a
x  ( ba  ) about its bigger axis.

Since ba  , we calculate:

   


axa
a
b

aa
xb

a

D
x dxxa

a
bydxdyydxdxdyyI

0

3
22

3

3

0

3

0

1

0

2

0

2

3
4

3
44

22
2

2

 
  

































 
 2

0

44
3

32

0

3
222

3

3

21

cos
3
4cossin

3
4

2
,0

,arcsin

,cos
,sin

dzza
a
bdzzazaa

a
b

zz

a
xz

dzzadx
zax
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  





 

 
 2

0

2
32

0

2
3 2cos2cos21

32
2cos1

3
4 dzzzabdzzab















 






 





2

0

32

0

3
4sin

4
1

2
12sin

32
4cos12cos21

3
zzzzabdzzzab

 44
3

3423
2sin

4
1

22
1sin

23
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









 


















 




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Lecture 3. DEFINITION AND CALCULATION
OF TRIPLE INTEGRALS

Function  zyxfu ,,  is determined in a closed bounded domain
3RG  . We divide domain G by a set of surfaces into n parts Gi,

that do not have any common inner points and the volumes of
which are iV , ni ,...,2,1 . In each part Gi we take an arbitrary
point  iiiiP  ;;  and calculate the sum

 



n

i
iiii Vf

1

;; ,                           (1)

which is called an integral sum for function  zyxf ,,  in domain G.

 ini
Gd




1
max  is the biggest diameter among domains Gi.

Definition. If 0 , and integral sum (1) has a finite limit, that
depends neither on the way we divide domain G into parts Gi, nor
on the choice of points Pi, then this limit is called triple integral
of function  zyxf ,,  in domain G:

   





n

i
iiii

G

Vfdxdydzzyxf
10

;;lim,, ,     (2)

where  zyxf ,,  is a function, integrable in domain G; G is an
integrating domain; x, y, z are integrating variables; dxdydz (or dV)
is an element of volume.
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Mechanical meaning of triple integral. If mass with bulk density
 zyx ,,  in the point   Gzyx ,,  is spread over the solid G,

then mass m of this solid is calculated with the formula:

  
G

dxdydzzyxm ,, .                         (3)

Geometrical meaning. If everywhere in domain G   1,,  zyx ,
then the formula (3) is followed by the formula of calculation
volume V of solid G:


G

dxdydzV .                                   (4)

Theorem (sufficient condition of integrability of function). If
function  zyxf ,,  is continuous in a closed bounded domain G, then
it is integrable in this domain.

Properties of triple integrals
1. Constant factor may be factorized out of the sign of triple

integral

    
GG

dVzyxfCdVzyxfC ,,,, .

2. Triple integral of sum of integrable functions is equal to the sum
of triple integrals of addends:

         
GGG

dVzyxdVzyxfdVzyxzyxf ,,,,,,,,

3. If function   0,, zyxf  in domain G, then

  0,, 
G

dVzyxf .
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4. If functions  zyxf ,,  and  zyx ,,  are determined in domain
G and if    zyxzyxf ,,,,  , then

    
GG

dVzyxdVzyxf ,,,, .

5. (Additivity of triple integral). If we divide integrating domain G
into parts G1 and G2, that do not have common inner points, then

      
21

,,,,,,
GGG

dVzyxfdVzyxfdVzyxf .

6. (Triple integral evaluation). If function  zyxf ,,  is continuous
in a closed bounded domain G that has volume V, then

  MVdVzyxfmV
G

  ,, ,

where m and M are respectively the minimal and the maximal values
of function  zyxf ,,  in domain G.

7. (Mean value of a function). If function  zyxf ,,  is continuous
in a closed bounded domain G that has volume V, then a certain point
 000 ;; zyx  exists in this domain:

    VzyxfdVzyxf
G

 000 ;;,, .

Parameter    
G

dVzyxf
V

zyxf ,,1;; 000  is called a mean

value of function  zyxf ,,  in domain G.
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Calculation of triple integrals
Integrating domain G is

bounded by surfaces  yxzz ,1
and  yxzz ,2  below and
above, and on the sides by a
cylindrical area, the generatrix of
which are parallel to the axis Oz
(Drawing 25). Domain G is called
regular in the direction of the axis
Oz, if domain D (which is a
projection of G on the area Oxy,
bounded by curves  xy 1

and  xy 2  and lines ax   and bx  ) is regular. Then
calculation of triple integral means calculating three determined
integrals, i.e.:

 
 

 

 
 

 

 
yxz

yxz

x

x

b

aG

dzzyxfdydxdxdydzzyxf
,

,

2

1

2

1

,,,,




.      (5)

The order of integration may also be different, for example, if
domain G is regular in the direction of the axis Ox, i.e.

        dycyzyzyxxzyxG  ,,,, 2121 ,

where  zyx ,1 ,  zyx ,2 ,  y1 ,  y2  are continuous functions,
then

 
 

 

 
 

 







zyx

zyx

y

y

d

cG

dxzyxfdzdydxdydzzyxf
,

,

2

1

2

1

,,,,

Drawing 25
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Task 1. Calculate triple integrals:

а)    
 hayahayaha

dxdyyayzdxdyydzdxdyy
00000000











ha

xyya
00

32

32  632

333 hahaa 









 .

b)    








xx

x

xx

x

x

dyydxxzdyydxdzdyydx
0

1

0

22

10

1

0

22

10

1

0

1

   
x

ydxx
0

21

0 2
1

  
12
1

3
1

2
1

2
1

322
1

2
1 321

0

2 





 








 

xxdxxx .

c)  
 

1

0

1

0

1

0

1

0

1

0

1

0
12

1
zyxdydx

zyx
dzdydx

    
1

0

1

0
122 dyyxyxdx

   










 



 

1

0

23231

0 23
1

23
22 yxyxdx
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           
1

0

23232323 1223
3
4 dxxxxx

     










 








25
1

25
22

25
3

3
4

1

0

252525 xxx

  12232324
15
8 2525252525

    21232731
15
81233332

15
8 2525  .

d)             
 yxxyxx zdyydxxdzxyzdydx

1

0

21

0

1

0

1

0

1

0

1

0 2

   
x

dyyxydxx
1

0

2
1

0
1

2
1

       
x

dyyxyxydxx
1

0

22
1

0
121

2
1

      
x

dyyxyyxdxx
1

0

322
1

0
121

2
1

    







 

1

0

432
2

1

0 4
1

3
2

2
1

2
1 yxyyxdxx

x
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     










 



 

1

0

4
4

4

4
11

3
2

2
1

2
1 dxxxxx

 
    


 
1

0

432
1

0

4

4641
24
1

12
1

2
1 dxxxxxxdxxx

   
1

0

5432 464
24
1 dxxxxxx

 65
4

2
3

3
4

224
1

1

0

65432











xxxxx

720
1

30
1

24
1

6
1

5
4

2
3

3
4

2
1

24
1







  .

e)                    
  






eyx

e

xee
dz

eyxex
yxzdydx ln1

0

1

0

 






eyx

e

xee
dzyxz

eyx
dy

ex
dx ln

1

0

1

0

     Cttdtt 1lnln

     






eyx

e

xee
yxzyxz

eyx
dy

ex
dx 1ln

1

0

1

0
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         


 


1ln1ln
1

0

1

0
yxeyxeee

eyx
dy

ex
dx xee

     


 
 1

0

1

0
1ln

xee
yxeeyx

eyx
dy

ex
dx

   


 
 1

0

1

0
1ln

xee
dyyxe

ex
dx

       






1

0

1

0
1ln

xee
yyxeyxe

ex
dx

        


 


1ln111ln
1

0
xexexe

ex
dxe

      


 
1

0
1ln11

e
xexexe

ex
dx

   



 
 1

0

1

0
1ln2 ee

dxxedx
ex

xe

   





 







1

0

1

0

1

0
ln12 eee

dxdxxedx
ex

      
1

0

1ln2ln2
e

xexexex

    5221221ln0ln211ln221ln2  eeeeee .
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 Example 2. Calculate triple integrals:

а)   
G

dxdydzzyxI 321 ;

G : 0x , 0y , 0z , 3z ,
2 yx  (Drawing 26).

   
 3

0

2

0

2

0
1 32 dzzyxdydxI

x

  







 

 3

0

22

0

2

0 2
32 zzyxdydx

x
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

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
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




 



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
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
xx

yyxdxdyyxdx
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996
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2
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2
92

2
96 dxxxx
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

  

2

0

22

2
91818

2
99612 dxxxxxx

9
4

3
2

9
2
3

2
3

2

0

232
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2 



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







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11183
2
8
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Drawing 26
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b) 
 




G zyx
dxdydzI 32

1
;

G : 0x , 0y , 0z , 1 zyx
(Drawing 27).

 
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
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
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
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c)   
G

dxdydzzI 43 ; G : 2xy  ,

1y , 0z , 2z  (Drawing 28).

   


2

0

11

1
3 4

2

dzzdydxI
x

 

Drawing 27

Drawing 28
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  

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


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

1

1

2
11

1

2

0

211

1
11010

2
4

22

dxxdydxzzdydx
xx

3
40

3
1120

3
11

3
1110

3
10

1

1

3

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
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


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




xx .

d) 
G

dxdydzxyI 4 ;   G : xyz  , 1 yx , 0z .
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e)   
G

dxdydzxzyI cos5 ;   G : xy  , 0y , 0z ,

2


 zx .

    
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
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0
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   
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Lecture 4. CYLINDRICAL
AND SPHERICAL COORDINATES.

APPLICATION OF TRIPLE INTEGRAL

Closed bounded domain G is one-to-one mapped onto
domain G* with the help of continuously differentiable functions

 wvuxx ,, ,  wvuyy ,, ,  wvuzz ,, , Jacobian J is nonzero
in domain G*:

0






























w
z

v
z

u
z

w
y

v
y

u
y

w
x

v
x

u
x

J ,

and if  zyxf ,,  is the function, continuous in G, then the following
formula is valid:

  ,,
G

dxdydzzyxf

       
*

,,,,,,,,
G

dudvdwJwvuzwvuywvuxf .   (1)

While making a transition from rectangular coordinates x, y, z to
cylindrical , , z (Drawing 29), connected with x, y, z by relations



44

N. O. Romanchuk, M. V. Ushkats, O. V. Maiboroda,  I. V. Petkov

 cosx ,    siny ,
zz  ;

0 ,    20 ,
 z .

Jacobian of transition:

 



100
0sincos
0cossin

J .

Then out of formula (1) we express triple integral in cylindrical
coordinates:

    
*

,sin,cos,,
GG

dzddzfdxdydzzyxf .  (2)

While making a transition from
rectangular coordinates x, y, z
to spherical , ,  (Drawing 30),
connected with x, y, z by formulas

 cossinx ,

 sinsiny ,     cosz ;
0 ,    20 ,

0 .
Jacobian of transition

 





 sin
0sincos

cossinsincossinsin
sinsincoscoscossin

2J .

 

Drawing 29

Drawing 30
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Out of formula (1) we calculate triple integral in spherical
coordinates:

  ,,
G

dxdydzzyxf

  
*

2 sincos,sinsin,cossin
G

dddf .  (3)

Task 1. Calculate   
G

dxdydzyxI 22 , where domain G

is bounded by areas  22

2
1 yxz   and 2z .

The projection of integrating domain G on the area Oxy is

a circle 422  yx , the equation of which in polar coordinate
system is 2 . We apply formula (2) of transition to cylindrical
coordinates, then








 
 





 2

0

2
3

2

0

2

2

2

0

3
2

0*

3

2
2

2

ddzdddzddI
G

122
2

2
22

2

0

642

0

5
3 







 











 
  d

3
16

3
82

3
1682

12
6482 







 






   .
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Task 2. Calculate 
G

dxdydz
z

xyI , where domain G is set in

the first octant and is bounded by cone 2224 yxz   and areas
0x , 0y , 1z .




 


 1

2

2

0

3
2

0*

3
cossincossin

z
dzdddzdd

z
I

G








 
 







2
12sin22sin

2
1 2

0

3
2

0

1

2

2

0

3
2

0
ddzdd
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


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


 

 2

0

273
2

0 2
12cos

2
1 d

  
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









2

0

29
4

29
2

4
0coscos

2
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  
9
4

9
3242

9
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2
1 9 








 .

Task 3. Calculate 
G

dxdydzI , where domain G is a sphere

2222 Rzyx  .

We apply formula (3) of transition to spherical coordinates:





R

G
ddddddI

0

2

0

2

0*

2 sinsin
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    



 R

0

3

0

2

0 3
cos

  3
33

3
4

3
4

3
cos0cos2 RRR

 .

Task 4. Calculate   
G

dxdydzyxI 22 , G is determined

by inequalities 0z , 22222 Rzyxr  .

  
*

2222222 sinsinsincossin
G

dddI

 
*

34 sin
G

ddd

   

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 R

r

R

r
dddd

5
cos1sin2sin
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
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


2

0

255 cos1cos
5

2 drR
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


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










 2

0

3
55 cos

3
cos

5
2 rR

      555555
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4

3
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5
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3
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5
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
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





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





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
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Application of triple integral to geometrical
and mechanical tasks

If a given solid is a closed bounded domain G, which has
volume V, then according to geometrical meaning of triple integral:


G

dxdydzV .                                  (4)

If G is a closed bounded domain of space R 3, occupied by
material solid with density  zyx ,, , where  zyx ,,  is
a function, continuous in domain G, then according to mechanical
meaning of triple integral, the mass of this solid is equal to:

 
G

dVm .                                   (5)

Moments of inertia of a solid about axes Ox, Oy, Oz are
respectively equal to:

  
G

x dVzyI 22 ;          
G

y dVzxI 22 ;

     
G

z dVyxI 22 .                            (6)

Moments of inertia about coordinate planes Oxy, Oxz, Oyz are
respectively calculated with the formulas

 
G

xy dVzI 2 ;    
G

xz dVyI 2 ;  
G

yz dVxI 2 .  (7)

Moment of inertia of a solid about origin of coordinates:

  
G

dVzyxI 222
0 .                       (8)
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Coordinates of a center of mass of a solid are calculated with the
formulas:

m
M

x yz
C  ,     

m
M

y xz
C  ,     

m
M

z xy
C  ,             (9)

Where

 
G

xy dVzM ,    
G

xz dVyM ,    
G

yz dVxM  (10)

are respectively static moments of a solid about coordinate planes
Oxy, Oxz, Oyz.

Task 1. Calculate volume of a solid, bounded by cylinders
24 yz  , 22  yz  and areas 1x , 2x .

Cylinders 24 yz   and 22  yz , generatrix of which are

parallel to the axis Ox, cross on the lines: 24 22  yy   12 y
 1y . Then the required volume is found with the formula (4):

   






1

1

2
2

1

4

2

1

1

2

1
22

2

2

dyyxdzdydxdxdydzV
y

yG

 c.un.8
3
1126

3
23

1

1

3







 












yy

Task 2. Calculate volume of a solid, bounded by paraboloids
22 yxz  , 22 2yxz   and areas xy  , xy 2 , 1x .

Volume of a given body, according to the formula (4), will
be equal to:
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 




x

x

x

x

yx

yx

x

xG

ydxdyydxdzdydxdxdydzV
231

0

2
2

1

0

221

0 3

22

22

   c.un.
12
7

43
78

3
1

1

0

41

0

33  
xdxxx .

Task 3. Calculate volume of a solid, bounded by areas
22 yxz  , 22 yxz  .

The given solid is bounded by cone 22 yxz   below and
by paraboloid 22 yxz   above, they cross on the area, which
projection on area Oxy is circle 122  yx  ( 1  is a polar
equation). Let us calculate volume of a solid according to the
formula (4), making a transition to the polar coordinates:

 
*

dzdddxdydzV
GG

   




 1

0

2
2

0

1

0

2

0 2

ddzdd

 
612

12
4
1

3
12

43
2

1

0

43 







 







 



              .

Task 4. Calculate mass of a cube ax 0 , ay 0 ,
az 0 , if its density in each point is   zyxzyx  ,, .

 c.un.
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     
GG

dxdydzzyxdxdydzzyxm ,,

   
aaa

dzzyxdydx
000

   
















 

aaaaa
dyaaxaydxzzyxdydx

0

2

00

2

00 22



















 

a
a

yaaxaydx
0

22

0 22

2
3

2222

4
4

4

0

3
22
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3
2

3 aaaxaxadxaxaa
aa


















  .

Task 5. Calculate mass of a solid,
bounded by cylindrical area yx 22 
and areas 1 zy , 22  zy , if its
density in each point is equal to the ordinate
of a point.

The projection of this solid (Drawing 31)
on the area Oxy is a part of parabola

2

2xy  , cut by line 1y , consequently

22  x . Then, according to the
formula (5), we calculate mass of a solid:

 

Drawing 31
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 
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




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





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2

5
1

3
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148
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24

6
22 






 








 .

Task 6. Calculate moment of inertia of a cube ax 0 ,
ay 0 , az 0  about its edge.

Moments of inertia of a cube with an edge equal to a about each
of its edges will be equal. Let us calculate, for example, Ix, with the
help of formula (6):

     
aaa

G
x dzzydydxdxdydzzyI

0

22

00

22









 

aaa zzydydx
0

3
2

00 3  30

3
2

0
dyaaydx

aa









 
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3
2

3
2

3333

5

0

4

0

44

0

33

0

axadxaayaaydx
aaaa


















  .

Task 7. Calculate moment of inertia
of circular cylinder with the height

hOO 21  and radius a of a base, about
the axis, which is the diameter of a
cylinder.

The height of cylinder is OzOO 21

(Drawing 32), then the diameter belongs
to axis Oy. So, we calculate moment
of inertia of the given solid about axis Oy:

     
GG

y dzddzdxdydzzxI
*

22222 cos

   
 ha

dzzdd
0

222

0

2

0

cos

 
















 



3
cos

3
cos

3
22

0

2

00

3
22

0

2

0

hhddzzdd
aha











 














0

23
2

42

00

3
23

2

0 23
cos

43
cos hhddhhd
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

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
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23
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Drawing 32
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



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 62
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4 hadha
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2324
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1234
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








 .

Task 8. Calculate coordinates of a
center of mass of a homogeneous
( 1 ) prismatic solid, bounded by
areas 0x , 0z , 1y , 3y ,

32  zx  (Drawing 33).
We apply formulas (9) and (10) to

calculate:
23

0

23

0

3

1

 


dxdzdydxdydzm
z
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   
2
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4
92

4
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2
923223

23

0
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23
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3

1







   zzdzzy ;

 
 23

0

223

0

23

0

23

0

3

1 2
2 xdzdxxdzdydxdydzxM

zz

G
yz

   
23

0

2129 dzzz

Drawing 33
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2
9
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4
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








zzz ;

   
 23

0

3

1

223

0

23
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23
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xz
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23
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23
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1

2
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4
94

4
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2
94 






  ;

   
 23

0

23

0

23
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3

1

232 dzzzdxdzzdydxdydzzM
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 



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

23
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32 zz

4
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3
1

4
27

8
27

3
2

8
272 






  ;

then 1Cx , 2Cy , 
2
1

Cz .

Task 9. Calculate coordinates of center of mass of a solid,

bounded by areas xyz 2 , 5x , 5y , 0z .
We calculate mass and static moments of a given body:

5

0

5

00

5

0

5

0

  dyydxxdzdydxdxdydzm
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G
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9
455

9
4

2323
2323

5

0

235

0

23


yx ;
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According to formulas (9) we calculate the coordinates of center
of mass:

3 CC yx ;         
32
45

Cz .



57

Multiple, curvilinear, surface integrals

Lecture 5. CURVILINEAR INTEGRAL
OF THE FIRST KIND:

DEFINITION AND CALCULATION

A smooth curve AB (Drawing 34) is given in domain Oxy,
a bounded function  yxf ,  is determined on this curve.

Continuous curve  txx  ,

 tyy   is called smooth on
segment  t , if functions

 tx  and  ty  have on  ;
continuous derivatives  tx  and

 ty , that are simultaneously
non-zero.

We divide curve AB with the
points  BAAAAAAA nnii   ,,...,,,...,, 1110  into n arbitrary

parts. On a certain arc 


ii AA 1  we choose an arbitrary point

 iiiM  ; , ni ,...,2,1  and calculate the sum

 



n

i
iii lf

1
; ,                                (1)

where il  is length of an arc 


ii AA 1 .

 
Drawing  34
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Sum (1) is called integral sum for function  yxf ,  on the

curve AB. ini
l

1
max  is the biggest length of separate arcs 


ii AA 1 .

Definition. If 0  and the integral sum (1) has limit that
depends neither on the way we divide curve AB nor on the choice
of points Mi, then such limit is called curvilinear integral of the
 first kind (about the length of an arc) of function  yxf ,  on the
curve AB, i.e.

   



n

i
iii

AB
lfdlyxf

10
;lim, .  (2)

If there is limit (2), then function   yxf ,  is called integrable on
the curve AB; AB is a contour of integration; A is the starting point
of integration, and B is the finishing point of integration.

Geometrical meaning of curvilinear integral of the first kind:

AB
L ∫ =dl – is the length of arc AB.

Physical meaning of curvilinear integral of the first kind:

  
AB

dlyxm , – is the mass of inhomogeneous material

curve AB with linear density  yx, .

Basic properties of curvilinear integral of the first kind
1. Curvilinear integral of the first kind does not depend on the

direction of integration:

    
BAAB

dlyxfdlyxf ,, ;
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2.          
LLL

dlyxfdlyxfdlyxfyxf ,,,, 2121 ;

3.     
LL

dlyxfCdlyxfC ,, , constC ;

4. If contour of integration L is divided into two parts L1
and L2, then

      
21

,,,
LLL

dlyxfdlyxfdlyxf .

Calculation of curvilinear integrals of the first kind
1. If curve AB is represented by equation  xyy  , bxa  ,

where function  xy  is continuous along with its derivative  xy 

on  ba; , then:

        
b

aAB
dxxyxyxfdlyxf 21,, .         (3)

2. If curve AB is represented by equation  yxx  , dyc 

and functions  yx  and  yx  are continuous on  dc; , then:

        
d

cAB
dyyxyyxfdlyxf 21,, .          (4)

3. If curve AB is represented parametrically by equations  txx  ,

 tyy  ,   ;t  and functions  tx ,  ty ,  tx ,  ty  are

continuous on  ; , then:

            




 dttytxtytxfdlyxf
AB

22,, .      (5)
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4. In case of spatial curve AB, represented by equations  txx  ,

 tyy  ,  tzz   (  t ) are functions, continuous along with
their first derivatives about parameter t on segment  ; , then:

              




 dtzyxtztytxfdlzyxf ttt
AB

222,,,, .  (6)

Task 1. Calculate   
L

dlyx , where L is a segment of line

from the point  0;0A  to the point  3;4B .

Let us work out an equation of line AB: xy
4
3

 , then 
4
3

y ;

we use formula (3):

 
2
5

32
5

16
5

16
91

4
3 4

0

2
4

0

4

0







   xdxxdxxxdlyx

L

.

Task 2. Calculate curvilinear integral   
L

dlyxI 34 3

between the points  0;1E  and  1;0H :
a) about the line EH;

b) about the arc of asteroid tx 3cos , ty 3sin .

a) Equation of line EH: 1 yx , 1x , then according
to the formula (4):

   














 

1

0

23341

0

3
23

3
34
1422314 yydyyyI
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     253222132
1

0

33 4 




  yy .

b) If tx 3cos , ty 3sin , then  ttxt sincos3 2  ,

ttyt cossin3 2  . Then according to the formula (5) we first
calculate:

dtttdtttttdl cossin3cossin9sincos9 2424  ,

then

   




2
33 3 12cossinsin3cos43 dtttttI

 








2
25

2
2 cossin9sincos12 dtttdttt

     








2

25
2

2 sinsin9coscos12 tdttdt










2272
3

27
sin9cos4 tt

 





 









 


 sin

2
sin

7
18cos

2
cos4 272733

    01
7

18104  7
46

7
424

7
184  .
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Task 3. Calculate   
L

n
dlyx 22 , where L is a circle

tax cos , tay sin .

Since taxt sin , tayt cos ,

dtadttatadl  2222 cossin , then according to the
formula (5):

       
 2

0

2
2

0

222222 sincos dtaadtatatadlyx
nn

L

n

12
2

0

12
2

0

12 2 





   nnn atadta .

Task 4. Calculate  


L zyx
dlI 222 , where L is the first

turn of helical line tax cos , tay sin , btz  .

We calculate taxt sin , tayt cos , bzt  ,

dtbadtbtatadl 2222222 cossin  , then according
to the formula (6):













2

0
22

22
2

0
222222

22

sincos tba
dtba

tbtata
dtbaI


2

0

22 arctg1
a
bt

ab
ba

a
b

ab
ba 


2arctg

22
.
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Task 5. Calculate curvilinear integral 
L

dlxy , where L is a

quarter of ellipse 12

2

2

2


b
y

a
x , set in the first quadrant.

We express variable x from the equation of ellipse:

2

2
22 1

b
yax  ,        22 yb

b
ax  ,

then

    dy
yb

y
b
ady

yb

y
b
ayx

22222

2







 .

We calculate integral according to the formula (5):




 
b

L
dy

yb
y

b
ayyb

b
adlxy

0
22

2

2

2
22 1

 
  




 
b

dy
ybb

yaybbyby
b
a

0
222

22222
22

   


 
bb

dyybaby
b
ady

b
yaybb

y
b
a

0

2224
2

0

22224

      


 
b

dyybabyba
bab

a

0

222422
222 2

2
1

 
  








0

232224

222 232
ybab

bab
a

b
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      




 




234234224
2223

bbbab
bab

a

     
 bab

baabbba
bab

a









33 222

333
633

222

  
  

 
 ba

babaab
baba

bababaab









33

2222

.

Application of curvilinear integrals of the first kind
In plane Oxy is represented a smooth curve AB, on which

a continuous function  yxf ,  is determined, then area P of
cylindrical surface, represented by function  yxfz , , is
calculated with the formula:

 
AB

dlyxfP , ,                               (7)

formula for length L of curve AB is as follows:


AB

dlL .                                       (8)

If lengthwise inhomogeneous curve L mass with linear
density  yx,  is spread, then mass of curve L is calculated according
to the formula:

  
L

dlyxm , .                                 (9)

Coordinates of center of mass of curve L are calculated with
the formula:
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m
M

x y
C  ,     m

My x
C  ,                        (10)

where

  
L

x dlyxyM , ,       
L

y dlyxxM ,               (11)1)

are static moments of curve L about axes Ox and Oy respectively.
Moments of inertia of curve L about axes Ox, Oy and the origin

of coordinates are respectively equal to:

  
L

x dlyxyI ,2 ;              
L

y dlyxxI ,2 ;

         
L

dlyxyxI ,22
0 .                        (12)

Task 1. Calculate the area of a side surface of parabolic cylinder

2

8
3 xy  , bounded by planes 0z , 0x , xz  , 6y .

Let us consider cylindrical surface with generatrix parallel
to axis Oz; base – contour of integration – is arc AB of parabola

2

8
3 xy  , that connects points  0;0A  and  6;4B ; and with

heights equal to the function being integrated. So, according to the
formula (7):

  





 

4

0

2
4

0

2

16
91

4
31, dxxxdxxxdlyxfP

AB

 
4

0

2916
4
1 dxxx
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     
4

0

2212
4

0

2 916916
72
191618

72
1 xdxdxxx

  
4

0

232916
3
2

72
1 x

     11016
108

11616916
108

1 23232323

  110104
108

1 3     11010
27
1611010

108
64

 .

Task 2. Calculate the length of cardioid tatax 2coscos2  ,
tatay 2sinsin2  .

We calculate  tataxt 2sin2sin2  ,

tatayt 2cos2cos2  ,

 then                                 dtyxdl tt
22

 dttttttttta 2cos2coscos2cos2sin2sinsin2sin2 2222

   dttttta 2coscos2sinsin222

    dttata cos122cos222

dttadtta
2

sin4
2

sin42 2  ;

then according to the formula (8) the length of cardioids is
as follows:
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  aatadttadlL
AB

160coscos8
2

cos8
2

sin4
2

0

2

0




 .

Task 3. Calculate the length of arc AB of curve

  11 222  xxy eee ; 1Ax , 2Bx .

We differentiate the equation of a given curve, having
previously taken the logarithm of it:

   1ln1lnln 222  xxy eee ;        1ln1ln2 22  xx eey ;













1
1ln

2
1

2

2

x

x

e
ey ;

   
 











1

1212
1
1

2
1

22

2222

2

2

x

xxxx

x

x

e
eeee

e
ey










1
2222

1
1

2
1

2

2424

2 x

xxxx

x e
eeee

e

1
2

1
4

2
1

4

2

4

2






 x

x

x

x

e
e

e
e

.

We apply formula (8):

   








 

2

1
24

4482

1
24

4

1
412

1
41 dx

e
eeedx

e
edlL

x

xxx

x

x

AB

 
 





 

2

1
24

24

1
1 dx

e
e

x

x
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11

2

1

2

1
4

2

1
4

4

1
1

21
1
1 IIxdx

e
dx

e
e

xx

x















  ;

   

 

 







































8
2

4
1

44

2

1
41

1,1;
14

;1ln
4
1;1ln4

;1;1

1
2

xx

x

etet
t
dtdx

txtx

tete

e
dxI

   













1

1

1

1

8

4

8

4 12
1

14
2

e

e

e

e tt
dt

tt
dt ;

  11
1




 t
B

t
A

tt
      1A ,  1B    

  1
11

1
1




 tttt ;

  



















1

1

1

1
1 1lnln

2
1

1
11

2
1

8

4

8

4

ttdt
tt

I
e

e

e

e

     4488 ln1lnln1ln
2
1 eeee

  41ln
2
148

1
1ln

2
1 4

4

8














 e
e
e

.
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We calculate the length of an arc of the curve:

       eeeeL ln1ln
2
111ln

2
121ln

2
11 444

    22
2

4
24 ln

2
11ln

2
1ln

2
11ln

2
1 


 ee

e
eee .

Task 4. Calculate the mass of an arc of a circle tx cos ,
ty sin  (  t0 ), if linear density in each point is equal to

the ordinate of a point.
According to the task   yyx  , , then with the help of

formula (9) we calculate:

  coscossinsin,
00

22 


 tdttttdlydlyxm
LL

2cos0cos  .

Task 5. Calculate the mass of an arc AB of a curve xy ln ,
if in every its point linear density is proportional to the square of
abscissa of the point: 1Ax , 3Bx .

   
3

1

2
3

1
2

22 111, dxxxkdx
x

xkdlkxdlyxm
LL

     210
323

1
2

11
2

2323

3

1

2323

1

22 


 
kxkxdxk

  221010
3


k .
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Task 6. Calculate coordinates of center of mass of a semi-arc
of cycloid  ttax sin ,  tay cos1 ,  t0 .

According to the formulas (11) we calculate static moments
about axes Ox and Oy respectively, having first calculated dl:

  dttadttatadl cos22sincos1 2222 

dttadtta
2

sin2
2

sin2 2  ;

     


0 2
sin2cos1, dttatadlyyxM

L
x







  



0

22

2
sin1

2
cos212 dttta

  


0

22

0

2

2
sin

2
cos4

2
sin4 dtttadtta







 



0

22

0

2

2
cos

2
cos8

2
cos8 tdtata

 
3

16
3
88

2
cos

3
88

2
22

0

3
2

2 aaataa 


;

     


0 2
sin2sin, dttattadlxyxM

L
y

 


0

22

0

2

2
cos

2
sin4

2
sin2 dtttadttta
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 2
sin

3
188

2
sin

2
sin82

0

322

0

22
1

2 taatdtaIa 











3
16

3
88

22
2 aaa  ,

where

2
cos2,

2
sin

,,

2
sin

0
1 




















 tvdvdtt
dudtut

dtttI

4
2

sin4
2

cos2
2

cos2
000





tdtttt .

Mass of the line:

  tadttadlyxm
L 2

cos4
2

sin2,
00






aa 40cos
2

cos4 





 


 .

Then, with the help of formulas (10), we calculate coordinates
of center of mass of the line:

3
4

43
16 2 a

a
ayx CC 


 .

Task 7. Calculate moments of inertia about coordinate axes of

the first turn of helical line tax cos , tay sin , thz



2

.
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We calculate moments of inertia according to the formulas (12),
taking into consideration that

dthadthtatadl







2

4
4

cossin
222

2

2
2222 ,

 then

  













 
2

0

2
2

2
22

222
22

4
sin

2
4 dtthtahadlzyI

L
x

  















 
2

0

2
2

22222

4
2cos1

22
4 dtthtaha



















 







34
2sin

2
1

22
4

2

0

3

2

22222 thttaha








 









3

8
4

2
22

4 3

2

22222 haha

 









32
4

22
222 haha ;

  













 
2

0

2
2

2
22

222
22

4
cos

2
4 dtthtahadlzxI

L
y



















 







342
sin

2
1

22
4

2

0

3

2

22222 thttaha
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









32
4

22
222 haha ;

    



 
2

0

2222
222

22 sincos
2

4 dttatahadlyxI
L

z

2222

2

0

2222

4
2

4 haathaa









.
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Lecture 6. CALCULATION AND APPLICATION OF
CURVILINEAR INTEGRAL OF THE SECOND KIND.

GREEN’S FORMULA. INTEGRATION
OF ORDINARY DIFFERENTIAL

In the plane Oxy is represented a smooth curve AB (Drawing 35),
on which a bounded function  yxP ,  is determined. We divide

curve AB by points BAAAAAAA nnii   ,,...,,,...,, 1110

into n arbitrary parts; on each

partial arc 


ii AA 1  we choose point

 iiiM  ; , ni ,...,2,1  and
calculate the sum

 



n

i
iii xP

1

; ,       (1)

where ix  is a projection of a

vector ii AA 1  on the axis Ox.

If 0max
1


 ini

x , and integral sum (1) has finite limit,

that depends neither on the way we divide curve AB nor on the
choice of points Mi, then this limit is called curvilinear integral
of function  yxP ,  by coordinate x lengthwise the curve AB:

Drawing  35
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   





n

i
iii

AB

xPdxyxP
10

;lim, .                 (2)

By analogy curvilinear integral of function  yxQ ,  about
coordinate y:

   





n

i
iii

AB

yQdyyxQ
10

;lim, ,                 (3)

where iy  is the projection of a vector ii AA 1  on the axis Oy
(Drawing 35).

Sum     
AB

dyyxQdxyxP ,,  (4) is called curvilinear integral

about coordinates or curvilinear integral of the second kind.

Calculation of curvilinear coordinates
of the second kind

Let us assume that curve AB is represented by parametric
equations  txx  ,  tyy  ,  t , where functions  tx  and

 ty  on the segment  ;  are continuous along with their derivatives

 tx  and  ty ; point A of a curve corresponds to the parameter ,

and point B corresponds to the parameter ; functions  yxP , ,
 yxQ ,  are continuous on the curve AB, then:

      dyyxQdxyxP
AB

,,

              




 dttytytxQtxtytxP ,, .            (5)
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If curve AB is represented by equation  xyy  , bxa  ,

where function  xy  and its derivative  xy  are continuous on  ba; ,
then

    
AB

dyyxQdxyxP ,,

         
b

a

dxxyxyxQxyxP ,, .             (6)

By analogy, if curve AB is represented by equation  yxx  ,

dyc  , where functions  yx  and  yx  are continuous on  dc; ,
then

             
d

cAB

dyyyxQyxyyxPdyyxQdxyxP ,,,, . (7)

The notion of curvilinear integral of the second kind may be
broadened in case of spatial curves. Let us assume that functions
 zyxP ,, ,  zyxQ ,, ,  zyxR ,,  are determined and continuous

on the spatial curve AB, represented by equations

 txx  ,    tyy  ,    tzz  ,    t ,

where functions  tx ,  ty ,  tz  and their derivatives  tx ,  ty ,

 tz  are continuous on the segment  ; , then the following formula
is valid:


AB

dzRdyQdxP

                 




 RtytztytxQtxtztytxP ,,,,
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         dttztztytxR ,, .                          (8)

Curvilinear integral of the second kind depends on the direction
of integration path, and reverses sign due to the change of direction:

 
BAAB

dyQdxPdyQdxP .                     (9)

Curvilinear integrals, in which the starting and the finishing
points of contour of integration coincide (closed contours without
points of self-intersection), are integrals about a closed contour.
There are two directions of path tracing for a closed contour:
counterclockwise (positive orientation of a contour) and clockwise
(negative orientation of a contour).  Curvilinear integral of the
second kind about the positive-oriented contour L is denoted in the
following way:

    
L

dyyxQdxyxP ,, .

Application of curvilinear integral of the second kind
Regular domain is represented

on the plane (Drawing 36):
    bxaxyyxyD  ,21 .

We designate the limit of
domain D, i.e. curve PNQM, as L,
and consider it as positive oriented.

Then area S of the regular
domain D, bounded by the curve L,
is calculated with the formula:

 
L

dxydyxS
2
1 .         (10) Drawing 36
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If force     jyxQiyxPF  ,,  performs work A during
the movement of material point lengthwise curve L, functions
 yxP ,  and  yxQ ,  are continuous on the curve L, then

    
L

dyyxQdxyxPA ,, .                     (11)

Task 1. Calculate curvilinear integral of the second kind

    
AB

dyyxydxxyx 22 22 , where AB is an arc of parabola

2xy   from the point  1;1A  to the point  4;2B .
We apply formula (6), then:

          
2

1

433222 22222 dxxxxxxdyyxydxxyx
AB

  







 

2

1

65432

1

5432

35
4

23
242 xxxxdxxxxx

3
1

5
4

2
1

3
1

3
64

5
128

2
16

3
8







 

30
1940

30
1219

5
124

2
15

3
70

 .

Task 2. Calculate integral  
L

dyxdxy 22 , where L is an upper

half of an ellipse tax cos , tby sin , the direction of path tracing
is clockwise.
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Since   tatx sin  and   tbty cos , according to the
formula (5):

    


0

222222 coscossinsin dttbtatatbdyxdxy
L

     


0

22

0

22 cossin1sincos1 dtttbadtttab

  


0

22

0

2 coscossin tdtabdttab

   


0

22

0

2 sinsincos tdtbadttba

 3
sinsin

3
coscos

0

3
2

0

2

0

3
2

0

2 tbatbatabtab 


3
4

3
22

2
22 ababab  .

Taking into account that path tracing is clockwise, i.e. in
negative direction, we reverse sign, that is why

3
4 2

22 abdyxdxy
L

 .

Task 3. Calculate 
 

 





2;

0;0

sincos dyxydxyx  lengthwise the

segment that connects points  0;0  and   2; .
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The equation of the line that connects points  0;0  and   2;

is as follows: 



 2

yx
 or xy 2 , then 2y ; according to the

formula (6):

 

 




sincos
2;

0;0

dyxydxyx

    


42sin22cos 21
0

IIdxxxxx ,

where

















 



0
1 2sin

2
1,2cos

,,
2cos xvdvdxx

dudxux
dxxxI











 



00

2sin
2
12sin

2
dxxxx

02cos
4
1

0




x ;












 


0
2 cos,sin

,,
sin4

xvdvdxx
dudxux

dxxxI









 



00
coscos4 dxxxx   












4sincos4
0

x .

Task 4. Calculate curvilinear integral lengthwise the given

lines:  
 

 

 
1;1

0;0

dyxydxxyI ;   a) xy  ;   b) 2xy  ;   c) xy 2 .
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We apply formula (6) in assignments a) and b), and formula (8)
in assignment c).

a) Since xy  , dxdy  , then: 
3
11

0

2   dxxI ;

b) In this case 2xy  , xy 2 , then:

    232
1

0

23
1

0

23   dxxxdxxxxxI

12
1

3
2

4
3

1

0

34











xx ;

c) We represent function 2yx  , then dyydx 2 , so:

 
30
17

3
1

2
1

5
2

325
22

1

0

3251

0

23 







 

yyydyyyyyI .

Task 5. Calculate  



L yx

dxydyxI 3535

22

, where L is a quarter of

astroid tRx 3cos , tRy 3sin  from the point  0;R  to the
point  R;0 .

The value of the parameter 
2

0 
 t  corresponds to the given

points, then taking into account that   ttRtx sincos3 2  ,

  ttRty cossin3 2  , according to the formula (5), we calculate:
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    





 

 2

0
353353

273723

sincos
cossin3cossin3 dt

tRtR
ttRttRI

 





 
 2

0
55

5522

35

3

sincos
sincoscossin3 dt

tt
tttt

R
R

  
 2

0

234
2

0

22
34

2sin
4
3cossin4

4
3 dttRdtttR

   
 2

0

34 4cos1
8
3 dttR

 334
2

0

34

16
3

28
34sin

4
1

8
3 RRRttR 









 



.

Task 6. Calculate   
L

dzyxdyydxxI 1 , where L is

a segment of a line from the point  1;1;1  to the point  4;3;2 .
Let us work out an equation of the line that crosses the

given points 
3

1
2

1
1

1 





 zyx ; we express 12  xy ,

then dxdy 2  and 23  xz , dxdz 3 ; so according to the
formula (8):

    322212
2

1

  dxxxxxI

    1387814
2

1

2
2

1

  xxdxx .
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Task 7. Calculate  
OA

dzzxdyyzdxxyI , where OA is a

quarter of a circle, represented by parametric equations tx cos ,
ty sin , 1z ; the direction of path tracing is the growth of

parameter t.

      



2

0

2
2

0

2 sinsinsincossinsincos tdttdtttttI

 









 2

0

32

3
sin

2
sin tt

6
1

3
1

2
1

2
sin

3
1

2
sin

2
1 32 





 .

Task 8. Calculate the area of the figure, bounded by cardioid
ttx 2coscos2  , tty 2sinsin2  .

We use formula (10) to calculate the area:

 
L

dxydyxS
2
1

    
2

0

2cos2cos22coscos2
2
1 tttt

     2sin2sin22sinsin2 dttttt





2

0

22 2cos2coscos2coscos2cos22
2
1 tttttt

   dttttttt 2sin2sinsin2sinsin2sin2 22
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   
2

0

2222 2sin2sinsin3sin22cos2coscos3cos2 dttttttttt

    


 2sinsin2coscos33
2

0

dttttt

    


 6sin3cos13
2

0

2

0

ttdtt .

Task 9. In each point of a plane force  F   performs an action on
a material point; the projections of F  on the coordinate axes Ox and
Oy are correspondingly equal to   xyyxP ,  and   yxyxQ , .

Calculate the action of the force F  during movement of the point
from the origin of coordinates  0;0  to the point  1;1 : a) about
the line xy  ; b) about the parabola 2xy  .

To calculate the action of the force     jyxQiyxPF  ,, ,
we use formula (11):

a)  
 

 

 
3
4

3
2

1

0

2
31

0

2
1;1

0;0









  xxdxxxdyyxdxxyA ;

b)           
 

 

    
1

0

23
1;1

0;0

2 dxxxxxdyyxdxxyA

  
1

0

23 23 dxxx
12
17

3
2

4
3

1

0

34











xx .
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Task 10. Calculate the action of a force field, in each point  yx;
of which the intensity (force that performs an action on a mass unit)
is equal to   jxiyxp  , when a point with the mass m moves
clockwise around the circle tax cos , tay sin .

Since the point moves clockwise around the circle, i.e. in negative
orientation, then formula (11) is represented in the following way:

       
 LL

dymxdxyxmdyyxQdxyxPA ,,

      
2

0

coscossinsincos dttatmatatatam

   
2

0

2 cossin1 dtttmadt

 2
2

0

2
2

0

2 22cos
4
12sin

2
11 mattmadttma 






 






 



 .

Green’s formula
Green’s formula connects double integral about domain D with

curvilinear integral about the limit L of this domain.
Let us assume that D is a certain regular domain, bounded by the

closed contour L (Drawing 36), and functions  yxP ,  and  yxQ ,

are continuous along with their partial derivatives 
y
P

  and 

x
Q

  in

this domain. Then Green’s formula is valid:

 














LD

dyQdxPdxdy
y
P

x
Q

.           (12)
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Task 1. Calculate     
L

dyyxdxyxI 2222  according

to the Green’s formula, if L is a contour of a triangle LMN with
vertices  1;1L ,  2;2M ,  3;1N , the direction of path tracing is
counterclockwise. Check the result with the help of direct integration.

We calculate the partial derivatives  yx
x
Q



 2 ; y

y
P 4



.

Integrating domain D is a triangle LMN, the equations of its sides
are as follows: xy   for LM, 4 xy  for MN, and 1x
for NL. According to the formula (12):

        
DL

dxdyyyxdyyxdxyx 222 422

     
x

xD

dyyxdxdxdyyx
42

1

22

    





 








 

 2

1

222
2

1

4

2
14

2
142

2
2 dxxxxxxdxyxy

x

x

 
3
44

3
24444

2

1

3
2

2

1

2 







  xxxdxxx .

We calculate the integral directly – about the contour of the
triangle LMN, then 321 IIII  :

   
3

56
3
882

2

1

3
2

1

2222
1   xdxxdxxxdxxxI

LM

;
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         222
2 442 dxxxdxxxI

MN

   
1

2

2 16164 dxxx

 
3
4168

3
4

1

2

23 





  xxx ;

       
3

56648
3
11

3
111

1

3

3
1

3

22
3   ydyydyyI

NL
;

3
4

3
56

3
4

3
56

I .

Task 2. With Green’s formula, calculate curvilinear integral

 
L

dyxydxyx 22 , where L is a circle 222 Ryx  ; the direction

of path tracing is counterclockwise.

We calculate 2y
x
Q



 , 2x

y
P



 , then according to the

formula (12):

 
*

22222 dddxdyyxdyxydxyx
DDL

 

24

4

0

42

00

3
2

0

Rdd
RR 







 .
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Task 3. With the Green’s formula, calculate the integral

   
L

dyyxxxyydxyx 2222 ln , where L is a contour

of a rectangle 41  x , 20  y .

Since   




































2222
11

yx
x

yxx
yy

x
Q
























22

22

22

1
yx

xyx

yxx
yy

 22

2

22

1
yx

yy
yx

yy




















and 
22 yx

y
y
P







,

then

   
L

dyyxxxyydxyx 2222 ln




















 

D

dxdy
yx

y
yx

yy
2222

2

 8
3
83

3

2

0

34

1

2

0

2
4

1

2  
yxdyydxdxdyy

D

.
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Conditions of independence of curvilinear integral
from the shape of integration path

The value of a curvilinear integral, as demonstrated, depends
on the curve that connects extreme points of integration path.
However, there are integrals, the value of which does not depend
on the shape of integration path. Let us observe the conditions,
under which the value of integral remains constant about all the
possible curves that connect extreme points of integration curve.

Theorem. Functions  yxP ,  and  yxQ ,  are determined and

continuous along with their partial derivatives 
y
P

  and 

x
Q

  in

a certain closed singly connected domain D. Then the following
four conditions are equivalent, i.e. the fulfillment of one of them
implies the other three:

1) for an arbitrary closed smooth curve in domain D,

0
L

dyQdxP ;

2) for two arbitrary points M and N of domain D the value of
the integral

 
MN

dyQdxP

does not depend on the shape of integration path, that lays in
domain D;

3) expression dyQdxP   is an ordinary differential of a certain
function, determined in domain D, i.e. there is a certain function
 yxF , , determined in domain D, that dyQdxPdF  ;

4) in all points of domain D the following equality is valid

x
Q

y
P






 .                                     (13)
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It follows from the equivalence of conditions 1–4 of the
theorem, that conditions 3 and 4 are necessary and sufficient,
under which curvilinear integral does not depend on the shape of
integration path. However, equality (13) is the most suitable
necessary and sufficient condition.

The theorem is valid in the case of curvilinear integral of second
kind lengthwise spatial curves.

Task. Calculate curvilinear integral   
AB

dyxydxyx 222

about the arbitrary curve that connects points  0;0A  and  1;1B .
Since equality (13) is valid for the given integral:

 y
x
Q

y
P 2








,

then the value of integral does not depend on the shape of
integration path, but only on the points A and B. We calculate
integral about the line xy   that connects these points, then

    22
1

0

22222   dxxxxdyxydxyx
AB

3
2

3
22

1

0

3
1

0

2   xdxx .

Integration of ordinary differential
In a certain singly connected domain D functions  yxP ,  and

 yxQ , , and their partial derivatives y
P



 and x
Q



 are continuous,
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and besides 
x
Q

y
P






 . We choose point  00; yxM  and consider

function

 
 

 

 
yx

yx

dyQdxPyxF
;

; 00

, ,

then the ordinary differential of this function is as follows:

dyQdxPdF  .                              (14)

However, there is a limitless quantity of functions of two variables,
for which (14) is an ordinary differential. All the functions of this
kind are determined by the formula   Cyxu , , where  yxu ,  is
any of the antiderivatives, and C – const.

Each of these functions is called antiderivative of an ordinary
differential (14):

 

 

  CyxudyQdxP
yx

yx

 ,
;

; 00

.

We assume that 0xx  , 0yy  , and calculate  00; yxuC  ,
so

 

 

   00

;

;

,,
00

yxuyxudyQdxP
yx

yx

 .

In particular, if 1xx  , 1yy  , then

 

 

   0011

;

;

,,
11

00

yxuyxudyQdxP
yx

yx

 .              (15)
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Expression (15) is called Newton-Leibniz formula for
curvilinear integral of ordinary differential.

Since curvilinear integral does not depend on the shape of
integrating path, then to calculate
antiderivative  yxu ,  it is sufficient to
calculate integral about an arbitrary
line that connects points M0 and M.
However, the most suitable way is to
integrate about the polygonal line that
connects points M0 and M in such
a way that the sides of the polygonal
line are parallel to the coordinate
axes (Drawing 37).

Then on the segment M0N

0yy  , 0dy , and on the segment NM constx , 0dx , so

      CdyyxQdxyxPyxu
y

y

x

x

 
00

,,, 0 ,  (16)

where the first determined integral is calculated under the constant
value 0yy  , and the second is calculated under the constant value x.

By analogy while integrating about polygonal line M0PM
(Drawing 37):

      CdyyxQdxyxPyxu
y

y

x

x

 
00

,,, 0 .  (17)

Formulas (16) and (17) are applied to calculate antiderivative;

the starting point  00; yx  should be chosen in such a way that
expressions being integrated are the most simplified.

Drawing 37
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Task 1. Calculate the integral

   
 

 

 
1;2

0;0

2222 22 dyyxyxdxyxyxI .

Since equality (13) is valid for the given

integral, i.e. yx
x
Q

y
P 22 








, then it

does not depend on the integration path.
We integrate about the polygonal line OAB
(Drawing 38).

On the segment OA:
0y , 0dy , 20  x ;

on the segment AB: 2x , 0dx , 10  y , then:

 
3

24
3

44
1

0

3
2

2

0

31

0

2
2

0

2 







 

yyyxdyyydxxI

5
3
124

3
8

 .

Task 2. Calculate    
 

 

 
3;2

1;1

33 dyxydxyxI .

The given integral does not depend on the integration path,

because 3







x
Q

y
P

. We integrate about the polygonal line, the

segments of which are parallel to the coordinate axes; on the first
segment 1y , 0dy , 21  x ; on the second segment 2x ,

0dx , 31  y , so

Drawing 38
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    
















 

3

1

22

1

23

1

2

1

6
2

3
2

63 yyxxdyydxxI

2
1206

2
118

2
93

2
162  .

Task 3. Calculate antiderivative function  yxu , , if its ordinary
differential is as follows:

a)    dyyxdxyxdu 6224  ;

b)     dyexdxxydu y 11ln ;

c) dy
y
x

y
dx

yx
du 

















 2

211
.

a) Condition (13) is fulfilled: 2







x
Q

y
P

; we take 00 x ,

00 y , then

    CyxyxCdyyxdxxyxu
yx

  22

00

322624,

or

    CxyxyCdxyxdyyyxu
xy

  223246, 22

00

.

b) Since 1







x
Q

y
P , then let us assume that 00 x , 00 y ,

and antiderivative function is equal to:
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       
y

y
x

dyexdxxyxu
00

11ln,

        
yyx eyxyxxxx
00

1ln1ln

    Ceyxyxxx y  11ln1 .

c) We calculate 
2

1
yx

Q
y
P







 . We cannot take the origin of

coordinates  0;0  as the starting point, because functions  yxP ,
and  yxQ ,  are not determined in this point, and that is why let
us take point  1;1  as the starting point, then antiderivative is
equal to:

  C
y
xyxdy

y
x

y
dx

x
yxu

yx
















   1ln2ln211,

1
2

1

.
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Lecture 7. SURFACE INTEGRAL.
OSTROGRADSKY-GAUSS FORMULA.

STOKES FORMULA

Let us assume that a closed function    zyxfMf ,,  is
determined in the points of a certain smooth surface . We divide
surface  into n arbitrary parts і without common inner points

(Drawing 39). i  is an area, аnd

 idiam  is a diameter of a part of
surface і, ni ,...,2,1 . In each
part і we choose an arbitrary point

 iiiiM  ;;  and calculate the sum

 



n

i
iiiif

1
;; ,     (1)

which we will call the integral
sum for function  zyxf ,,  about
surface .

If there is a finite limit of the integral sum (1) when
  0diammax

1


 ni
i , that does not depend neither on the way

we divide surface  into parts і, nor on the choice of points Mi,
then this limit is called the surface integral of the first kind:

Drawing 39
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   






n

i
iiiifdzyxf

10
;;lim,, .              (2)

Function  zyxf ,,  is called integrable about the surface ,
and surface  is called the integrating domain. If function  zyxf ,,
is continuous on the surface , then it is integrable about .

Smooth surface , represented by equation  yxzz ,  is
projected on the plane Oxy into the domain D. Let us assume that
function  zyxf ,,  is continuous on the surface , and functions

 yxz , ,  yxzx , ,  yxz y ,  are continuous in domain D, then the
surface integral (2) is calculated with the formula:

         
 xyD

yx dxdyzzyxzyxfdzyxf 221,,,,, .  (3)

Formula (3) expresses the surface integral of the first kind
through the double integral about the projection of surface  on
the plane Oxy.

By analogy, if surface  is represented by equation  zxyy ,

or  zyxx , , then

         
 xzD

zx dxdzyyzzxyxfdzyxf 221,,,,, ,

or

         
 yzD

zy dydzxxzyzyxfdzyxf 221,,,,, ,

where Dxz, Dyz are respectively the projections of surface  on
the coordinate planes Oxz and Oyz.
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Let us assume that in formula (2)   1,, zyxf  on the surface ,

then integral 


 dP  (4) expresses the area of surface .

If the mass with surface density  zyx ,,  is spread on the
smooth surface , then:

a) mass of material surface

 


 dzyxm ,, ;                              (5)

b) coordinates of center of mass of the surface:

m
M

x yz
C  ,     m

My xz
C  ,     

m
M

z xy
C  ,             (6)

where




 dxM yz ,  


 dyM xz , 


 dzM xy          (7)

are respectively the static moments of surface  about coordinate
planes Oyz, Oxz, Oxy;

c) moments of inertia of surface about coordinate axes and the
origin of coordinates:

 


 dzyI x
22 ,   



 dzxI y
22 ,

      


 dyxI z
22 ,  



 dzyxIO
222 .       (8)

Task 1. Calculate 








  dyxz

3
42 ,  is a part of the plane

1
432


zyx
, set in the first octant.
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ABC (Drawing 40) is the
integrating surface, the projection of
which on the plane Oxy is AOB:







 

2
130 xy , 20  x . Let us

calculate d:







 

32
14 yxz       2xz ,

3
4

yz ;

dxdydxdyd
3
61

9
1641  .

We apply formula (3):







 






  

 xyD

dxdyyxyxdyxz
3
42

3
424

3
61

3
42

 
xyD

dxdy
3
614  

2
13

3
614

3
614 2

0

2
13

0

2

0







  







 

dxxdydx

x

  61412614
4

614
2

0

2











xx .

Drawing 40
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Task 2. Calculate 


dxyz , where  is a part of the plane

1 zyx , set in the first octant.

Equation of the surface is yxz  1 , we express 1 yx zz ,

then dxdydxdyd 3111  , consequently

   
 D

dxdyyxxydxyz
xy

13

    
x

dyyyxdxx
1

0

2
1

0

13

   







 

1

0

321

0 32
13 yyxdxx

x

      





  

1

0

3
1

0

33 1
6
31

3
11

2
13 dxxxdxxxx

   







 

1

0

54
3

21

0

432

54
3

26
333

6
3 xxxxdxxxxx

120
3

20
1

6
3

5
1

4
31

2
1

6
3







  .

Task 3. Calculate  


 dyx 22 , where  is a part of conic

surface 222 yxz  , set between the planes 0z  and 1z .
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Since the equation of the surface is 22 yxz  , then

 22 yx
xzx


 , 22 yx
yz y


 ,

and dxdydxdy
yx

y
yx

xd 21 22

2

22

2







 , so the surface

integral is equal to:

     


 

1

0

3
2

0

32222 222 dddddxdyyxdyx
xyxy DD







2
2

4
2

1

0

42

0

.

Task 4. Calculate 


dx , where  is a part of the sphere

2222 Rzyx  , set in the first octant.

Out of the equation of the sphere 222 yxRz   we

calculate
222 yxR

xz x



 , 222 yxR

yz y



 ,  then

222222

2

222

2

1
yxR

dxdyRdxdy
yxR

y
yxR

xd








 ;

consequently







 
 DD R

ddR
yxR

dxdyxRdx
xyxy

22222

cos
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


 
 R

R
ddR

0
22

22

0

cos





















21 2,0,cos

,arcsin,sin

zzdzzRd
R

zzR





 
 2

0
222

222

0 sin

cossinsin
zRR

dzzRzRR

 2cos1
2

sin
2

0

32

0

22 dzzRdzzRR 




 
422

2sin
2
1

2

332

0

3 RRzzR 










 



.

Task 5. Calculate the moment of inertia of hemisphere
222 yxaz   about axis Oz.

According to the formulas (8):

   


z dyxI 22

  





 
xyD

dxdy
yxa

y
yxa

xyx 222

2

222

2
22 1
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  









 




a

DD a
dda

a
ddadxdy

yxa
yxa

xyxy 0
22

32

0
22

3

222

22
























21
22

22
22

0,,

,,

tatta

dt
ta

tdta

   





 

0

22

2222

2
a tat

dtttataa

   4
3

3

0

3
2

0

22

3
4

3
2

3
22 aaaattaadttaa

aa


















  .

Task 6. Calculate coordinates of center of mass of a part of the
plane xz  , bounded by the planes 1 yx , 0y , 0x .

We apply formulas (6) and (7):

xz        1xz ,   0yz ,   dxdyd 2 ,
then

 1222
1

0

1

0

1

0

 




dxxdydxdxdydm
x

Dxy

2
2

2
2

1

0

2











xx ;

 122
1

0

1

0

1

0

 




dxxxdydxxdxM
x

yz
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6
2

32
2

1

0

32











xx ;

 




1

0

21

0

1

0

1

0 2
22 ydxdyydxdyM

xx

xz

  
1

0

221
2
2 dxxx  

6
2

32
2

1

0

3
2 










xxx ;

6
22  



dxdzM xy .

As a result, 
3
1

 CCC zyx .

Task 7. Calculate center of mass of homogeneous surface
of the cone  22222 yxbza  , bz 0 .

Cone 22 yx
a
bz   is projected on the plane Oxy in the

circle with radius a:











bz

yx
a
bz ,22

      byx
a
b

 22       ayx  22 ;

22 yx
x

a
bz x


 ,   

22 yx
y

a
bz y


 ,
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then

dxdy
yx

y
a
b

yx
x

a
bd 22

2

2

2

22

2

2

2

1 







   dxdy
a

badxdy
yx

yxba
a

22

22

22221 





 ;







 
 DD

dd
a

badxdy
a

badm
xyxy

2222




 
 a

dd
a

ba

0

2

0

22

 22
222

0

22

0

22

2
2

2
baaa

a
ba

a
ba

a













;

cos2
22




 
 D

yz dd
a

badxM
xy

0cos
0

2
2

0

22




 
 a

dd
a

ba ;

sin2
22




 
 D

xz dd
a

badyM
xy

0sin
0

2
2

0

22




 
 a

dd
a

ba ;
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


 
 xyD

xy dxdyyx
a
b

a
badzM 22

22




 

xyD

dd
a

bab 2
2

22

 22
3

2

22

0

2
2

0
2

22

3
2

3
2 baaba

a
babdd

a
bab a










 


;

0 CC yx ;   bzC 3
2

 .

Task 8. Calculate the moment of inertia of a part of a side

surface of the cone 22 yxz  , hz 0  about axis Oz.

According to the task 22 yxz  , then 
22 yx

xz x


 ,

22 yx
yz y


 ,  so

dxdydxdy
yx

y
yx

xd 21 22

2

22

2







 .

The required moment of inertia is equal to:

     
 DD

z dddxdyyxdyxI
xyxy

32222 22

 
 h

dd
0

3
2

0

2  4
4

0

42

0 2
2

4
22

4
2 hh

h







.
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Task 9. Calculate the area of a part of the surface of the cone
xyz 22  , set in the first octant between the planes 2x , 4y .

We apply formula (4):

     
 xyD

yx dxdyzzdP 1 22




 
xyxy DD

dxdy
xy
yxdxdy

xy
x

xy
y

222
1

22

 


















 

4

0

2

0

4

0

2

0 2
1

2
1 dy

x
y

y
xdxdy

xy
y

xy
xdx









 

4

0

232

0 23
12

2
1 y

x
yxdx


















 

2

0

232

0

2
3

16
23

4
2

1
3
164

2
1 xxdx

x
x

 16
3
482

3
322

3
16

2
1

3
32

3
8

2
1

2

0

23 





 






  xx          .

Task 10. Calculate the mass of a hemisphere, if in each its
point the surface density is equal to the distance from the point to
the radius, perpendicular to the base of a hemisphere.

The equation of the hemisphere is 222 yxRz  , we

express 
222 yxR

xz x



 , 

222 yxR
yz y



 ,

 sq.un
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then

222222

2

222

2

1
yxR

dxdyRdxdy
yxR

y
yxR

xd








 .

We calculate the mass with the formula (5):




 dm , where density is 22 yx  ,   so

22

2

222

22
22

R
ddR

yxR
dxdyyx

Rdyxm
DD xyxy










 

 
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R
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R 





 



,
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
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


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


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
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
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
 
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0
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dttRtR
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2sin

2
1

22
2cos1 22

0
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0

2 RttRdttR 



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

 






 .
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Surface integrals of the second kind
Let us consider the notion of the side of surface. On a smooth

surface  we choose an arbitrary point M, draw in it normal n  with
a certain direction, and consider on the surface  an arbitrary closed
contour that leaves point M and comes back to the point M without
crossing the limits of surface . If we come back to the arbitrary
point M of surface  with the initial direction of normal n , after path
tracing of arbitrary closed contour on the surface , that does
not cross its limit, then this surface is called bilateral; if the direction
of a normal reverses, then a surface is called unilateral.

Bilateral surface is called oriented, and the choice of its certain
side is called the orientation of a surface. Later on we will consider
bilateral surfaces.

Let us assume that  is an
oriented surface, bounded by contour
L that does not have any points
of self-intersection. The positive
direction of path tracing of contour L
is that one when the direction of a
normal coincides with the direction
from the feet to the head of the
observer in movement, who leaves
the surface back on the left side
(Drawing 41). The opposite direction
of path tracing is called negative. If
the orientation of the surface is changed, then the directions of path
tracing of contour L reverse as well.

Let us assume that  is a smooth surface, represented by equation
 yxfz , , and  zyxR ,,  is a bounded function, determined in the

points of surface . We divide  into n arbitrary parts. We denote Di
as a projection of a part i of surface i on the plane Oxy, and Si

Drawing 41
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is an area of Di with positive sign «+» if the outer side of surface  is
chosen, and negative sign «», if the inner side is chosen.

In every part i we choose an arbitrary point  iiiiM  ;;  and
calculate the sum

 



n

i
iiii SR

1
;; ,                             (9)

which we will call the integral sum. Let us assume that  ini
d 

1
max

is the maximum diameter of surfaces i.
If 0 , and there is the limit of integral sums (9) that does

not depend neither on the way we divide surface , nor on the choice
of points Mi, then this limit is called the surface integral of the
second kind.

   






n

i
iiii SRdxdyzyxR

10
;;lim,, .       (10)

Integral reverses sign when a side of a surface is reversed, because
Si reverses sign.

If surface  is projected on the coordinate planes Oxz
and Oyz, then we get two more surface

integrals  


dxdzzyxP ,,  and

 


dydzzyxQ ,, , where  zyxP ,,

and  zyxQ ,,  are the functions,
determined in the points of surface .

Since  ddxdy cos ,
 ddxdz cos ,  ddydz cos ,

Drawing 42
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 (Drawing 42) where d is an element of the area of surface ; ,
,  are the angles between a normal to surface  and the axes Ox,
Oy, Oz respectively, then the following formulas are valid:

   


 dzyxPdydzzyxP cos,,,, ,

   


 dzyxQdxdzzyxQ cos,,,, ,

   


 dzyxRdxdyzyxR cos,,,, .

The following formula is also frequently applied in practice:




 dxdyRdxdzQdydzP

 


 dRQP coscoscos .               (11)

To calculate general integral (11) surface  is projected on all the
three coordinate planes, then the following formula is applied:

      


dxdyzyxRdxdzzyxQdydzzyxP ,,,,,,

      
xzyz DDD

dxdzzzxyxQdydzzyzyxP ,,,,,,

  
xyD

dxdyyxzyxRdxdz ,,, ,                     (12)

where Dyz, Dxz, Dxy are respectively the projections of surface  on
coordinate planes Oyz, Oxz, Oxy. Sign «+» in formula (12) is taken
when a normal to the surface makes acute angle with axis Ox, Oy, Oz
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respectively; sign «» is taken when angle is obtuse. The correct
choice of signs of double integrals in formula (12) can be checked
with the help of the following formula:

     2220

zyx

zyx kji
n




 ,

that is applied to calculate unit normal vector to the surface
  0,,  zyx . Double sign in this formula corresponds to the two

sides of surface . It follows from formula (11) that a sign of a
double integral coincides with a sign of a corresponding direction
cosine of normal n :

;,coscos;,coscos 00 jnOyninOxn 




















.,coscos 0 knOzn 











Task 1. Calculate the surface integral  


 dydzzy 22 , where

 is an outer side of a paraboloid 222 zyax  , cut off by the
plane Oyz.

The projection of paraboloid on the plane Oyz is a circle
222 azy  or a , then

    32222 dddydzzydydzzy
DD yzyz






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24
2

4

44

0

42

0

2

0 0

3 aadd
aa 







  .

Task 2. Calculate 


 dxdyzdzdxydydzxI 222 , where

 is an outer side of a surface of a hemisphere 2222 azyx 

( 0z ).
Since the equation of the plane Oxy is 0z , then

002  
 xyD

dxdydxdyz ; the projections of the hemisphere on

the planes Oyz and Oxz are the semicircles with radius a, then

     
 yzyz DD

ddadydzzyadydzx 222222

 
44242

444

0

422

0

32

0

aaaadad
aa 

















 



 



;

   
4

4
222222 addadzdxzxadzdxy

zxzx DD


 


;

consequently 
2

0
44

444 aaaI 






 .

Task 3. Calculate 


 dydzzxdxdzydxdyI 22 , where

 is an outer side of a part of an ellipsoid 444 222  zyx , set in
the first octant.
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We calculate the projections of the part of the ellipsoid on
the coordinate planes:

 10;440 2  xxyDxy ,







 

 

2
0;10xzxz DD ,

 10;440 2  zzyDyz ,

then

 




1422
1

0

2
44

0

1

0
1

2

dxxdydxdxdyI
x




















2
,0,cos

,arcsin,sin

21 ttdttdx

xttx

 


 
 2

0

2

0

2
2

0

2

2
2cos14cos4cossin14 dttdttdttt

  
 2

0

2cos12 dtt  








 



2
22sin

2
12

2

0

tt ;

 
 xzxz DD

dddxdzzxdxdzyI 222
2 12444

     
3

10
3
2

223
112

1

0

2322

0

1

0

2
2

0












 dd  ;
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










 2

2
2

3 4
1

D

dydzzydydzzxI
yz

  












244

0

3
2

1

0 12
1

z
yyzdzz

     





  

3
222

1

0

12
12
1112 zzzdzz

    





  

232232
1

0

1
12
812 zzdzz

     12
3
21

3
4 1

0

232
1

0

232   dzzzdzzz

 
15
4

25
1

3
2

1

0

252





z .

So, integral 
15
4

3
4

15
4

4321 





 IIII .

Task 4. Calculate 


 dxdyzdxdzydydzxI , where 

is a positive side of a cube, bounded by the planes 0x , 0y ,
0z , 1x , 1y , 1z .
Three cube faces are the coordinate planes Oxy, Oxz, Oyz the

equations of which are 0z , 0y , 0x ; 0dz , 0dy ,
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0dx , so the surface integral about these three cube faces is equal
to zero. We calculate integral about three cube faces: 1x  ( 0dx ,

0y , 0z ); 1y  ( 0dy , 0x , 0z ); 1z  ( 0dz ,
0x , 0y ), then

1
1

0

1

0
1  



dzdydydzdydzxI
yzD

, by analogy

12  
 xzD

dxdzdxdzyI ,     13  
 xyD

dxdydxdyzI .

Consequently 3111 I .

Task 5. Calculate 


 dydzydxdzxdxdyzI , where 

is an outer side of a triangle, built as the intersection of a plane
1 zyx  with the coordinate planes.

The integrating domain  and its projections on the coordinate
planes Oxy, Oxz, Oyz are depicted respectively on Drawing 43 and

Drawing 44 а-c.
We calculate a normal vector 0n  to

the surface :

  1,,  zyxzyx ;   1x ,

1y ,    1z ;

kjin
3

1
3

1
3

1
0  .

Drawing 43
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Drawing 44

Since

0
3

1,coscos 0 









inOxn ,

0
3

1,coscos 0 









jnOyn ,

0
3

1,coscos 0 









knOzn ,
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then the signs of the first and the third integrals are «+», and of sign
the second integral is «», i.e. 321 IIII  , where

    


0

1

1

0
1 11

xD

dyyxdxdxdyyxdxdyzI
xy

  












0

1

21

0 2
1

x

yyxdx

    
6
1

3
1

2
1

3
1

2
11

2
1

1

0

31

0

2 


 
xdxx ;

   




1

0

1

0

1

0
2 1 dxxxdzdxxdxdzxdxdzxI

x

Dxz

  







 

1

0

321

0

2

32
xxdxxx  6

1
3
1

2
1

 ;

  






0

1

1

0

0

1
3 1 dyyydzdyydydzydydzyI

y

Dyz

  












0

1

320

1

2

32
yydyyy  

6
1

3
1

2
1







  .

So 
2
1

6
1

6
1

6
1

I .
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Ostrogradsky-Gauss formula
Ostrogradsky-Gauss formula connects surface integral about

a closed surface and triple integral about the spatial domain, bounded
by this surface.

Let us assume that  is a closed smooth surface that bounds
volume G , and funct ions  zyxPP ,, ,  zyxQQ ,, ,

 zyxRR ,,  are continuous along with their partial first-order
derivatives in a closed domain G, then Ostrogradsky-Gauss formula
is valid:

 



















 G

dxdydz
z
R

y
Q

x
PdxdyRdxdzQdydzP . (13)

Calculate the following surface integrals according to
Ostrogradsky-Gauss formula:

Task 1. 


 dxdyzdxdzydydzxI 222 , where  is an outer

side of a cube surface ax 0 , ay 0 , az 0 .

Here we have 2xP  , 2yQ  , 2zR  , then x
x
P 2

 ,

y
y
Q 2

 , z

z
R 2

 .

We apply formula (13):

     
aaa

G
dzzyxdydxdxdydzzyxI

000
2222

  







 

aaa zzyxdydx
0

2

00 2
2
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   



























 

a
aaa ayyaaxdxdyayxadx

0

22

00

2

0 22
2

2
2









 

a
dxaaxa

0

33
2

22
2 44

4

0

3
22

3
2

2
2

2 aaaxaxa
a


















 .

Task 2. 


 dxdyzdzdxydydzxI ,  is an outer side of

the pyramid, bounded by the planes azyx  , 0x , 0y ,
0z .

Since 1











z
R

y
Q

x
P , then according to the formula (13):

  



xaayxaxaa

G
dyyxadxdzdydxdxdydzI

00000
333

   












xaa yyxadx

0

2

0 2
3

     
2
3

2
3

0

2

0

2
2 dxxadxxaxa

aa










 
 

   
2

0
2
1

32
3 3

3

0

3 aaxa
a




 .
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Task 3. 


 dxdyzdzdxydydzxI 333 , where  is an outer

part of a sphere 2222 azyx  .

Since 23x
x
P



 , 23y

y
Q



 , 23z

z
R



 , then according to the

formula (13):

   
GG

ddddxdydzzyxI
*

4222 sin33

 
 a

ddd
0

4

0

2

0
sin3

    
5

12
5

cos0cos23
5

cos3
55

0

5

0

2

0

aa
a









.

Task 4. 


 dxdyzdxdzydydzxI , where  is an outer

part of a surface of a cylinder 222 ayx  , hzh  .
According to the formula (13):

zdzdddxdydzI
h

h

ah

h

a

G 0

22

00

2

0 2
333 














haha 2
2

62
2

23  .
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Stokes formula
Stokes formula connects surface integrals and curvilinear

integrals. Let us assume that  is a surface, represented by equation
 yxzz , , functions  yxz , ,  yxzx , ,  yxz y , , continuous in

domain D, are projections of surface  on the plane Oxy; L is
a contour that bounds , l is a projection of contour L on the plane
Oxy, i.e. l is a limit of domain D.

  dzRdyQdxP
L

















































 dxdy
y
P

x
Qdxdz

x
R

z
Pdydz

z
Q

y
R

. (14)

Formula (14) gives opportunity to calculate curvilinear integrals
on closed contours with the help of surface integrals.

It follows from Stokes formula that under the condition of
fulfillment of the following equalities

y
P

x
Q






 ,     

z
Q

y
R








,     x
R

z
P







curvilinear integral about an arbitrary spatial closed contour L is

equal to zero: 0
L

dzRdyQdxP , i.e. curvilinear integral

does not depend on the shape of integration contour, and expression
RdzQdyPdx   is an ordinary differential of a certain function

 zyxu ,, , that may be calculated with the formula:

       
y

y

x

x
dyyyxQdxzyxPzyxu

00

,,,,,, 000
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  
z

z
dzzyxR

0

,, .                             (15)

Calculate the following integrals according to Stokes formula:

Task 1.  
ABCA

dzxdyzdxyI 222 , where ABCA is a contour

of ABC with the vertices  0;0;aA ,  0;;0 aB ,  aС ;0;0 .

Here we observe 2yP  ,
2zQ  , 2xR  , then

zz
z
Q

y
R 220 






 ,

xx
x
R

z
P 220 






 ,

yy
y
P

x
Q 220 






 .

We apply formula (14):

 


ydxdyxdxdzdydzzI 222

 
xyxzyz DDD

dxdyydxdzxdydzz 222 ,

where Dyz, Dxz, Dxy are respectively the projections of surface  on
the coordinate planes Oyz, Oxz, Oxy (Drawing 45). Then

Drawing 45
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 
 xaaxaaya

dyydxdzdxxdzzdyI
00000

2

0
222

   
 aya

a

a
dxxaxzdy

0

2

0
2

2
2

       
 aaaxaa

dxxadxxaxdyyaydx
0

2

0

2

0

2

0

2

0

2
2

2

 














aa
xaxya

0

32

0

3

32
2

3

     3
33

3

0

3

0
3
1

32
20

3
1

3
aaaaxa

a














  3
3

3
33

33
2

6
2

3
2 aaaaa

 .

Task 2.  
L

dzzdydxyxI 32 , where L is a circle

222 ryx  , 0z .

Since 32 yxP  , 1Q , zR  , then

0







z
Q

y
R ,     0








x
R

z
P ,     223 yx

y
P

x
Q









.
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According to the formula (14):

 
 D

dddxdyyxI
xy

222222 sincos33

 
 r

dd
0

5
2

0

22 cossin4
4
3

 2
4cos1

86
2sin

4
3 2

0

6

0

62

0

2 drd
r












8
2

16
4sin

4
1

16

662

0

6 rrr 





 



.
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